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PREFACE 


The book is written in accordance with the syllabus for the 
B. A. and B. Se. Honours course of the Calcutta University 
and other Indian Universities, and is intended to be used as a 
text-book by the Honours students of those Universities. It ig 
hoped that the post-graduate students and the students of the 
Engineering Colleges will also find the hook very helpful. From 
my long experience as a teacher of Mathematics and my close 
contact with students of diverse merits and capacities, I have 
been convinced that the existing treatises on analytical statics, 
being too advanced, are unlikely to meet the needs and require- 
ments of the great majority of our students and the need of a 

- suitable text-book for them has been strongly felt. The present 
treatise is an attempt to meet that need, 

In writing the book it has been assumed that the students, 
for whom it is meant, are acquainted with the elementary 
principles and theorems of Statics and also possess some 
knowledge of the usual rules of the Differential and Integral 
Calculus and also of elementary solid geometry. 

Each chapter of the book has been treated elaborately and 
with due care but without going into unnecessary details and is 
written in a very simple language easily understandable to the 
students. I have particularly taken great care in writing the 
proofs of the theorems to make them as simple, clear and lucid 
as possible, 

To learn Statics it is absolutely necessary for the students to 
work numerous examples. In order to initiate the students to 
the correct use of the principles of statics and to the different 
methods and artifices used in solving various types of problems, 
a large number of examples, mainly taken from the Honours 
papers of the Calcutta University, have been solved in details and 
with full argument. I haye no doubt that the solutions will prove 
to be of immense benefit to the students who will utilise them 
properly. 

I cannot too strongly advise the students to attempt to work 
out as many as possible of the sums given in the exercises at the 
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end of each chapter. They have been collected from various 
Examination papers and from the standard treatises on Statics, 
The examples have been classified and arranged according to 
their stiffness, for the benefit of the students. Hints for their 
solutions, where thought necessary, haye been given in Answers 
at the end of the book. 

I have consulted the works of most of the well-known authors 
—especially Dr. Routh, Minchin and Lamb—and my indebted- 
ness to them is gratefully acknowledged. I shall deem my labour 
to be amply rewarded if the book proves to be of some material 
help to the students. Any corrections or suggestions for improve- 
ment from any reader will be thankfully received. 

Lastly I should express my sincere thanks to the publishers 
who have worked hard and taken the utmost care possible to 
bring out the book in so short a time. 


Calcutta } 


July, 1969. M. C. Ghosh 
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SYLLABUS 
ANALYTICAL STATICS—50 Marks, (Hons.) 


Coplanar forces, reduction of a system of forces, equation of 
the line of action of the resultant. Equilibrium of a particle 
under constraints ( on smooth and rough curves ). 


Problems of friction: Sliding, tumbling and rolling. Friction 
on locked and free wheels of a car. Problems involving initial 
motion of a rod on a plane. Equilibrium of flexible inelastic 
string under gravity. 

Centroids : Plane ares, plates, bodies of revolution. 


Bending moments. Principles of Virtual Work. Energy. 
Stability of equilibrium. 

Forces in three dimensions. Moment of a force about a line. 
Theorems on moments. Composition of couples. Reduction of 
a force-system in space. Poinsot’s central axis. Invariants of 
a system of forces. Equation of the central axis. Conditions 
for reduction to a single force, General conditions of equilibrium, 
deduction of the general condition from the principle of virtual 
work. 


INTRODUCTION 


The science of Statics treats of forces which acting on a body 
keep it in equilibrium. It is based on four fundamental principles 
known as : 

I. The Principle of Physical Independence of Forces, 
II. The Principle of Transmissibility of Force, 

III. The Principle of Action and Reaction, 

IV. The Principle of Parallelogram of Forces. 

These principles have been derived from various experimental 
results. 

From the first principle is deduced the result that the effect of 
a given system of forces remains unaltered if we add to or remove 
from it any null system of forces. The second principle states that 
a force acting at a point of a rigid body may be taken to act at 
any other point on its line of action which is rigidly connected with 
the body. The third principle states that to every action there is 
an equal and opposite reaction. The fourth principle, the most 
important one, gives the resultant of two forces acting simulta- 
neously at a point of a rigid body. If the two forces are represented 
in magnitude and direction by the two adjacent sides OA, OB of a 
parallelogram OACB their resultant is represented in magnitude 
and direction by the diagonal OC. 

To find the conditions of equilibrium of a system of forces 
acting on a body, the method consists in reducing the system to 
a single resultant force, if possible and deducing the conditions by 
making the resultant zero. The resultant of any number of 
coplanar forces acting at a point may be found by repeated 
application of the parallelogram of forces or its equivalent the 
triangle of forces which states that if two forces acting at a point 
are represented in magnitude and direction by OA and AB, their 
resultant is represented in magnitude and direction by OB. This 
leads to the Polygon of forces—if any number of forces acting at a 
point are represented in magnitude and direction by the sides of a 
closed polygon taken in order, the forces are in equilibrium. In 
the particular case of three forces we have the triangle of forces 
from which we derive an important and useful result known as 
Lami’s theorem—if three forces acting at a point are in equilibrium, 
each force is proportional to the sine of the angle between the other 
two. Its converse is also true. The more useful conditions of 
equilibrium are derived analytically by the method of resolution 


and composition of forces. We find R?=X? +Y’, tan o=% where 
R is the magnitude of the resultant, @ its inclination to the axis of 
& and X, Y the sums of resolved parts of the forces along the 
axes. This gives the conditions of equilibrium as X=0, Y=0, 
i.e. the sums of the resclved parts of the forces along each of two 
perpendicular lines should separately vanish. 
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Next our problem is to find the resultant -of “any number of 
eoplanar forces acting on a rigid body. For this we have first to 
find the resultant of any two parallel forces, like or unlike. This 
we do by using the first two principles—we apply two equal 
and opposite forces acting along the same line to the two given 
forces to get two intersecting forces in their plane and then 
transfer the points of application of the latter forces to their 
point of intersection. We derive the following result—if P, Q 
are two parallel forces either like or unlike and unequal acting at 
A and B then their resultant is a force R parallel to them and 
equal to P+Q or PQ acting at a point C on AB which divides 
AB internally or externally in the inverse ratio of P and Q so that 
in both the cases, we have P.AC=Q.BC. But when the two 
parallel forces are equal and unlike, they cannot be reduced to a 
single force. They, taken together, form a new entity which we 
call a Couple. The effect of a couple acting on a body is to 
produce rotation and not translation like a force. 


To study the properties of couples an important concept is 
introduced—the moment of a force about a point which is defined 
as the product of the force and the perpendicular distance of its 
line of action from the point. From experimental results it is 
found that the moment measures the turning effect of the force 
about the point. The turning effect of any number of coplanar 
forces acting at different points of a rigid body is given by an 
important theorem known as Varignon’s theorem of moments 
which states that the algebraic sum of the moments of any number 
of coplanar forces about any point in their plane is equal to the 
moment of their resultant, if any, about the same point. 


We find that in the case of a couple, the sum of the moments 
of the forces forming the couple about any point in the plane of 
the couple is constant and equal to the product of either force of 
the couple and the arm of the couple, which is the perpendicular 
distance between its forces. This product is called the moment of 
the cowple and its sign is positive or negative according as its tends 
to produce rotation in the counter-clockwise or clockwise direc- 
tion. Then is deduced the most important property of couples 
that any two couples acting in the same plane are equivalent if 
their moments are equal and of same sign. This property is also 
found to hold between couples acting in parallel planes. From 
this property we easily derive the theorem on composition of 
couples—any number of couples acting in the same plane can be 
compounded into a single cowple whose moment is equal to the 
algebraic swm of the moments of the constituent cowples. We also 
find that a couple and a force cannot produce equilibrium but are 
together equivalent to a single force which is equal and parallel 
to the given force with its line of action displaced. Now we are 
in a position to tackle the problem we set before us—to find the 
yosultant of any number of coplanar forces. 


i 
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CHAPTER I 


COPLANAR FORCES 


1'1. We know that two coplanar forces, either intersecting 
or parallel, can always be reduced to a single force, called their 
resultant, unless they are two equal and unlike parallel forces, 
in which case they form a Couple. We also know that any 
number of coplanar forces acting at a point can be reduced to a 
single resultant force, the resolved part of which in any direction 
is equal to the algebraic sum of the resolved parts of the forces ; 
and any number of coplanar couples can be reduced to a single 
resultant couple whose moment is equal to the algebraic sum of 
the moments of the constituent couples. Now we shall show 
that any number of coplanar forces acting at different points of 
a rigid body can be reduced to a single force and a single couple. 
First we prove a simple but useful theorem. ; 

Theorem. Any force P acting at a point A of a rigid body 
can be replaced by an equal and parallel force P acting at an 
arbitrarily chosen point O of the body together with a couple 
whose moment is equal to the moment of the given force P about 
the chosen point O. 

At O apply two equal and opposite forces, P, P, each equal 
and parallel to the force Pat A. The resultant of the three 
forces is the force P at A as the 
two applied forces balance each 
other. But tho three forces can be 
combined in a different way. The 
two equal, unlike parallel forces P 
at A and P at O forma couple g, 
whose moment is P. ON, where 
ON is the perpendicular from O 
on P at A, which is the moment of the force P at A about O. 
And there remains the equal and like parallel force P at 0. 
Thus the forco P at A is equivalent to, and therefore can be. 
replaced by, the equal and. parallel force P at O and tho couple g, 
whose moment is equal to the moment of P at A about 0. 
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1'2. Reduction of a given system of coplanar forces. 

Theorem. Any system of coplanar forces acting on a rigid 
body can be redticed to a single resultant force acting at an 
arbitrarily chosen point O and a single resultant couple whose 
moment is equal to the algebraic sum of the moments of the 
given forces about 0. 

Let Pi, Pa, ... be the given forces acting at the points A1, 
Ag, -of the body. Replace Pı at Ay by an equal and parallel 
force P, at O and a couple g, whose moment is equal to the 
moment of P, at A; about O. Replace Pg at Ag by an equal 
and parallel force Pa at O and a couple gq whose moment is 
equal to the moment of Pa at As about O. Similarly replace all 
the other given forces, Thus the whole system of forces will 
be replaced by forces Py, Pg, ... all acting at O and couples g1, 
Jar... The forces Py, Pa, ... acting at O can be reduced toa 
single resultant force R at O and the couples g1, go, ... can be 
reduced to a single resultant couple G, whose moment is equal to 
the sum of the moments of the couples, which again, is equal to 
the sum of the moments of the given forces P1, Pa, ... about O. 
Thus the given system is reduced to a single force Rat O and a 
single couple G. 

The arbitrarily chosen point O, with respect to which the 
system is reduced, is called the base. Since R is the resultant of 
the given forces moved parallel to themselves to act at the chosen 
base, it follows that R is the same for all bases but G being equal 
to the algebraic sum of the moments of the forces about the 
chosen base is generally different for different bases. 

13. Analytical treatment. of reduction. 

Let Pi, Ps,...be the given coplanar forces acting at the 
points A1, Ag,...of a body. Choose any point O in the plane as 


the base and two perpendicular is 


lines through O as the axes of x YR p 
and y. 4 ; 

Let (£1, Y1), (Sa, ya),...be the AS 
co-ordinates of Ax, Ag,...... and let 
the components of Pi, Po,...... 
parallel to the axes be (Xj, Y,), 
(Xa, Ya)... 

Now, joes Py at on =force X, at A, and force F, at Ay 


~. 
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And force X, at Ay=a force X, at O along Ox and a couple 
of moment—y,X, (moment of X, at 
A, about O ; counter-clockwise rotation 
is considered positive). 

And force Y, at 43a force Y, at O along Oy and a couple 
of moment+a,¥,. (moment of Y, at 
Ay about 0) i 


The two couples can be compounded into a single couple gy of 
moment (#, Yı — y1 X1). 

Thus the force Py at A, is equivalent to a force X; at 
O along Oz, a force Y, at O along Oy and a couple ga of moment 
(zıY¥ı—yı1Xı). Similarly for the other forces. 

Hence the given system is equivalent to 

(a) forces X1, Xq,...at O along Oz, 
(b) forces Y4, Ya,...at O along Oy, 

and (c) couples gı, gg,..of moments (£1Y1—y1Xı), 
(@aYo—yeXq),...... 

The forces along Ox can be compounded into a single force 
X=X,+X2+...; the forces along Oy can be compounded into 
a single force Y=Y, +Y; +'" ; andthe couples gı, gg,...can be 
compounded into a single couple G of moment 3(z7,¥,—y,X1). 

The given system has been reduced to a single force X along 
Ox, a single force Y along Oy and a couple G, where X=sum of 
the resolved parts of the given forces in the direction Oz, Y=sum 
of the resolved parts of the given forces in the direction Oy and 
moment of G=sum of the moments of the given forces about O, 

The forces X, Y at O can be compounded into a single force 
R=/7X*+yY? acting at O and making with Oz an angle 0 where 

r 
tan 0= a 

Thus the given system reduces to a single force R at O and 
a single couple G. 

1'4. We have seen that a system of coplanar forces can 
be reduced to a single force R at any base O anda single couple 
G. Now we shall show that they can further be reduced to 
either a single force or a single couple. If R=0, the system’ 
reduces to a single couple G. If R#0 and G=0, the system. 
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reduces to a single force R at O. If R#0, G0, the system 
reduces to a single force equal and parallel to R but with the line 
of action displaced. For, at O draw 


; oo' = perpendicular to R and at R 
O, O' take two opposite forces each R 
equal and parallel to R, the force 
at O balancing the resultant force oA |* 
R at O. Then couple G can be Me Fe 


replaced by couple (z, S) eC ee, 


system reduces to the single force R 

R at O'. Thus when R#0, the 

system always reduces to a single force. < When R=0 and G=0, 
the system, of course, is in equilibrium. Thus unless the system 
is in equilibrium it can be reduced either toa single force or to a 
single couple. 


1'5. Suppose a given system has been reduced w.r. to a 
base O to a force X along Oz, a force Y along Oy and a couple 
G=3(2,¥i—y.X1). If any other point A (z, y) be chosen as 
base, the corresponding couple G’ will be equal to the algebraic 
sum of the moments of the forces about A and by transferring 
the origin to A, we find, 


@’=3[(a1—2)¥1—(y1—y) X41] 
=3(0,¥1—-41X1)—a23Y,+ydX1 
=G—xY+yX. (For fig. see art. 1°9) 


This gives an expression for the algebraic sum of the moments 
of the given forces about any point (x, y) when the system has 
been reduced with the origin as base. It may be observed that 
if the given system is equivalent to a couple, then X=0, Y=0 
and G“ becomes equal to G. Hence when the system is equivalent 
. to a couple, the algebraic sum of the moments of the forces about 
every point in the plane is the same and equal to the moment of 
the couple. 


1'6. When the system has been reduced w.r. to the base O 
to a force Rat Oand a couple G, we can easily find the 
reduction w.r. to another base O’ thus: Replace R at O by an 
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equal and parallel force R at Oʻ and a couple of moment Rr, 
where r is the perpendicular distance 
of O' from R at O. The two couples 
compound to à single couple G’=G+Rr 
and the reduction w.r. to base QO’ gives a 
force R at O' and a couple G’, whose 
moment is equal to sum of moment of 
couple Œ and moment of forco R at O 
about O'. This proves again that R is 
independent of the base chosen but G 
depends on it and that if R=0 i.e. the system is equivalent to a 
couple, G has the same value for all bases. 

1'7. When the system reduces to a single resultant force R, 
the equation of its line of action can be easily found. Take any 
point O as base and rect. axes Ox, Oy. Let the system reduce 
to forces X, Y along the axes and a couple G, and let (2', y’) be 
any point on the line of action of R. Then algebraic sum of the 
moments of the forces about (a, y’). is zero. 

<. @=G—-2'¥+y'X=0. (Art. 16) 
The equation of the line of action of R, which is the locus 
of (a, y), is G-—aY¥+yX=0. 

1'8. Conditions of equilibrium of a system of coplanar 
forces. i 

Take any point O in the plane of the forces as base and any 
two perpendicular lines at O and lying in the plane as axes of 
zx, y. Let the system reduce to a single resultant force R at O 
and a couple G. Since a force and a couple cannot balance each 
other, the system will be in equilibrium if and only if R=0, @=0. 
Since R? = X?+Y", R=0 if and only if; X=0, Y=0. Hence the 
system will be in equilibrium if and only if X=0, Y=0, G=0. 
Now X and Y are the sums of the resolved parts of the forces 
in the directions of the axes Ox, Oy respectively and G is the 
algebraic sum of the moments of the forces about O and the 
base O and the axes are chosen arbitrarily ; it follows, therefore” 
that the necessary and suficient conditions for the system to be’ 
in equilibrium are (1) The algebraic sums of the resolved paris of 
the forces in two perpendicular directions in the plane should be 
separately zero and (2) the algebraic sum of the moments of the 
forces about a point in the plane should be zero. 
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The conditions in (1) lead to two equations called the equations 
of resolution and the condition in (2) leads to another equation 
called the equation of moments. 

There are other forms of conditions of equilibrium which are 
equivalent to those given above. Onesuchis: The system will 
be in equilibrium if the algebraic sum of the moments of the 
forces about each of three non-collinear points be zero. For 
taking one of the points as origin and (#4, Y1), (Xa, Ya) as the 
co-ordinates of the other two, we get, G=0, G-vi1¥+yix=0, 
Q—gz:Y+yaX=0, which give X=0, Y=0, G=0. 

1'9. Astatic equilibrium, Astatic centre: 

A given system of coplanar forces acting at given points of a 
Lody are in equilibrium. Now let each force be turned about its 
point of application in the plane of the forces through the same 
angle in the same sense, If the system be still in equilibrium 
whatever the common angle of rotation may be, then the system 
is said to be in Astattc equilibrium. 

Take any point O in the plane of the forces as base and 
choose rect. axes Or, Oy, Let P1, Po, ... be the forces acting at 
points 4,, As, ... whose co-ordinates are (a1, Y1), (We, Y2) -= 
and let (X1, Y1), (X2, Ya), ... be the components of Pi, Pas.. in 
the directions of the axes and 
let Pa» Ps, ... make angles 
drs Xa, with Ox, 

Then the system reduces 
to forces X, Y along Ox, Oy 
and a couple G, where 

X=3X1 =P, cos «4...(1) 
Y=SY,=5P; sin 4,...(2) 
and G=3(9%1Y,—y1X,) 
=P: (v sin 41~y1 cos 44),.....(3) 
Now let each force be rotated counter-clockwise about its 


point of application through an angle 0. Thon Pı, Pa, -.. make 
with Ox angles <1+0,4o+0, ... 


reduce to X’, Y’, G’, we have, 
X'=EP; cos (41 +9)=cos 0P, cos Ay 


- Ifthe new system of forces . 


—sin 03P, sin 4, 
=X cos 0—Y sin 0 ...(4) 
Y'=35P; sin (4, +0)=cos OSP, sin 4, tsin OXP, cos 44 


=Y cos 0+X sin @ ...(5) 
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G'=SP, |e, sin (4,+6)—y, cos (4, +6)] 
= 5P, [cos Olx, sin 41— y1 cos 4,)+sin @ (x, cos 4, 
+y, sin 4,)] 
=cos 0XP (xı sin %1 — yı cos 4,)+sin OS P,(2, cos 44 


+y, sin 4;) 
=Gcos@+Vsind .., ... ... (6) A i 


where V=3(,P, cos 44 +y;P, sin 44) 
=3(vıXı +y1Yı), called the Virial of the forces. 

If the given system of forces be in equilibrium, then X=0, 
Y=0, G=0 and .*. X'=0, Y'=0, G’=V sind. Thus the system, 
after rotation, becomes equivalent to a couple of moment F sin 6. 
Hence the system will be in. Astatic equilibrium if and only if 
V=0. When the given system is equivalent to a couple we haye 
X=0, Y=0, G¥0. <. X'=0, Y’=0, G=G cos 6+V sin 0. 
Thus the system after rotation, is equivalent to a couple of 
moment G cos 0+7 sin 0. If the given forces have a single 
resultant, then X, Y both cannot vanish and .” X’, Y’ cannot 
both be zero and so after rotation the system will have a single 
resultant, whose equation is G’—xY'’+yX’=0 or cos OG-2Y 
+yX)+sin 6(V—-2X¥—-yY)=0. Whatever value 9 may have, 
the resultant always passes through the point of intersection 
of the lines G—æY+yX=0, V-wxX—yY=0, whose co-ordinates 

VX+tGY VY-GX GX 

XY XHY 
Hence we have the theorem :—If a system of coplanar forces 
acting at different points of a body have a single resultant and if 
each force be turned in the plane of the forces about its point of 
application through the same angle in the same sense, their resultant 
will always pass through a fixed point. 

This point is called the Astatic centre or simply the centre of 
the forces. g 

Now we shall show that the resultant also turns about the 
astatic centre through the same angle 0. Let 4, ¢’ be the angles 
the resultant makes with Ox before and after the forces are 


are 


\ 


rotated. Then tan $=% and tan =i 


X sin0+Y cos0 tan 0+tan 

_——— ee 6+ 

X cos 0—Y sin 0 1—tan 0 tang tan (0+4) 
i =46+0. ic. the resultant has rotated through the 

same fed 0 in the same sense. 


tan ¢'= 
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1'10. Let P,, Pa be two forces acting at points A1, Aa and 
let them meet at a point O. Jf Pı, Pa be turned about Ai, As 
through same angle in same sense in the plane OA, Ag, the angle 
between P,, Pa will remain unaltered and so they will always 
meet on the circle OA,Ag. Again, the resultant R, of Py, Pe 
will remain unaltered in magni- 
tude and will always make the 
same angles with P, and Pg. 
Hence the resultant will always 
pass through the same point O, 
on the circle OA,4e. Hence if 
two coplanar forces be rotated 
about their points of application 
th: ough the same angle in the 
same sense, their resultant 
always passes through a fixed 
point. If we now take a third foree Ps and rotate the forces 
Pa, Ps, Ps about their points of application through same angle, 
the resultant R, of Py, Pa will rotate round Cı through same 
angle and, therefore, the resultant of Ry and Pg i.e. the resultant 
of P1, Ps, Ps will always pass through a fixed point. Proceeding 
thus we can establish the same result for a system of coplanar 
_ forces ; this has been proved analytically in Previous article. It 
also follows that when the forces are turned round their points 
of application through an angle 4, their resultant also turns round 
by the same angle x about the astatic centre. 


Examples Worked 


Ex, 1. Prove that in all cases a system of coplanar forces 
can be replaced by two forces, one of which acts through a given 
point and the other along a given straight line. [C. H. 1965, 67] 

Let A be the given point and BC the given line. The system 
can be reduced to a force R acting at A and a couple G. The 
couple can be replaced by two equal unlike parallel forces 5, 8, of 
suitable magnitude, one of which acts along BC and the other at 
A. The two forces R and S at A can be compounded into a 
single force T' at A. Thus the system has been replaced by a 
force T acting at A and a force S acting along BO. 


aay 
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Ex. 2. Tho moment for one system of coplanar forces about 
each of three non-collinear points in the same plane as the forces 
is equal to the moment of another system about the same points. 
Prove that the two systems are equivalent. Hence show that 
any system of coplanar forces may be replaced by three forces 
acting round the sides of a given triangle ABC in the plane of the 
forces, Also find the forces. [Allahabad 1930] 


Let the first system be denoted by Sı and the second by Ss 
and let S be the system of forces formed by adding to the forces 
of S4, the forces of Sa each reversed in direction. Thon evidently 
the system S has zero moments about each of the three non- 
collinear points and therefore the system is in equilibrium. Thus 
Sı is balanced by Sa reversed and so they are equivalent. For 
the 2nd. part, let L, M, N be the moments of the given system 
about the vertices A, B, C of the 4 ABO, whose sides are a, ù, © 
and A the area. Forces P, Q, R acting along BO, CA, AB will 
be equivalent to the given system, if the sum of their moments 
about A, B, C be L, Mand N respectively. For this we must 


haye, #2 A =sum of moments of P, Q, R about A=L 


cN.: 


aw gimi LDM 5 0m! 
or, POA Similarly ZA R JA 


aL bM oN 
Thus the forces SYR along BC, oA along OA sa Ja along 
AB are equivalent to the given system, 


Ex. 3. A system of forces in one plane acts on a rigid body 
and the moments of the system about three non-collinear points 
in the plane are 4, B, y. Prove that 

(i) if, B, y are not all equal, the system is equivalent to a 
single force ; 
(ii) ifx=B6=7#0, the system is equivalent to a couple ; 

(iii) if <=B=y=0, the system is in equilibrium. 

[0. H. 1960, 68] 

Take any rect axes Ox, Oy in the plane of the forces and 


let the system be reduced w.r. to base O to the forces X,Y along 
Ox, Oy and the couple G. Let the co-ordinates of the threo — 


e 
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non-collinear points be (z1, y1) (Za, Ya), (ws, ys). Considering 
moments of the system about these points, we have 
G—a,¥+y,X=a-++(1) 
G—ag¥ ty X= p2) 
G—2sY+ysX =y" (3). 
These eqns. determine X, Y and G. Since the determinant 
of the co-efficients, 
1 sı 1 |=2440, 
| l za Yo 
1 zs ys 


as the given points are non-collinear, the eqns. giye unique 
values of X, Y, G, which by Cramer’s Rule, 


ETA, 


are X=|1 g, 4|+24, -Y=|1 « yy 
l ga 1.B ya 
L ss y ly ys 
G= @y ys |F 2A. 
B ta Ys 
yY Ts Vs 


From these values, the results easily follow : 

(i) When 4, f, y are not all equal, X and Y cannot both 
vanish, for then from equs. (1), (2), (3) above, we shall have 
G=4=8=y. As X, Y are not both zero, R is not zero. «<. the 
system reduces to a single force, whether G is zero or not. 

(ii) When <=8=7 0, the values of X, Y become both zero 
whileG#0; .°. the system reduces to a couple. 

(iti) When <=8=7=0, we have X=0, Y=0, G=0 

“. the system is in equilibrium, 
Observe that if the system reduces to a single force at 0, 


then G=0 ie. |4 sı yi |=0 or 3x(zoyg—agye)=0. 
B Ta Ye 
Y s Ys 


Ex. 4. The algebraic sums of the moments of a system of 
coplanar forces about points whose co-ordinates are (1, 0) (0, 2) 
and (2, 3) referred to rectangular axes are H, 2H and 3H 
respectively. Find the tangent of the angle which the direction 
of the resultant force makes with the axis of a. [C. H. 1968] 

Let the given system reduce to the forces X, Y along the 
axes of m, y and the couple G. Considering moments of the 
system about given points, we get, G-Y=H, G+2X=90. 
G—2Y+3X=3H. Solving, we get, X=2H, Y= =H, G=4H, 
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Since X, Y are not zeros, the system reduces to a single resultant 
force inclined at an angle 6 to the z axis where tan gate -} 


The equation of the line of action of the resultant is 
tH-2(-}H)+y$H=0 or ct+3y+4=0. 

Ex. 5. A system of co-planar forces is such that the sum 
of their moments about any point on a given straight line in the 
plane is always the same. Show that if the resultant is not zero, 
it must be parallel to the given line. (0. H. 19.4} 

Take the given line as the æ axis and choose rect. axes. Let 
the system be reduced to the forces X, Y along Ox, Oy and the 
couple Œ. Any point on the z-axis is (2,0) and the moment 
of the system about it is constant, say k, for all a. .. k= 
G—z2'Y or (G—k)—2'Y¥=0, for all values of z'. .°. Y=O and 
G=k, Since resultant is not zero, X#0. .. Resultant makes 


with æ axis an angle @ where tan o=% =0 or ĝ=0 ie. the 


resultant is parallel to the a-axis which is the given line. 
Observe that if X be zero, then R=O and system is equivalent to 
the couple G=k, 

Ex. 6. Moments of the resultant R of a system of coplanar 
forces about three points O, A and B lying in the plane of the 
forces are G, G+J, and G+Jg. If referred to O as origin the 


polar co-ordinates of A and B are (r1, 01) and (re, 0a), show that 
2 2 
B” sin"(01—0a)= 24, +297 a a oos (0,0). [O.H 1954] 
1- s Lets 


The cartesian co-ordinates of d B are (r, cos 63, r, sin 01) 
and (rg cos 0s, 7g sin 0a). Let the system reduce to forces X, Y 
along the z and y axes and the couple G. Considering moments: 
of the system about A and B, we get 


G+Jı=G@—r, cos 0Y +r, sin 04X or Zzsin 91X —cos 0,Y, 


1 


G+Ja=G—rs cos 0aY+re sin 0a X or sin 62X—cos 0Y. 
s 
Solvingjfor X, Y we = 
x sin (6: —0a)=* dx cos drk cos 64 


Y sin EE sin it sin 6, ; 
Since X?+F?=R?, by squaring ats pd the result follows. 


( eng 
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Ex. 7. Three forces P, Q, R act along the sides of the 
triangle, formed by the lines aty=1, y—2= =1, y=2. Find the 
equation of the line of action of the resultant. [m] 

Let Ox, Oy be the axes of 
co-ordinates and let ABC be the y 
triangle formed by the given 
lines, the sides BO, CA, AB 
being along the lines aty=1, 
y—av=1, and y=2 respectively 
so that the forces P, Q, R act 
along the sides BO, CA and AB. y-x-1 
LZABC=ZBAC=45°. 

Now X=sum of resolved ial (0) l 
parts of the forces along « axis 


wi o Og SEQ 
=P cos 45°+Q cos 45 -R V2 
Y=sum of resolved parts of the forces along y axis 
P 


=Q sin 45°—P sin pM aks 


v3 
G=alg. sum of moments of the forces about O 
= —P, 1. sin 45°— Q1. sin 45°+-B.2=9R~ ng 


Equation of line of action of the resultant is G-«Y +yX=0 


SPRUE Q POK 
or 2R Vi z E+ Pa -R)=0 


or Plæø+y— i) +y ae V3. Ry 2)=0. 


Also magnitude of resultant 


=VX FY =N PFQ +R — VDP + 


Ex. 8. A plane system of forces is equivalent to a couple of 
moment M, and if the forces are turned through a right angle, 
about their respective points of application in the same sense, 
they are equivalent to a couple N. Prove that when each force 
ig turned about its point of application through an angle «in the 


game sense, the system will be in equilibrium if tan <= -%. 
4 


[C. H. 1959] 
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Show also that if the forces be turned through the angle 
[N 
2 tan (X) they would still be equivalent to a couple of 


moment M. [Nagpur 1948] 


In the plane of the forces let any rect. axes Ox, Oy be chosen. 
Let X and Y be the sums of the resolved parts of the forces 
along Ox and Oy respectively and let G be the sum of the 
moments of the forees about O. Since the system is equivalent 
to a couple of moment M, we have X=0, Y=0, G=Jf. When 
the forces have been turned through an angle 0, let X’, Y’, G’ be 
the corresponding values of X, Y, G. 

We know, X'=X cos 0—Y sin 0, 

Y'= X sin 0 +Y cos 9, 
G'=G cos 0+V sinð; where V is the Virial of 
the forces. 
<. X'=0, Y'=0, G’=M cos 0+7 sin 0. 
i.e. System becomes a couple of moment M cos 9+ F sin 0. 
When @=90°, the couple is given to be N. 
N=M cos 90°+7 sin 90°=V 
G’=M cos 0+N sin 0. 
If system is in equilibrium when 6=<, we must have 


G’=Mcosa+Nsinx=0 ~.. tan a=-7 


Suppose when @=8, the system remains equivalent to couple 
M. <. G=M cos B+N sin B=M 
or, N sin B=(1—-eos B)M, 
1—cos B_N_ B-N 


N 
Ps ‘= er Eas 
sinB M gn tani MRE, PTA ee (a) 


Ex. 9. When a system of coplanar forces in equilibrium 
continues in equilibrium for all displacements in the plane of the 
forces, show that the astatic centre of any number of them must 
be coincident with that of the remainder. 

Let the system be divided into any two groups Sı and Sa; 
and let the resultants of the two groups be Rı and Ra and 
their astatic centres Ca and Ca respectively. Rı always acts at 
Cı and Ra at Ca through whatever common angle the forces are 
rotated and since the system is always in equilibrium, Es always 
balances Ra and therefore Rı, Ra always act along same straight 
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line. -> R, always passes through Ca. Hence Rı always 
passes through O, and Ca. ', Unless Cı and Ca coincide, Ri 
will always act along the fixed line CıCa. But this is not true 
as when the forces are rotated through an angle 0, Rı also 
rotates about Cı through the same angle 0. Hence O, and Ca 
must be coincident points i.e. both the groups Sı and Sa have 
the same astatic centre. 

Ex. 10. Show that as the forces are rotated, the value 


of g ab any assumed base O is always equal to the tangent of 


the angle which the straight line joining O to the centre O of the 
forces makes with the direction of the resultant force R, while 
the value of G? + V° is invariable and equal to R®. 007. 


Referred to rect, axes at O, the co-ordinates of O are 
é Peles Cle AVY GX 
NERYS X'+ Y“ 
TEENKING LEG 


*. 00=Ẹ+?= 


EH KEYA 1 
2, R?.00?=V?+@°. As Bis always the same and O, 
Care fixed points, .”. -V?+G? is invariable. Tf R and OC 
make angles @ and y with Ox, we have 


a agg VER GX 
tan b=X and tan Y £ VX+GY 


Y_G 

X V _ tan ¢—tan B 
YG i+tan¢ tan f’ 

fet 

ty V 


or, tan y=tan (6-6) .°. y=o—B or, B=b—-y=angle 
between Rand OC. Thus ton. of angle between R and OC. 


it 5 
where y =tan B. 


There is another a very simple solution. We know that Œ is 
the moment of the system about origin O before the forces are 
rotated and V is the moment of the system after the forces are 
rotated through 90°, But the moment of the system about O is 
the moment of the resultant foree R about O and when the 
forces are rotated through 90°, R also rotates about O through 
90°. Therefore if $ be the angle R makes with OO, we have, 
G=R. 0C sin B and V=R. OC cos B, whence the results follow. 


ats 2 
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1. Prove that a system of coplanar forces can always be reduced to 
(1). two forces acting at two given points, (2) three forces acting along the 
sides of a given triangle, in same plane. 
Hint. (1) Reduce taking one point as base and replace couple by two, 
forces acting at given points (2) see Ex. 1. worked. Replace 7 by components 
along sides, 


2. If the sums of the moments round three points not in one straight 
line are equal, the forces are either in equilibrium or equivalent to a couple. 
[0. H. 1965] 
Hint. See Ex, 3. worked. 


3. If each of a system of coplanar forces be replaced by three forces 
acting along the sides of a triangle in the plane of the forces, of type p. BO, 
q. CA, and r. AB, show that the necessary and sufficient conditions that the 
system reduces to a couple are that 3p = 2q =2r. [London] 

Hint. See Ex. 2, worked. 

4. The moments of a system of forces about the points (0, 0), (a, 0), 
(0,a) are aW, 2aW, 3aW respectively. Find the components of their 
resultant parallel to the co-ordinate axes (which are rectangular) and the 
equation to its line of action, [C. H. 1960, 1968] 

Hint. See Ex. 4. worked. 

5. Asystem of coplanar forces has the total moments H, 2H, and 3H 
about the points (0, 0), (0, 1), and (2, 4) respectively. Find the magnitude 
and the equation of the line of action of the resultant. [C. H. 1966] 

6. A system of coplanar forces has the total moments H, 2H 
respectively about points whose co-ordinates are (2a, 0) (0, a) referred to 
fixed rectangular axes. The total resolved parts of the forces along the line 
y= vanishes. Find the points in which the line of action of the resultant 
meets the co-ordinate axes. [0. H. 1961] 

7. M,,M,, M, aro the moments of a system of forces, acting in the 
ay-plane, about three non-collinear points (£s Yı) (@a» Ya) ar Ys) 
respectively. If tho resultant of the system is a single force at the origin, 
show that M, (was -%sYo)+Mo(ws¥. —1Ys) + Ms (tits = Wad.) =0. Find 
the direction and magnitude of the resultant. [0. H. 1968] 

Hint. Seo Ex. 3, worked. 

8. The algebraic sums of the moments of a system of forces about 
points whose co-ordinates are (1, Y1), (ws, Yo), (£s Ys) and (Xa, Y4) referred 
to Ow and Oy as axes are G,, G,, Gs and G, respectively. Show that 


1 a, ¥, G,|=0 
1% Ya Gs 


be G 
1 EA H G [Bombay, 1954] 


9. The straight line 4w +3y=5 meets the rectangular axes Ov and Oy 
at the points A and B respectively. If forces P, Q, R act along the lings 


oO 
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OB, OA and AB, find the magnitude of the resultant and the equation of 
the line of action. [0. H. 1958] 

Hint. Proceed as in Ex. 7. worked. 

10. Three forces P, Q, R act along the sides of a triangle formed ‘by 
tho lines #+y=8, ?z+y=1, and v-y=-1. Find the equation of the line 
of action of the resultant. 

Hint. Proceed as in Ex. 7. worked. 

11. Tho couple components of a system of coplanar forces when reduced 
with respect to two different bases O and O' are Gand @' respectively. 
Show that tho couple component when the system is reduced with respect 
to the middle point of OO’ is 4 (4+@’). 

Hint. Couple for O’=couple for O+moment of R at O about oO. 
Seo Art. 1'6, 

12, A system of coplanar forces reduces to a couple whose moment is 
@ and when each force is turned round its point of application in the plane 
of the forces through a right angle, the system reduces to a couple of 
moment GV3. Prove that when each force is turned through 60° in the 
same plane, the system is also equivalent to a couple. Find its moment. 


[0. H. 1962] 
Hint. See Ex. 8. worked. 


13. If a variable system of forces in a plane have constant moments 


about two fixed points in the plane, prove that the resultant passes through 
another fixed point, [London] 


Hint. Reduce w.r, to one of the points as base and line joining them 
as w-axis. 
` 14. Show that three coplanar forces P, Q, R acting at the points A, B, C 
aro in astatic equilibrium if they meet at a point on the circumcircle of 
the triangle ABO and if P:Q: R=a:b;c, where a, b, care the sides of 
the triangle ABC. [0. H. 1964] 
Hint. By converse of Lami’s theorem, show that the forces are in 
equilibrium. Then follow the argument given in Art. 10, 
15. Any number of forces P, Q, R, Sy...in ono plane are in 
equilibrium; and their lines of action meet in one point O. Through O, a 
Circle is described, meeting the lines of action of the forces in A, B, O, Dys. 


If these points are regarded as the points of application of the forces, prove 
that the equilibrium is astatic. 


1'11. Smooth and rough bodies : 


When two bodies are in contact at a point e.g. when a particle 
rests on a curye or on a surface under the action of external 
forces, there is always a mutual reaction between the two, and 
this reaction may or may not act along the common normal at 
the point of contact. ` When it acts along the common normal 
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the bodies are said to be smooth and when it acts in a direction 
inclined to the common notmal the bodies are said to be rough. 
The component along the common normal is called the normal 
reaction and the tangential component is called the force of 
friction. The reaction is a passive force, it comes into play 
only to oppose the motion and is no more than is necessary to 
maintain equilibrium. 


112, Theorem. A particle rests ona smooth plane curve 
under the action of given forces. To find the positions of 
equilibrium. 

Tt is here assumed that the external forces press the particle 
against the curve. Since the curve is smooth the only force of 
reaction it can exert on the particle is along the common normal 
at the point the particle rests and, therefore, for equilibrium the 
resultant of the external forces must be also along the common. 
normal but opposite to the force of reaction. Therefore the sum 
of the resolyed parts of the external forces along the tangent. to 
the curve at the point must be zero. 

If the external forces be P1, Po, ...making angles 91, Oa)... 
with the tangent, we must have P,cos0,+P.ecos6,+-=0. 
This equation of condition together with the equation of the 
curve determines the position or positions of equilibrium. 


Ex. A particle P is acted upon by forces by; and = = | towards 


two fixed points A and B ; show that it will rest at any siti of 
a smooth groove whose equation T 
is 747g=c, where PA=r, and 
PB=rg. 

Let PZ be the tangent at 
P and let are OP=s, where O 
is a fixed point on the curve. Let D 
ZPAX=63, LPBX=9s and let Boo A x 
AP, BP make with tangent PT angles ¢, and ġa respectively. 
Then resolving the external forces along PT, we must hoyg 


for equilibrium, = E | 008 dite cos ġa =0 


oF ait. - birge dra 
_ But cos SE and sot as ds.) ry ds z 


or 12 dry+rz drg=0 
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Differentiating the eq. of the curve, we have, at every point 
of the curve, ra Grats dra=0. Thus the condition is satisfied 
at every point of the curve and the result follows. 


1'13. Action at a joint in a framework: Method of 
separation of bars. 

In some problems we have to consider the equilibrium of 
frameworks formed by uniform bars lying in the same plane 
jointed together by cylindrical pins passing through small 
cylindrical holes in the bars and acted upon by given coplanar 
forces. We shall only consider the case 
when the pins are smooth and the rods are c A 
said to be ‘smoothly hinged’ or ‘smoothly 
jointed’. Take one of the pins connecting 
two rods P and Q and let the figure show 
the section of the pin by the plane of the 
forces. The rod P is in contact with the pin at points A, B, O, 
and the forces of action at these points of contact all act 
normally to the cylindrical surface of the pin and, therefore, 
pass through the centre O of the pin and reduce to a single force 
acting at O ie. at the joint which is very small, Thus the 
action on the rod P at the joint is a single force acting at the 
joint. Similarly the action on the rod Q at the joint is also a 
single force acting at the joint and the two actions at the joint 
are equal and opposite, because the pin, assumed to be weightless, 
is in equilibrium under the two forces which are equal and 
opposite to these actions. In solution of problems it is often 
convenient to consider the equilibrium of one or more bars 
separately. Then the unknown actions at the joints must be 
introduced. This is usually done by assuming the resolved parts 
of the action on one of the rods at each joint in two suitable 
perpendicular directions. The action at the joint on the other rod 
consists of forces equal and opposite to these. For convenience, 
the rods are drawn disjointed in the figure with the actions at 
the joints shown properly. For equilibrium of the rod or rods 
considered, the two equations of resolution and the equation of 
moment are written down. This method is known as the method 
of separation of bars. 

The following rules will be helpful in the solution of problems: 

(a) When there are no external forces acting on a rod then 


Meon 


B 
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the actions at the two joints at its ends are two equal and 
opposite forces acting along the rod. 

(b) When a framework and the external forces which act on 
it are both symmetrical about any line passing through a joint, 
then the action at that joint is perpendicular to the line of 
symmetry. 

Ex. 1. Three light equal rods freely jointed to form an 
equilateral triangle have two equal weights W attached to two 
joints and the whole is supported at the third joint by means of 
a string. Find the actions at the joints. 


basee 22 -----> 


w 


Let us assume that the rods are connected by pins separate 
from the rods and the wts, W, W are hung from the pins at 
B and C and the whole triangle ABC is suspended by the pin at 
A. Then the actions at the joints act along the rods. Let the 
action of the pin at B on rod BO be X along BC and on rod BA 
be X’ along AB. Then the actions of the rods BO and BA on 
pin at B are X along CB and X' along BA. Also wt. W is 
attached to pin at B, These three forces are in equilibrium, 
By Lami’s theorem we have, 


x x wW 


sin (90°+60°) sin 90% sin (180°—60°) 


go Ah 
1 
3 


Way a aW 
X= and X = 3 


wW 
.*, Actions along the rods BC, CA, AB are * a a 


Alternatively, we may assume that the pins at B and C are 
parts of the rods AB and AG and rod BC has holes at B and C 
into which are fitted the pins. Then the action of rod AB on BCis 
a force X along BC and therefore action of BO on AB is an equal 
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and opposite force X along CB. The rod AB is in equilibrium 
under the forces X along OB, wt. W at Band the unknown 
reaction at 4. Taking moments about A, we get, 


X.AB sin 60°=W.AB.cos 60°. 


or, r-i And the force acting at end B of the rod AB is 


= 2 
the resultant of X and W and is, therefore, equal to Nie 


ai acting at an angle tana =tan *4/3=60° to horizon i.e. 


along rod AB. Thus same results are obtained. 

Ex. 2. A regular pentagon ABODE formed of five uniform 
rods, each of weight W, freely hinged to each other at their ends 
is placed in a vertical plane with CD resting on a horizontal 
plane and the regular pentagonal form is maintained by means 
of a string joining the middle points of the rods BC and DE. 
Prove that the tension in the string is 


(cot 5+3 cot m ).w. [London] 
We shall consider the separate equilibrium of the rods AB 

and BC only. The action at A of rod AB is a single horizontal 

forco X (from symmetry ). The action 

at Bofrod AB is a horizontal force X A x 

and a vertical force Y as shown in the 

figure. Action at B of rod BC are equal W 

and opposite forces X, Y. The wts. W, W X B 

of the rods act at their middle points: 

Also at middle point of rod BO there 

is the tension of the string T, which ig 

horizontal. Let AB=a, For equilibrium 

of rod AB, resolving vertically and taking 

moments about B, we get, Y= W and X.a sin «= Wha.cos x, 


or, X=4ZW cot 4, where «=inclination of AB to horizontal 


m 
A for each anglo of a regular pentagon =% 


For equilibrium of rod BO, taking moments about OC, where 
act unknown forces, we get, 


7.40 sin B=X.a sin B+ V.a cos B+W.4a cos B, 
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or, T=2X+(2Y+W) cot p, 
where B=inclination of BC to horizontal == 
T=W cot ee ve cot B= W.(cot 4+3 cot B) 


=W, (cot Tig cot 22 si 


Ex. 3. A square frame ABCD of four equal jointed rods 


hangs from A, the shape being maintained by a string joining 
mid-points of AB, BG. Prove that the ratio of the tension of 


the string to the reaction at C is SE [0. H. 1948] 


Let AB=2a, T the tension in 
the string: Let X, Y be the 
horizontal and vertical components 
of the action at © of rod BO on 
rod OD as in fig. Then reversed 
X, Y are components of action 
at C of rod CD on rod CB. 


For equilibrium of OD, taking 
moments about D, we get, 


Y.2a cos 45°= X.2a sin 45°+ W.a cos 45° 


or, 2Y=2X+W AE a tae ee 
For equilibrium of CB, taking moments about B, 
T-W=2X+2Y ... ay Sh (2) 


Lastly consider the equilibrium of the rods AB, BC jointed 
at B and take moments about A ; we get, 
X.4a sin 45°=2Wa cos 45° or, X=3W (3) 
.. From (1), Y=W and from (2), T=4W. 


If R be the action at O on OB, then R=VEFV= EVE 


at an angle tant dk with the horizon, 


Ex. 4. Three equal uniform rods are freely jointed at their 
extremities and rest in equilibrium over two smooth pegs, in a 
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horizontal line at a distance apart equal to half the length of one 
rod. If the lowest side be horizontal, then the resultant action 
at the upper joint is y°s4/3.W and at each of the lower gey 51W, 
where W is the total weight of the rods. [London] 


Let AB, BC, CA be the equal rods forming the equilateral 
triangle ABC and let P, Q be the pegs which evidently are at 


io ee 
R 
aie: N Y 
x x 
Bx 
Y a 


mid points of the rods AB and AC, PQ being half of BC. Tet 
R, R be the normal reactions at P, Q. From equilibrium of the 
system, resolving vertically, we get, 2R cos 60°=30=W 

or, R=W, being wt. of each rod. Let X, Y be the 
horizontal and vertical components of the action at B of BC on 
AB, as in fig. Then reversed forces X, Y are components of the 
action at B of AB on BO. The action at A on rod AB is a 
horizontal force X’, from symmetry. For equilibrium of rod AB, 
taking moments about A, we get, 


X.2a sin 60°+Y.2a cos 60° +. cos 60°=R.a, [AB=2al. 
or, XV3+Y=B-F=30-F= =$o. . (1) 


And resolving horizontally, we get, R sin 60°=X+X’ .,. (2) 


Finally, for equilibrium of BC, the action at C must have 
horizontal and vertical components X, Y as in fig., since o 


acts at mid. point of BC ( or from symmetry ); and resolving 
vertically 2Y =w. 


D Y=5 nd f exes ce 
a rom ( ) h ‘and from (2), X'= 2 73” 
RE R and Y= ae X= a5 


ee 


COPLANAR FORCES 25 
Hence action at A is ‘a horizontal force y's4/3 and action at 
B or Cis X*+Y*= eV BU at an angle tan"? M with hori: 


zontal, 


Ex. 5. Five weightless rods form a regular pentagon 
ABCDE and the framework is stiffened by other weightloss rods 
BD, CE. The system is placed in a vertical plane with CD ona 
horizontal table, and a weight Wis hung from A. Prove that 


the thrust in BD or CH is W oot F AC. H. 1951) 


We assume that the rods are joined by distinct pins. Then 
their actions on the rods are along the respective rods. Let the 


actions of the rods AB, AE on the pin at A be R, R along BA 
and EA. Then for equilibrium of pin A, resolving vertically, we 


3n 
get 2R cos 4=W, where 24=anglein a regular pentagon =p" 


Consider equilibrium of pin at B. Forces acting on it are (1) 
action R of rod AB acting along AB (2) action § of rod CB acting 
along CB and (8) tension T of rod BD acting along BD, By 


{ i eee _ on 1 
Lami’s theorem, ape. oF where 2B=1—"5~ or, b=; 
sin $i 


w . a a 
rac W cot 5 
= §1n 5 


Ex. 6. Four rods are smoothly jointed at their extremities 
to form a quadrilateral ABCD, and the opposite corners A, 0 
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and B, D are joined by tight strings. If T, Z’ be the tensions 

i A tjarthra) 

in AO and BD, show that atta T Bo’ OD . where O 

is the intersection of the diagonals. [P. C. S; 1940] 
We shall assume the rods to be pin-jointed by pins distinct 

from the rods and the strings to be attached to the pins. Then 


A Aa R d 
h D E0 S’ 
D C f € 


the actions and reactions between the rods and the pins act only 
along the rods. Consider equilibrium of pin at A. Forces 
acting on it are (1) tension T along AO (2) action R of rod BA 
along BA and (3) action S of rod DA along DA. By Lami’s 
theorem, we have NE : R 
: *sin BAD sin OAD 


brium of pin at B, we have, 


Similarly from equili- 


Ghali. B $ sin OAD „v sin OBC 

sin ABC sinOBO `` sin BAD ' sin ABO 
Now from ABAD and AABC, we have, 
sin BAD_BD sin ABC_ AC 


sin BDA AB” sin BOA AB 
sin OAD AB_,,, sin OBC AB 


d 


Borges. a ODAN BD. A” sin BOOT AO 
OD Te OU 2k 
or, 7.54 BD | OB AG 
ee ae ie 


0A.0C OB.OD 
` 1 Tym z| 
or, Geen Peat ap 
Ex. 7. A rhombus ABCD, formed of four uniform rods, 


each of length l and weight w, joined by smooth hinges, rests 
in equilibrium with AC vertical on two smooth pegs in à 
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horizontal line distance 9d apart, à weight W is attached to the 
lowest, hinge O, and B, D are joined by a string. If the angle 
at A is 2x, show that the tension of the string is 


tan af WH u) coseot<—(W-+4u)} [0.1966] 


Let P, Q.be the pegs and let R, R be the normal reactions of 
the pegs on the rods. 

For equilibrium of the whole 
system, resolving vertically, we get, 
2R sin«=W+4w...(1). Consider 
equilibrium of the pin at 0, Let X, 
Y be the horizontal and vertical 
components of the action of rod BO 
on pin QO, then from symmetry, X, Y 
are also the horizontal and vertical 
components of the action of rod DC 
on pin O, as shown in fig. Resolving | 
vertically we get 2Y = W...(2). Next 
consider equilibrium of rod OB, At 
O, the reaction of pin C on OB has horizontal and vertical 
components X, Y reversed, as in fig. Weight of OB is w acting 
at its middle point and unknown reaction acts at B, Taking 
moment about B, we get, 


Xl cos «= Yl sin atuh din xi 


or, 2X cos 4=(W+w) sin 4... «. (8) [from (2)) 


Finally, for equilibrium of rods AB, BO jointed at B, taking 
moments about A, we get, 


Rd cosec 4=X.21 cos PETYA 3 sin 4+ T.I cos 4, 


or, 271 cos <=(W+4w)d cosec*4—2U W +w) sin «~ 2w sin 4 
[ from (1),'(3)}i 


BC 24-21 W+2w) 
T SRR [wta cosee*4 —21( | 


=tan [ġo åw) cosec**— (W + 2w) | 
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EXAMPLES 


2 2 
1. A bead rests on a smooth wire in the form of an ellipse Bhal 
and is acted on by forces kx*, ky* parallel to the axes. Find the positions 


of equilibrium. 
y de pa Wo dy _ 
Hint. For equilibrium, kw* ath as 0 or, a +y* Fan) eto. 
2. A bead P can slide on a smooth circular wire of centre O, and is 


C e 
acted on by forces IP along PA and BP along BP where A, B aro inverse 


points with respect to the circle. Ifthe bead be in equilibrium at every 
point of the circle, prove that p’*: p° =04: OB. 
3. A particle P rests in equilibrium at every point of a smooth plane 
curve when acted upon towards two centres in the plane at A and B by 
mY 


forces ao and BP respectively. Find the equation of the curve. 


A p dr p dr’ 
Hint, For equilibrium,  dstr? as =0, where AP=r, BP=r'. 


w p z 
So 2 +5 =k, is the eqn. 


4. A small bead P can slide on a smooth elliptic wire; it is attracted 
towards the foci,S and H by forces proportional to (SP)™® and (HP)® res- 
pectiyely ; find tho positions of equilibrium. 7 

5. ‘Three equal uniform rods, each of weight W, are smoothly jointed 
go as to form an equilateral triangle. If the system is supported at the 
middle point of one of the rods, show that the action at the lowest angular 


point is z v3, and that at each of the others is W Vi acting at an angle 
tan-1(2/3) to the horizon, © | ` [0. U. 1965] 


6. Three equal uniform rods, each of weight W, are smoothly pin-jointed 
to form an equilateral triangle ABC which hangs in equilibrium from 4. 
Find the actions of the rods on the pins. 

Hint. Consider separate equilibrium of BC and AC. 


7. Two rods AB, BC of equal weight but of unequal length, are hinged 
together at B, and their extremities are attached to two fixed hinges 4 and 
Cin the same vertical line. Prove that the line of action of the reaction 
at the hinge B bisects the straight line AC. 

8. Three rods, jointed together at their extremities, are laid on a 
smooth horizontal table; and forces are applied at the middle points of the 
sides of the triangle formed by the rods, and respectively perpendicular to 
them. Show that, if these forces produce equilibrium, the actions at the 
joints will be all equal and their directions will touch the circumcircle of 
the triangle, [M.T.] 
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9. Four rods, freely jointed at their extremities 4, B, C, D form s 
parallelogram. The opposite corners are joined by strings along the two 
diagonals, cach of which is tight. Show that their tensions are proportional 
to the diagonals along which they act. y 

10. Four equal heavy uniform rods AB, BO, OD, DA are jointed to 
form a rhombus and the corners A and O are joined by a string. If the 
rhombus is suspended by corner A, find tho tension of the string and the 
reaction at B or D. i 

11. A regular pertagon ABODE, formed of five equal heavy rods 
jointed together, is suspended from joint 4 and the regular pentagonal 
form is maintained by a weightless rod joining the middle points K, L of 
BC and DE. Prove that stress at Kor L is 2W cot 18°, where W is tho 
weight of a rod. (M. T.) 

12. Aregular hexagon ABODEF, made of six equal uniform rods 
jointed freely, rests in a vertical plane having AB fixed in a given horizontal” 
plane and 0, F are connected by a light inoxtensible string. Find tho 
tension of the string and the actions at the joints E and F. [London] 


CHAPTER II 


EEE 


FRICTION 


2'1. As we have stated in Art. 1'11, when two bodies are 
in contact at one or more points, then at each point of contact 
there is a mutual reaction between the two bodies. The compo- 
nent of this mutual reaction lying in the tangent plane at the 
point of contact is called Friction. Friction is a passive force. 
Tt comes into existence only when required to prevent the relative 
motion. of the points of contact eg. sliding of one body over 
another. It comes into play only to prevent and not to cause the 
motion. : From various experiments, the following laws, known 
as laws of friction, have been deduced. 


Laws of Friction : 

(i) Friction acts in the direction opposite to the direction 
in which the point of contact is urged to move. 

(ii) The magnitude of the friction is just sufficient to prevent 
the motion of the point of contact. 

(iii) The amount of friction that can be called into play 
cannot exceed a certain maximum amount, called limiting 
friction. 

(iy) The magnitude of limiting friction bears a constant ratio 
to the normal reaction between the bodies. If R be the normal 
reaction then limiting friction is uR, where & is a constant, 
depending only on the materials of which the bodies are made. 

(v) Limiting friction is independent of the areas in contact 
provided the normal reaction is unaltered. 

(vi) When motion takes place, the above laws of limiting 
friction are still true but the coefficient of friction is slightly less 
when the bodies are in relative motion than when the bodies 
are at rest, Also the friction is independent of velocity. 

Observations on the laws : 

Law (i). To decide whether there is friction at the point of 
contact of two bodies, imagine the bodies to be smooth at the 
point of contact ; if on this supposition the point of contact would 
move then there is friction at the point of contact and its direc- 
tion is opposite to that in which motion would ensue. 


< 
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Law (ii), This law shows that friction is a self-adjusting 
force and no more of it is called into play than is sufficient to 
prevent motion. 


Law (iii). This law states that the amount of friction that 
can come into existence is not, however, unlimited. If for 
maintaining equilibrium, a greater amount of friction than its 
maximum value be necessary, then equilibrium will not be 
maintained and motion will take place. If follows that for 
equilibrium, friction FaR. When F=uR the equilibrium is 
called limiting equilibrium. 


2'2, Angle of Friction, Cone of friction, 


When two bodies in contact are in limiting equilibrium the 
angle which the resultant reaction at the point of contact makes 
with the normal at the point is called the angle of friction, 

Let O be the point of contact and S the resultant reaction 
and 4 the angle it makes with 
the normal. Then normal reaction 
R=S cos A, and friction F=S sin À. 
But as friction is limiting, F=pR 

tan A=p. or coefficient of 
friction is equal to the tangent of the 
angle of friction. When equilibrium 
is not limiting, let S make with the normal an angle 9, as in fig. 
Then R=S cos 0, F=Ssin 0. But FaR ~. tan 0þu=tan À 

oa. Thus the resultant reaction can never make with 
the normal an angle greater than the angle of friction, but can 
make any smaller angle, if necessary for preserving equilibrium. 
Suppose two bodies are in contact at 
O ; draw the common normal OB at 
O and with O as vertex and OB as 
axis construct the right circular cone 
of semi-vertical angle A, the angle 
of friction. Then the resultant 
reaction at O can have any direction 
lying within or upon this cone but 
it cannot have a direction which lies 
outside the cone. This cone is called 
the cone of friatiom io can ds g Ha wiano Ta na E 
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This gives a method of finding the conditions of equilibrium 
of a body resting on another body at O under the action of 
external forces. Since for equilibrium the resultant reaction at 
O is equal and opposite to the resultant of the external forces it 
follows that for equilibrium the external forces must be reducible 
to a single force at O whose line of action falls within the cone 
of friction. 

2'3. Theorem. A particle is constrained to rest on a rough 
plane curve under the action of any given forces. To find the 
positions of equilibrium. 

Suppose the particle is at rest at A (æ, y) and X,Y are the 
components of the given forces parallel to the co-ordinate axes 


(0) x 

Oz, Oy. The particle is supposed to he pressed against the curve 
by the given forces. Let R be the normal reaction of the curve 
on the particle along AN, the inward normal, and F the friction 
called into play along the tangent AT at A which makes an 
angle y with Oz. Resolving along AT and AN, we have, 

X cos Y+Y sin y+ F=0 

R+Y cos y- X sin y=0 

If u be the coefficient of friction, for equilibrium we must 

have F numerically less than or equalto wR. Therefore the 
positions of equilibrium are those positions where 


| X cos Yy+Y sin y| <u |X sin y—Y cos y | 
or squaring and writing a for tan y, 
dy 3 7 dy _ ig 
(z+r&) <u (2% -r} 


The sign of equality gives the positions of limiting equilibrium. 


7 
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2'4. Ifin Art 2°3, the curve be a space curve and (2, y, z) be 
the point A and X, Y, Z the components of the given forces 
parallel to axes Ox, Oy, Oz, the direction cosines of the tangent 

dy d 
AT are ae, > i E and those of the resultant force are proportional 
to X, Y, Z. If@ bethe angle the resultant force makes with 


the normal at A, then 90—90 is the angle it makes with AT’. 
A} X*+Y*+Z* 
But for equilibrium OLA. <. tan 0<tan A=” 


cos (90-6)= 


+2 2 [1 — ein? in? u? 
or sin?ð<u? (1—sin*6). or sin ESET 
For positions of equilibrium, we must have, 
2 2 
yE a ae 2 
(= 2) Sia (X?+¥?+Z?). 


25. Theorem. A particle is constrained to rest on a given 
rough surface under the action of any given forces. To find the 
positions of equilibrium. 

Let the equation of the given surface be fla, y, 2)=0 and let 
the particle be at vest at A(w,y,2) and let X,Y, Z be the 
components of the given forces parallel to the co-ordinate axes. 
The direction cosines of the normal at A are proportional to 
for fy: fe and those of the resultant of the given forces are 
proportional to X, Y, Z. If 0 be the angle the resultant force 
makes with the normal at A, we have 

pares XfztYfyt Zf A 
VEHY HZN fe’ thy the 


For equilibrium, we have <A or tanĝ Stan A=" 
<. secta@=1+tan20<1+u 


1 
z —— 
or cos 02> ita 
Hence for positions of equilibrium, we must have, 
1 
(SXfe Py x°. Efa? (1) 
3 
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Here X, Y, Z, f are all functions of a, y, z. The equality 
sign in (1) gives the equation of a surface whose curve of 
intersection with given surface f(s, y, z)=0 is the boundary of 
the positions of eqilibrium of the particle on given surface, 


Ex. 1. A cycloid is placed with its axis vertical and vertex 
downwards. Show that a particle cannot rest at any point of 
the curve which is higher than 2a sin?A above its lowest point 
where À is the angle of friction and a is the radius of the 
generating circle of the cycloid. ([C, H. 1967] 


‘Let O be the lowest point of the cycloid, and let the tangent 
and the normal at O be the 
axes Ox, Oy. The parametric 
equation of the cycloid is 

e=ala+sin ol (1) 
y=a(1—cos 0) 

Let the particle be at rest 
at A whose parametric co- 
ordinate is ‘6’ and let AT, the 
tangent at A make an angle y 
with Oz. Then y=46. The 
only external force acting on the particle is its weight mg acting 
vertically down along LA. Therefore the resultant reaction at A 
which balances it must act along AL. For equilibrium AL 
must make with normal AN an angle less than or equal to A, 
But 4DAN=y 


PURNA PA E FU 0) 


Now height of A above Oz is y=a(1—cos 0)=2a sin? 


ila 


=2a sin*y 
e for equilibrium to be possible, we must have, 
y=2a sin*y<2a sin? (from 2) 
So the particle cannot rest at a point whose height above O 
is greater than 2a sin®A, 


Ex, 2. A rough wire which has the shape of an ellipse 
2 2 
jonas is placed with it w-axis vertical and y-axis horizontal. 


If u be the coefficient of friction, find the depth below the highest 
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point of the position of limiting equilibrium of a bead which rests 
on the wire. [C. H. 1956, 1954] 


For positions of limiting equilibrium, we have 
2 2 

X+ yt) = of dy _ ) ` 

( 7 TE Xas Y (Art. 2'3) 
Here Y=0, X=mg, `. vane (2). 

dx 
: a f æ? y? 

Differentiating equation of curve, ait pet we have 


oyu Wig) E 
at dx paor dx ay 


z) [ from eqn. of 
a? 


TRA Ea pO or, big? =at eli- 
a A ES 3 curve 


or, - ala teb) at 
A a 
om Oo Nate 
æ co-ordinate of limiting position of equilibrium is 


2 
eT | Its depth below highest point i.e. upper end of 


; EA a 
major-axis is ( a— ==) 
: ( MA ap) 
Alt. Let Pla cos 0, b sin 0) be the position of limiting 
equilibrium. Equation of normal at P is 
ax sec 0—by cosec 0=a° —b* 


., slope of normal => tan 0. But in position of limiting 


eight which is parallel to the a-axis 


equilibrium, the vertical w 
makes with 


and is the only external force acting on the particle, 


the normal the angle A. 


a tan O=tan A=". This determines the eccentric angle 


of P, the position of limiting equilibrium. ni 
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Now, height of P above centre of ellipse 
a? 


fee ov, oe ae Vase 
a? 


=a cos = 


a 
Ak q th =a- 
Reqd. depth=a WEEST 


s 2 
Ex. 3. The paraboloid T +Y =9z is placed with its axis 
a b 


vertical and its vertex uppermost; if æ be the coefficient of 
friction, show that a particle will rest on it at any point above 


2 2 
its curve of intersection with the cylinder tne 
Here f(x,y, z)= a + b 9z=0 
Re =o p=% f= -2 3 Also X= 0, Y=0, Z=mg 


ety se Ii 
For equilibrium, Ome Laat 


tng. (—2) 2 > -(mg)*- (2 te +) 


mae 3 
u oy” 
or, 1+ > ate ati \or; ait pase 
.'. The particle will rest in equilibrium at any point on the 
surface above its curve of intersection with the surface 


2 2 
Ptas, which is an elliptic cylinder with generators parallel 


to the axis of the paraboloid. 


Ex. 4, A rough surface is formed by the revolution of a 
rectangular hyperbola about a vertical asymptote; show that a 
particle will rest on it anywhere beyond its intersection with 
a certain circular cylinder. [C. H. 1950] 


The vertical asymptote is taken as the z-axis and the other as 
z-axis. Equation of generating hyperbola is xz=c? ,,, (1) 
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Let Piz’, y', 2’) be any point of the surface formed by revolu- 
tion of curve (1) about Oz. Distance of P from Oz= Va Fy". 


P is on the circle generated by revolution of point P’ of curve (1) 
whose co-ordinates are, therefore, æ= z +y", z=’. Since 
P' is on curve (1) 


Va? tye =e 
Eqn. of surface generated is (x*+y*)z*=c', ... (2) 
Here f(a, y, 2)=(a?+y*)e*—-cf= 
fe=2ue", fy=2Qy2", fe=(e?+y*).22. And X=0, Y=0, 
Z=- mg. 
For equilibrium, (5Xfa) >z r5 X.3fa". 
(14+u2)f2>3fe2 or, B4 (aty Dwz Ayat 
or, W(a®+y*)>z*. ... (3) 
Limiting positions of equilibrium are given by the curve of 
intersection of surface (2) and the right circular cone wla? +y?)=2? 
whose vertex is O and axis Oz and the particle will rest anywhere 


on the surface (2) which is outside this cone. The curve of 
intersection also satisfies the eqn. p(z? +y?)?=c* (eliminating z). 


2 
or, ttt whichis a right circular cylinder. Hense 


result follows. 


Ex. 5. A rough paraboloid of revolution, of latus rectum 4a 
and of co-efficient of friction cot B, revolves with uniform angular 


velocity % about its axis which is vertical ; if o> V2 cot § j 
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or, <2 fan p. show that a particle can rest anywhere 
2a 2 


except within a certain belt, but that for any angular velocity 
between these limiting values equilibrium is possible for all 
positions of the particle. (M. T.] 
Take origin at the vertex of the paraboloid and its axis as the 
axis of z. Equation of the paraboloid is z°+y?°=4az. Let m be 
the mass of the particle and suppose it can rest at P(x, y, 2) 
whose distance from Oz is r=Va?+y?. The particle is describing 
a circle of radius r with uniform angular velocity œ. Therefore 
the paraboloid may be treated as fixed in space if we apply the 
reversed effective force mw?r on the particle tending directly 
away from the axis, Then, we have f(z, y, 2) =a? +y?—4az=0, 
X=mo's, Y=mo’y, A= — mg. 
fa= 2x, fy=2y, fs = -4a 
$ Aa Le 
<. For equilibrium, (SX fa" > ye SX”. Bf" 
or, (we? +0*y?+2ag)*(1 +e?) >(a? +y? wta tory? +97) 
or, writing r? for æ? +y° and simplifying, we get, 
wor? +2ag)? —7?(2aw* —g)?>0, 
or, [uor —(Qaw®— g)}r+2auglluo?r? + (Qa0* — g)}r+2aug]>0 


(1) 
Consider the eqns. pw?r?—(2aw*—g)r+2aug=0.... ... (2) 
and pw?7?+(Qae*—g)rt+2aug=0 ... ... (3) 


If rı, 72 are roots of (2), —71, — rz are roots of (3), Also 
Ty, Tq have same sign. If roots of one eqn. be imaginary, the 
roots of the other are also imaginary, and then condition (1) 
holds for all values of r. If fı, rg are real and distinct, then 
condition (1) can be written, 

@o(r—rilr—relr+71)(r+re)>0. 

We may assume rg>7,>0. Then the condition holds if 
r<ry or, T>ra and does not hold if ry<r<re, Thus if rı, 
Tg are imaginary, particle rests anywhere on the surface but if 
fis Taare real then thereis the belt r14<r<re, where particle 
cannot rest but it can rest anywhere outside the belt. 

Now 71, fa will be real or imaginary according as, 

(Qam"—g)?—8ay?w*g=0 or, 4a2@*—4ag(1+2p?)o2+92=0 


ee 


PRIOTION 39 
Roots of 4a?@*—4ag(1+2,*).0* +g"=0 are given by 


ot = (Vite ta) ar, @,", œa" where 
o= VEWViFe=1)>0 


and = 4/2 (/TFp+u)>0 and v, <o, 


.. Ta, Ta are real or imaginary acc. as 
4a*(w—@;)\o+o)(o— w+) 20 
Tx, Tq are real if ow, or Pws and ry, fs are imaginary 
if w Lo Lug. 
Putting ~=cot f, we find, 


w, = V2 tan f, OP = 2 cot p 


Hence if w< Vitg or > NFA cot f there is a belt 


where particle cannot rest but can rest anywhere outside the belt 
and if œ lies between the above two values, the particle can rest 
everywhere on the surface. 


EXAMPLES 


1. A heavy particle rests on a rough parabola with its axis vertical and 
vortex downwards. If the latus rectum of the parabela be 4a, find the 
greatest altitude above the vertex at which the particle could remain at rest, 
the coefficient of friction being 4. 


3 2 
2. A rough wire is in the form of an ellipse si +=. A small boad on 


the wire is in limiting equilibrium when at a distance 4b from the major 
axis under the action of a force whose line of action passes through the 
centre of the ellipse. Find the coefficient of friction. 

3. A heavy bead of weight W can slide on a rough circular wire fixed in 
space with its plane vertical. A centre of repulsive force is situated at one 
extremity of the horizontal diameter, and the force on the bead when at a 
distance 7 is pr. Find the limiting positions of equilibrium, 

4. A rou:h wire in the form of a parabola of latus rectum 4a, with its 
axis vertical and vertex upwards, rotates with uniform angular velocity 


VA = about its axis. -A small ring of mass m can slide on the wire and is 
attached to the focus by an clastic string of natural length a and modulus 
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of elasticity $ mg. Prove that the ring will remain in equilibrium at any 
point of the wire whose distance from the axis is less than au, where p is 
the coefficient of friction between the ring and the wire. 

Hint. Apply to m the reverse effective force and use Art. 2'8, 


a 2 2 
5. The ellipsoid = +e + sLis placed with the axis of œ vertical and 
a?" 6? o? 


its surface is rough, Show that a heavy particle will rest on it anywhere 


above its intersection with the cylinder 
2 


w Aah a MS E 
BAL toss +5(14+-55 =1, 


where yw is the coefficient of friction. (London) 
6. A particle rests on the surface wys=c* under the action of a constant 
force parallel to the axis of s; show that the curve of intersection of the 


2 
surface with the cone 5 +5 “5 will separate the part of the surface on 


which equilibrium is possible from that on which it is not possible. (M. T.) 


2'6. Problems on friction : 


In solving problems involving rough bodies subject to 
frictional forces two fundamental principles should be 
remembered : (1) if frictional forces can produce equilibrium, 
they will; (2) frictional forces called into play are always just 
sufficient to prevent motion and no more. 

In first principle it is implied that the laws of friction must 
not be violated. The direction of the force of friction at a point 
of contact must be opposite to that in which the point of contact 
would move if there be no friction and its magnitude must not 
be greater than uR, where R is the normal reaction at the point, 
but may be less than aR, if that will produce equilibrium. 
From this follows the important rule—The resultant reaction at 
a point of contact can assume whatever magnitude and direction 
are necessary to produce equilibrium subject only to the condition 
that its direction must not make with the normal at the point an 
angle greater than the angle of friction. The second principle 
leads to the well-known rule—if a body can roll it will roll 
(or turn over ) in preference to sliding. For in rolling or turning 
over less friction is called into play than required to prevent 
sliding. 

There are various types of problems on friction. Generally 
all such problems can be solved by the use of above two rules, 


ee 


C ape ya 
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We shall illustrate this by solving some such problems. Solution 
of problems on initial motion involving unknown directions of 
frictional forces will be taken up later. 


Examples Worked 


Ex. 1. A ladder is placed with one end on a rough 
horizontal floor and the other against a rough vertical wall, the 
ladder being in a plane perpendicular to the wall and inclined at 
an angle 0 to the horizon. Discuss its equilibrium. 

Let AB be the ladder of weight œw and G its c.g. Let A, A' be 
the angles of friction between ladder 
and floor and between ladder and 
wall. Let AD, BE be the normals at 
Acnd B to the floor and the wall 
respectively. Make ZHAC=), ZEBD 
=X‘, AC, EB intersecting at F. Let 
LG be the vertical through G. If O 
is to the right of DG, asin fig, then 
on LG we can take a point P which lies within the quadrilateral 
EFOD and the resultant reactions at 4 and B can act along AP 
and BP and keep the ladder in equilibrium. But if CO is to the 
left of LG, then since the resultant reactions at A and B must 
intersect on LG to balance w in order to produce equilibrium, 
one of them at least must make with the corresponding normal 
an angle greater than the angle of friction and this being 
impossible, equilibrium cannot hold and the ladder will slide 
down. Thus whether there will be equilibrium or not depends 
on whether the vertical line through the c.g. passes through the 
quadrilateral area HFCD or it does not. 

When C is to the right of LG, a man of weight W can 
ascend the ladder so long as the line of action of the resultant 
weight (œ+ W) passes to the left of C and cross the area EFOD 
but he cannot ascend go high that the said line of action passes 
to the right of C. Similarly when C is to the left of LG, to 
keep the ladder in equilibrium, a weight W of sufficient 
magnitude should be placed on the ladder to the left of G so 
that the line of action of resultant wt. (@+W) may shift to the 
left of C and cross the area EFOD. It should be noted that 
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when equilibrium holds, the reactions at A and B are 
indeterminate, unless the equilibrium is limiting when LG 
passes through C and the resultant reactions acting along AC and 
BC are determinate in magnitude and direction. 


Ex. 2. A solid homogeneous hemisphere rests on a rough 
horizontal plane and against a rough vertical wall, the coeffi- 
cients of friction being u and u` respectively. Show that the 
least angle that the base of the hemisphere can make with the 
a1 (84, ite, 

3 itu 

Let W be the weight of the hemisphere ABCD whose plane 
face is AD and centre O, G is its 
c. g. where OGis L to face AD 
and OG=a,a being the radius. 
Let B, C be the points of contact 
when the hemisphere is in limiting 
equilibrium, being about to slide 
down. Then ZBOG=86, has the 
least possible value. Let R and 
S be the normal reactions at B 
and ©. .'. Friction at Bis wR acting along HB and that at C 
is „8 along CH. Resolving horizontally and vertically and 
taking moments about C, we get, R=yS...(1), uw’ R+S=W...(2) 
Ratu'R.a=$a cos 0.W or, R+p’)=2 cos 0.W...(3) 

From (1) and (2), (en +1)R=We. 

(uu +1)$ cos @=p(1+yp') [from (8) ] 
uatu), 
1H pp 
.'. Least angle plane face can make with vertical 
8a, +e’), 
3 Ltue' 

Ex. 3. An elliptic cylinder rests in limiting equilibrium 
between a rough vertical and an equally rough horizontal plane, 


the axis of the cylinder being horizontal and the major axis of the 
` ellipse inclined to the horizon at an angle of 45°; shew that the 


coefficient of friction is (W1+2e?—e#—1)/(2—e2), where e is the 
eccentricity of the cross-section of the cylinder, [0. H. 1966] 


vertical is cos 


E “#8 € 


or, cos 0=Ẹ 


=0=cos"| 
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Figure shows the section of the cylinder by a vertical plane 


through the c. g. of the cylinder and 
perp. to the rough vertical plane 
given. Let O be the centre of the 
elliptic section which is the c. g. of 
the cylinder and A, B be the points 
of contact with vertical and horizon- 
tal planes and let À be the angle of 
friction so that tan A=y. Draw AF, 
BE making angle À with the normals 
at A and B. Resultant reactions at 


q W 


(0) B F 


Aand B act along AE, BE and they balance the weight of the 
cylinder; .’. the vertical through C passes through H. Let 
this vertical cut AB at F and draw CD L on AB, From 


symmetry AB is || to major axis. 


LEFA=45° and AD, OCD 


are the abscissa and ordinate of A referred to principal axes of 
the elliptic section. Let A be (a cos 9, b sin 6). As tangent at A 
makes an angle of 45° with the major axis, we have 


Ž oot 8=tan 45° or, cot =F “ (1) 


AB=2a cos 6, DF=CD=b sin ð. 
In AAEB, LAE F=90°—), 4BEF=), LEFA=45°, 


AF =a cos 0 +b sin 6 and FB=a cos 0—b sin 8. 
Using the well-known Trigonometrical identity, we have, 
2a cos 0.cot 45°=(a cos 0 —b sin 6) cot A—(a cos 0 +b sin 6) 


OF PA POR I sin A cos A 


or, b sin 9=a cos 0(cos 2A—sin 2d) 


cot (90°—A) 


a cos 0.cos 2A—b sin 8 


Using (1), a2(cos 24—sin Q\)=b? =a7(1—e?). 
<. @=sin 24+ sin?\=2 sin A (sin A+cos A) 


This gives e in terms of A, the angle of friction, To find pin 


(2 Op 


i 1 
terms of e, we have, 1—e?=cos 2\—sin 2A=TF p IF 


or, w(2—6")+2n—e?=0. Solving the reqd. value of 4# is got. 
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In many problems we have to consider the possible positions 
of equilibrium of a heavy body resting on another rough body at 
a single point of contact. In solving such problems we have to 
use the two conditions :— 


(1) The vertical through the c.g. of the body must pass 
through the point of contact. 


(2) This vertical must not make with the normal at the point 
of contact an angle greater than the angle of friction. 


We now work out a few sums of this type. 


Ex. 4. A heavy circular hoop is hung over a rough peg. A 
weight equal to that of the hoop is attached to it at a given 
point, Find the coefficient of friction between the peg and the 
hoop so that the system may hang in equilibrium whatever point 
of the hoop is placed in contact with the peg. (CO. H. 1951] 

Let C be the centre of the hoop 
of weight w and A the point where 7 
equal weight is attached. Their p 
combined e. g. is G, the mid. point of A 
CA. Let P be the position of the 
peg when equilibrium is maintained. 

Then GP is vertical and GP makes À 
with normal CP an angle ¢ which is A 
<À. Let 4AGP=0. For different 

positions of P, 0 varies from 0 to m. 

From A CPG, we have, 


Gere ee oe eon 
ane ae 4 sin 0=sin d<sin À. 


«. In order that equilibrium may hold for all values of 6 
where 0<6<z, we must have sin >$ sin 0, for all such values 
of 0. As sin@<1 when 0<@<a, the condition will hold if 


sin A>} or, AD30°. Bub A<90 ^ u=tan > 
1. 
v3 
Ex. 5. A uniform heavy elliptical wire, semi-axes æ and b, 
is hung over a small rough peg. Show that if the wire can be 


.'. Least value of the coefficient of friction is 
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in equilibrium with any point of it in sa = the peg, the 


coeficient of friction must not be less than £ =e. - [C. H. 1969] 


Let C be the centre of the ellipse, CA 
its semi-major axis and P the. position of p 
the peg when wire is in equilibrium. Then 
CP is vertical and if @ be the angle OP 
makes with the normal PN at P, then we 
must have ¢<A, the angle of friction. Let 
P be (acos @, bsin@). The slope of 


a b 
normal PN= 5 tan 0 and slope of CPs B 


tan 6 
2 tan ane tan 6 
tan EE o ta diei hat BP) ban oL i = b? ————sin 20. 
14-22 tan? ab sec*@ Qab 
ba 
paea 
Jab sin 26=tan d<tan A<p. 
Flies will hold for all positions of P if 
wt BRE 290, for all values of 0 such that o<e<t 
As sin 286<1 when 0<0<F. the condition will hold if 
eel 2s 
E 2ab 


Ex. 6. A perfectly rough plane is inclined at an angle « to 
the horizon ; show that the least eccentricity of the ellipse which 


: 2 sin 4 
can rest on the pl a. Pe E 
rest on the plane is 4/ eee {c. H. 1964] 


Let C be the centre of the ellipse 
of semi-axes a, b. Let P be its point 
of contact with the inclined plane in 
position of equilibrium. Then PC is 
vertical and if PN be the normal at € 
P then ZCPN=«. Let P be (a cos 0, 
b sin 0) referred to principal axes of 
the ellipse, then we oa | see Ex. 5 


_ 42 
above ) that tan OCPN= ar =) sin 20. 
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2 3 
fan pt -sin 29. This equation determines 0 i.e. 


the point P such that the ellipse may rest in equilibrium on the 
plane with P as the point of contact. For 0 to be real we must 


have a <d or, a?—b?>2ab tan <; since b?=a%\1—e"), 


this becomes ae? Saa I-e tana or, e>4(1-e) tan? 4 
or, (e+2 tan? «)*s-4 tan? 4(1+tan? 4) 


or, e +2 tan? 4> +2 tan 4 sec 4. 
2 sin 4(1—sin 4)_ 2 sin 4 


2 za 
or, e >2 tan «(seo 4— tan 4)> A ere 


Qsina, 
1+sin 4 

Ex, 7. A uniform wire in the form of a semi-circle hangs in 
a vertical plane over a rough horizontal peg. It is just on the 
point of slipping when the line joining its ends makes an angle 


30° with the horizontal. Find the angle of friction. 
[C. H. 1965, 1961] 


Least value of e is 


Let ABC be the semi-circular wire of 
centre O and radius a. The c. g. of the al B 
wire is Gon radius OB L to AC where hy 
7 A 
oF j) 
0G=a—=— 
n 1 fe) 
2 
Let wire be in limiting equilibrium z 


when peg is at P and AC makes an angle 
30° with horizontal. Then PG is vertical and ZOPG=i, the 
angle of friction. ~. ZPGB=30°. 


Op bs ogli WO Teast i 
sin 30° sink ` sin A=$-— = 


From AOPG, 


or, A=sin"* (2). 


Ex. 8. A solid hemisphere of weight W rests in limiting 
equilibrium with its curved surface on a rough inclined plane, 
and its plane face is kept horizontal by a weight P attached to a 
point in the rim. Prove that the coefficient of friction is 

PIVWQP+W), , (C. H. 1963] 


—. ae ee Ap 
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Let <=angle of inclination of plane, R and wR the normal 
reaction and the friction at A, 
the point of contact. Draw 
AB, AC horizontal and vertical 
through A. The hemisphere is 
at rest under the forces W at 
O, wt. Pat P and R, R at A. 
Resolving along and perp. to 
the plane and taking moments 
about A, we get, 

(W+P)sint=pR ... (D, (W+P)cosx=R ... (2) 

and W.AB=P.PC or, Wasinx=P.(a—a sin 4) 


R 


PAPE E Etat 
sin <= Wap 
From (1) and (2), »=tan « 
"2 P 


“= IWP- P /WOP+w) 


When a body is at rest on a rough body at a single point of 
contact being acted upon by several forces, their resultant must 
pass through the point of contact and make with the normal at 
that point an angle not greater than the angle of friction. 


Ex. 9. A sphere rests on a rough inclined plane, the coeffi- 
cient of friction being 4, and is supported by a horizontal string 
attached to the highest point of the sphere and to the plane, 
Find the inclination of the plane when the sphere is on the point 
of slipping. [C. H. 1964] 

Let O be the centre of the sphere resting on plane at P. 
A its highest point so that ACB 
is the vertical diameter, AD the 


A T D 
horizontal string. The sphere A 
is in limiting equilibrium. The A 
wt, W of the sphere along AC D 
and tension T along AD inter- ie) 
sect at A. .. The resultant 
reaction at P must act along B 
PA and ZOPA=A, the angle of A 
friction. Now ZBOP=Z0PA+204P=A+\A=2). 

ss inclination of plane=4=ZBCP=2A=2 tan tpe 
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Initial Motion: When equilibrium of a body resting on a 
rough surface is about to be broken due to gradual change in 
acting forces, it will be broken at a point of contact by rolling 
(or turning ), if possible and not by sliding. So in solving such 
problems ‘we assume that rolling takes place and find whether 
the resultant reaction makes with the normal an angle <angle of 
friction. If so, body rolls ; otherwise it slides. 


Ex. 10. A uniform square lamina is placed with its plane 
vertical and one side resting along the line of greatest slope on a 
rough inclined plane, the coefficient of friction being », A string 
is attached to the upper corner and pulled in the direction 
parallel to the line of greatest slope up the plane; show that if 
the tension be gradually increased, the square will slide or tilt 
according as the angle of inclination of the plane to the horizon- 
tal is less or greater than tan7*(1—2y). [C. H. 1966] 


Let ABCD be the square, G its c.g. ; and B the point where 
string is attached. Equilibrium may be broken either by the 
square sliding up the plane or by its 
tilting about end C. According to 
the rule: If a body can roll, it will 
roll, we assume that the square 
is about to tilt at C. Then the 
resultant reaction acts at C and if O 
is the point where OG, the line of 
action of the weight W meets AB, the 
line of action of the tension 7’, then the resultant reaction at C 
passes through O. Let 4BCO=8@; then if 0<A, the square will 
tilt ; otherwise it will slide up the plane. Now let GH be L on 
AB. Then 4OGH=«, inclination of the plane, and HB=a where 
AB=2a. 

HO=a tan 4 and OB=a-—a tan 4. 
a(1—tan «)=OB=2a tan 0. 


OS) if tan 0Su i.e. if 1— tan 4S or «Ztan~*(1—2u). 


Thus the square tilts or slides ace. as <=tan7+(1—2u). 


Ex. 11. A uniform heavy cube rests on a rough horizontal 
plane and a string is attached to the middle point of one of its 
upper edges, The string lies in the vertical plane passing through 
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the centre of the cube and bisecting the upper edge and makes 
an angle x with the horizontal. If the string is pulled with an 
increasing force find the nature of initial motion of the cube. 

Let ABCD be the vertical section 
in which the string lies. Let the 
vertical through the c.g. G meet the 
string produced at O and AB at F. 
Then angle HBO is 4. Two types of 
motion are possible :— 

‘1) The cube may slide in the D Cc 

direction DO ; 

(2) The cube may turn about edge C. 

The second will happen, if possible. So we assume that the 
cube turns about edge C. Then the resultant reaction at O acts 
along CO. 

Let ZBCO=0; if 0<A, the cube will turn about edge C. 

To calculate 0, let AB=2a, then HB=a, 

HB=0E=atan4 .. CH=2a—a tan 4. 
a=0H=CH tan 6=a(2—tan 4),tan 0. 


“. OS\if 1S(Q-tan 4) tan À or Heyy 


Hence if u> , cube will turn about C; otherwise it 


1 
2— tan 4 
will slide. 

We know that if a plane lamina lying on a plane moves from 
one position to another it can be brought from its initial to its 
final position by rotation about some point through the proper 
angle. When displacement is very small this point is called the 
instantaneous centre of rotation. There is a kind of problem in 
whieh we do not know how the body moves when equilibrium is 
broken and go the directions of the frictional forces are unknown, 
To solve such problems we assume some point as the instantaneous 
centre of rotation of the body. Then the direction of motion of — 
each point of the body and consequently those of the forces of, 
friction become known. The two equations of resolution and 
the equation of moment then determine the position of the centre 
of rotation and the condition of: motion. The. methods of 


4 ‘ 


G 
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procedure to be adopted to solve such problems are illustrated in 
the solution of the following examples. 


Ex. 12. A uniform rod of length 2a and weight W rests on 
a rough horizontal plane ( coeff. of friction ), its weight being 
uniformly distributed along its length. If the rod is just about 
to move under the action of a force P applied perpendicular to 
the rod at a distance c from the centre, show that 


2 . 
pean Wate 


and find the point about which the rod will begin to turn. 
[C. H. 1966] 


Let AB be the rod and O its centre, C the point where the 
force P is applied; then OC=c, AO=OB=a. Every small 
element dæ of the rod whose 
weight is wdz, where w=wt. 
of rod per unit length, exerts 
a pressure on the table equal to 
wde and therefore the limiting 
friction at it is wwde. Let I 
be the instantaneous centre of rotation. Then the friction at each 
element acts perpendicular to the line joining it to I and all these 
frictions and the applied force P at C are in equilibrium, If each 
force of friction and the force P be rotated about their points of 
application in the same sense through 90°, they will form a couple. 
But then all the frictions act towards I and so must have a 
resultant parallel to the rod AB along which P now acts. This 
is impossible unless J lies on AB. Again I cannot be to the left 
of A or to the right of B for then all the frictions will act L to 
AB in same sense and have a resultant at O and’so cannot 
balance Pat O. .. TIissome point of AB. Let AI=y. The 
frictions at elements of AI act L to AI in direction opposite to 
P and those at elements of IB act L to IB in same senso as P. 
(as at Æ and F in fig.), The resultant frictions on AI and IB 
are uwy and pwQa—y) acting at middle points of AI and IB 
respectively. Resolving perp. to AB and taking moments about 
end A, we have, 


poy=P+to(2a-y) or, P=2p0(y—a) 
and Koy. 4=P.(a—c)+ uola — y). $y + 2a) 


ia E 


= TN 


FRICTION 51 


y’ =4(a—o)\y—a)+(4a*—y?) 
or, y*—Q%a—e)y—2Qac=0  .'. y=(a-—c)+Va* +e" 


VY OE Wy 
P= 7 Na't c°—=0)= E WaT —c), and rod turns 
about I where AI=(a—c)+WVa?+c?. 


Ex, 13. A triangular table with a point of support at each 
corner A, B, © is placed on a rough horizontal floor. Find the 
least couple which will move the table. 

( Full discussion on various cases required. ) [0. H. 1945] 


Let ABC be the triangular table and W its weight. Then 


normal pressures at A, B, O are all $W. .’. the limiting forces 
of friction at each is 3uW where “=coeff. of friction. 


B; C 4 


yun 


Two cases are to be considered separately acc. as I, the 
instantaneous centre of rotation is one of A, B, C or different 
from them. 

Case I. Let Ibe different from A, B, C. 

The frictions balance a couple and are, therefore, equivalent 
to a couple. So when they are rotated through 90° each, they 
will form a couple or be in equilibrium. As now they act along 
AI, BI, CI, they cannot form a couple. ., They are in equili- 
brium. Hence I must be some point within AABO. As the 
frictions are all equal, by Lami’s theorem, we haye 

LBIO=LOIA=ZAIB=120° 

.", Tf none of the angles A, B, O is >120°, Lis within A ABC 

and the read, least couple is 4u WQA+IBHIO). 
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Case II. Let I coincide with one of A, B, O, say A. 


Since A does not move, the friction at Ais not $W, but at 
Band C, the limiting frictions are each g4W. Rotating the 
frictions as before, we find that the friction at A must balance 
the resultant of the frictions 3uW, 4uW acting along BA and CA. 


The resultant is 2.3417 cos 4; this will be <44W0, only if s>60° 


or, A>120°. .'. I cannot coincide with A unless A is greater 
than 120°. Hence the table cannot turn about a corner unless 
the angle at that corner is greater than 120°, If it turns about 
A, then tho required least couple is g4W(BA+ CA). 
Ex. 14. A hoop is laid upon a rough horizontal plane, and 
a string fastened to it at any point is pulled in the direction of 
the tangent line at the point. Prove that the hoop will begin to 
moye about the other end of the diameter through the point. 
(M. T.] 
Let C be the centre of the hoop and A the point where the 
tension T acts along tangent AZ. B 
-Let B be the other end of diameter 
AGB. Let I be the centre of rota- 
«tion. The frictions at the elements 
of the hoop and the tension 
T are in equilibrium. .°, when 
the frictions are rotated through 
90°, they act towards I and must 
have a resultant parallel to AB to A T 
form a couple with T rotated. This is impossible unless I is 
on AB. For otherwise the resultant, which from symmetry acts 
along CI, has a component L to AB, .. Ilios on AB. Now, 
if we consider the sum of the moments of the frictions about A, 
the sum must be zero, This condition is satisfied if Z is at B, 
for then each force of friction passes through A. Hence I 
coincides with Band the hoop turns about B, the other end 
_of the diameter through A. 


Miscellaneous Problems : 


1. A hoop of mass M hangs from a rough peg in a vertical 
plane. “An insect of mass m starts from the lowest point of. the 
hoop and crawls slowly upwards.. Prove that the insect can 
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reach the peg if sin A>=—,— ve TES but that the hoop will slip on the 
peg when the insect has traversed an arcual distance 
af +sin-* pam sin a)] if sin Soa : 


friction between the hoop and the peg and a is the radius of the 
hoop. 


Let C be the centre of the hoop and POA the diameter 
through peg P ; then A is the lowest point 
from where the insect starts. Suppose 
when the insect has crawled upto B, the 
‘hoop is about to slip at P. Join OB and 
let G be the c.g. of hoop and insect. 


Then CG=—— 


à is the angle of 


= ue The resultant weight 


of hoop and insect acts at G and is 
balanced by the resultant reaction at P. 

When insect is at B, PG becomes vertical and resultant 
reaction at P acts along GP, and so makes with CP, the normal 
at P, the angle CPG. ... ZOPG=d. 


Let 4CGP=¢ and ZACB=86 


sind _CP_m+M . n n mtM . 
<. O=A+¢ an and Fn CG aR +. sing as sin A 
dy o=a+sint (ZEE sin a}: If riy sin A<1 
i.e. sin A< —— then 0 is realand hoop slips at P when 


ati 


.„ -a[mtM . 
insect reaches B where are AB=a0= [atsin + m Sn a)}: 


rt sin A>1 i.e, sin > 6 has no real value and 


E mH 
there is no such point as B so that the hoop slips at P when 
In other words, the insect reaches P 


insect reaches there. 
without any slipping taking place. 


2. A golid cylinder of weight œ and radius a rests with its- 
axis vertical on a rough horizontal plane, The coefficient of 
friction is u and it is assumed that the weight of the cylinder is. 


« 
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so distributed over the base, that the normal pressure per unit 
area of the base varies inversely as the distance from the centre 
of the base, Find the couple required to rotate the cylinder 
about its axis. 


Figure shows the base of the 4 


cylinder which is a circle of radius a < 
and centre O. Let G be the least 

couple required to rotate cylinder p 
about its axis which passes through % 

O and is 1 tothe base. Let P(r, 0) O 


be a point of the base, then normal 
pressure per unit area at P is $ 


where k is a constant. .'. Total normal pressure on base 


on a, sf 
=Sf J rdpdr=kina -. o=kIna or, k=a— 
00” 2na 


The normal pressure on elementary area at p= "rdodr 


=kdédr. 


-. The limiting friction at the element at P=pkdédr and is 
perpendicular to OP. 


Its moment about O=ukrdédr. 


Now the frictions at the different elements of the base 
balance the couple G. .°. The frictions must be equivalent to a 
couple of moment G, ~. G=sum of the moments of the frictions 
about O 


on a 
=SS ukrdodr= w 
00 


2 
o a 
a i mm 1 4 
2a = 2 ‘ian 
Thus least couple required is fuoa. 
3. Two equal carriage wheels whose centres are connected 
by a smooth bar are placed on a rough inclined plane ; determine 


whether the equilibrium of the system will be best preserved by 
locking the hind or the fore wheel. [0. H. 1941] 


Let L, M be the centres of the wheels and A, B their points 
of contact with the plane. First suppose the hind wheel is 


> 
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locked and let 4 be the inclination of the plane when the equili- 
brium of the system is about to be broken, Since thejointat L + 


is smooth, the action of the bar on the front wheel is a single 
force through D, and the weight of this wheel also passes through 
L. This wheel is in equilibrium under the action of above two 
forces and a third force, the resultant reaction at A, Hence the 
resultant reaction ab A must also pass through L. If R be the 
resultant reaction, then R acts along AL. Let S be the normal 
reaction at B and as sliding takes place at B, the force of friction 
at Bis uS up the plane; Let G be the c.g. of the system and let 
the vertical through G cut AB at C. Considering the equilibrium 
of tho system and resolving along and perpendicular to the plane 
and taking moments about the point C, we get, 


nS=W sin 4.....-(1) RESS W oos 4..-...(2) and 


Eliminating R, S, we get, tan eee, veers (4). 
AB 
Draw GD L on AB and let AD=p, BD=a, GD=h, then 
p+q=AB=2a, say. 
Then AC=AD—OD=p—h tan * and BO=qth tan 4. 


x up 
Putting these values in (4) we get, tan 4= 3g Fuh 


Noxt suppose the front wheel is locked and B is the corres- 
ponding inclination of the plane when system is in limiting 
equilibrium. In this case reaction S' at B acts along BM, and 
at A, which tends to slide down, there is a normal reaction R 
and a friction uR‘ up the plane. Resolving along and perp. to the 
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Plane and taking moments about ©’, the point where vertical 
through G now cuts AB, and proceeding as before, we find, 


tan Er Equilibrium will be best preserved by locking 


the hind or the fore wheel acc, as <=8 or tan <=tan 6 or 


2a 9 uh 


oie or p—q@yh. Let Obe mid. point of AB? Then if 
D is below O or at O, then p—q<qh and fore wheel should be 
locked. If Dis above O, then fore or hind wheel should be 


locked ace, as ODS ġuh. 


4. Three uniform rods, of lengths a, b and c, are rigidly 
connected to form a triangle ABC which is hung over a rough 
peg so that the side BO may rest in contact with it; find the 
length of the portion of the rod over which the peg may rango, 


X ala+b+c) C-B 
showing that if p> bbe) cosec C+tan 2° where O>B, 
the triangle will rest in any position. [M. T.] 


The c.g. of the three rods is 
the same as that of 3 particles 
of wtsi (b+c), (cta), (a+b) 
placed at A, B, C respectively. 

Take origin at Band BC as 
@-axis asin fig. Then A, B, 0 
haye co-ordinates (c cos B, 
csin B), (0,0) and (a, 0) respectively. If G be the c.g. and 
GL to BO, then 


BL= (b+c) c cos B+(at+b)a (+c) c sin B B 
Qa+b+e) Aatbto) | 


Suppose equilibrium holds when peg is at P where BP=z; 
Weight W of the rods acts at G vertically and resultant reaction 
R at P acts at P. .°, PG is vertical and R acts along GP. 
If ZPGL=9, thon R makes with PM, normal at P, an angle 0. 


6<X or, tan@<tana=u or PL<uGL. 
When BP<BL, this gives BL—x<pGL or a>BL—-u.GhL 
_ When BP> BL, this gives v— BL<uGL or x<BL+uGL. 
Thus range of P, for equilibrium, is BL—”#GL<2<BL +eGL 


Y 


+ GL= 


g 
. 
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On BC take two points D and E such that LD=LE=“.GL. 
Then range of P is DE. Ifu.GL>both BL and OL, then range * 
of P is whole of BO. As O>B, it can be easily shown that 
BL>CL. Hence the range of P will be the whole of BO if 
alatb)+elb+e) cos B k 

c(b+c) sin B 
alat+b+c)+el(b+c) cos B—(c cos B+b cos O)) 
(b+c) b sin O 
['.. a=c cos B+b cos C ; o sin B=b sin C) 
alatb+e) cloos B— cos 0) ` 


>- poto 28° Ot Folin 0 


palgtite) cosec C+tan cn. 


“uGL>BL or u> 


or, U> 


[+ seno eee 
b+c sin B+sin ©. 


5. Two equal uniform ladders are jointed at one end and 
stand with the other ends on a rough horizontal plane, A man 
whose weight is equal to that of one of the ladders ascends one 
ofthem. Prove that the other will slip first. If it begins to slip 
when he has ascended a distance @, prove that the coefficient of 


asm ) tan «, a being the length of each ladder, and 
Qatar 


« the angle each makes with the vertical, [0. H. 1944] 


Let AB, AC be the ladders 
jointed at A and let wt. of 
each be œ. Hach makes with 
vertical AD an angle 4. Let p 
R, R’ be the normal reactions 
and KR, K’R’ the frictions at 
Band C respectively when the BURR. iD RRG 
man has ascended to P where 
BP=y. 

For equilibrium of system, resolying horizontally and vertically 
and taking moments about C, we have 

KR=K'R’......(1) 
R+RB'=8o,,.....(2) y 
and R.2a sin 4=2o.a sin 4+ol2a sin tmy sina) 


friction is ( 
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or, R=%0-0.y veal) 
$. from (2) Reotot Saali 


RƏR aco, as w-o.f ote. or aay. 
Since y<a, -» B>R’ and .’, from (1), K<K'. 
Again, for equilibrium of AO, taking moments about A, wo 


have, 
R'.a sin 4=K'R' a cos 4+.ha sin <, 


Using (4), (+0. 4-10) tan «=K’ (o+o.2) 


or, K=($4") tan «-(\- 4 tant. sie. (5) 


.', K' increases as y increases and will attain the value » 
before K .'. AC will slip first. 
As AC slips when the man has ascended a length æ, therefore 


K'=p, wheny=z. .. »=(2t2) tana (From (5)}. . 


6. A uniform circular hoop lies on a rough inclined plane of 
inclination x and coefficient of friction p. It is freely movable in 
the plane about a fixed point O on its circumference ; prove that 


it will rest in all positions if tan << 


Let O be the centre of the hoop and O the fixed point on its 
circumference about which it can 
turn and OCA the diameter 
through O. Let Ox be the line of 
greatest slope through O and when 
hoop is in limiting equilibrium let 
ZAOz=6. Consider the element 
of the hoop at P where ZACP=¢. 
If w=wt. per unit length of hoop, 
then wt. of element at P=wds=wad¢, where a=radius of hoop. 
Normal reaction on it=wad¢ cos 4. .°. Friction at element at 
P= wade cos 4 acting L to OP ie, along AP. Its moment 


about O= mad cos <.0P =mwads cos 4 2a cos $. Tho weight of 


ade ee EN 
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the hoop is Qamw acting vertically at O, Its component along 
tho plano is 2amw sin 4 acting at O l to Ox. The frictions at the 
elements of the hoop, the weight component along the plane and 
the reaction at O are in equilibrium. 


Taking moments about O, we bavo, 


n 
Qamw sin 4.a sin 0= f 2uwa"cos 4 cos $i 
=n 


=2nwa* cos 4.2.2 


in 6=———- 
s n tan< 


4 nE" 
f B >] ie, tan Pya) sin 0 is>1 --* @ has no real 
n tan < n . 


value i.e. there is no real position of limiting equilibrium. Hence 


when tan << the hoop rests in equilibrium in all positions, 


7. A uniform dise in the shape of a cardioid lies on a rough 
plane inclined at « to the horizon, and is capable of froely turning 
round a pin at its pole. When just about to slip, its axis makes 
an angle 8 with the line of greatest slope; show that sin 8 
=, cot <, where sis the coefficient of friction. 

Prove also that the direction of the action at the pin makes 
an angle tan~+(} tan 8) with the axis of the cardioid. 


Let O be the pole and OA the axis of the cardioid and let Oz 
be the line of greatest slope 
through O. In position of 
limiting equilibrium 4402=8. 
Let equation of cardioid referred 
to O as pole and OA as initial 
line be r=a(i+cos 0). We 
know that the c.g. of the cardioid 
is G on OA where OG=$a and 
area of the cardioid is $ra*. 
Consider the element of area at Plr, 0). It w=wt. per unit area 
of the disc, wt. of the-element=wrdedr. Normal reaction on it 
=wrdðdr cos 4. Friction at the element is swrdOdr cos < a 
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OP. Its moment about O= uw cos 4.r*dédr. .’. Alg. sum of the 
moments of the frictions at different elements of the dise 
= r=a(1+cos 0) 
pw cos 47° dédr=pw cos %. a2 (tee 0)°d0 


—x r=0 “r 
dak a? ör s 
= pw cos 4. g (ae +3r)= g ao cos «.a°, 


Component of wt. of the disc along plane=w.$za’. sin 4, 
acting at G Il to Ox. 

Since frictions, component of wt. of disc down the plane and 
the reaction at O are in equilibrium, taking moments about O, 
we have, 


5 x 3w 4 y 
3M cos tat =T sin «.ga.sin B, 


or “u=tand.sinB or sin B=$u cot aue" (1) 

The action at the pin balances the resultant of the frictions 
and the component of wt. down the plane. 

To find the resultant of the frictions let them be resolved 
along and L to OA. The resolved parts of the friction at the 
element at P are pw cos xrd0dr.cos(90+6) along OA and 
pw cos 4rdôdr sin (90+6) L to OA. 

«<. sum of their resolved parts along OA 

x a(l+cos 8) 
= — pw cos Xr dédr. sin 0=0 
-r 0 
and sum of their resolved parts L to OA 
r a(i+cos 0) 
= uw cos x rdôdr cos 0=uw cos 4ra? 
=r 0 

; =8,a?w sin 4 sin B [ from (1) ] 

Resolved parts of wt. component along plane are $ra?w sin 4 
cos B along OA and §xa7w sin 4 sin 8 L to OA but in opposite 
direction. .°, Resultant of the frictions and the wt. component 
along plane has components $7a?w sin cos B along OA and 


$ra’w sina sin f L to OA. Hence the resultant makes with OA 


| 
: 
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an angle tan7?(} tan B) and the action of the pin being equal 
and opposite to this resultant also makes the same angle with OA. 


8. A uniform rod AB 24 in. in length is lying ina horizontal 
position upon two parallel horizontal equally rough rods and at 
right angles to them. The points of contact are O, D. A0 
is 11 in, AD 18in. A gradually increasing force is applied at A 
to the rod AB parallel to the other rods. Show that the 
equilibrium will ultimately be broken by the rod turning about O 
and slipping at D. [0. H. 1949] 

The initial motion of the rod is a rotation about some centre 
of rotation I lying in the plane of the rods, Any such rotation 
will mean 


(1) a sliding at both C and D, when T is other than CorD 


or (2) a sliding at C and a turning at D, when T is D. 
or (3) a sliding at D and a turning at O, when T is O. 


¥KR’ 


According to the principle that a body will roll or turn at a 
point of contact, if it can, in preference to sliding, we have to see 
first whether (2) or (3) is possible. If one of them is possible 
that one will happen. If none of them is possible then (1) must 
happen, We assume that either (2) or (3) happens. Suppose the 
force P is not yet sufficient to cause motion. Let R, RB’ be the 
normal reactions at C and D and let the frictions at C, D be KR, 
K'R' where K, K' are both <p, the coeff. of friction. For 
equilibrium the frictions cannot be like forces so suppose : id 
act as in fig. Let G be the c.g. of the rod AB and w its weight. 
Then CG=1", GD=6’. Considering the vertical forces, which 
are in equilibrium, we get R+R’=W and R.1= R6 a el 
and R’=w, Considering the horizontal forces- and taking 
moments about A, we géb; 11KR=18K'R" ~ 66K=18K" 
s. K'=4K>K. PR PET ess PEIS lep a} 
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Resolving L to AB; we get P+K'R’=KR 
wW 
or, P=4W.K-4W} K= 
uP, 
wW 
Thus as P increases K and K’ both increase but K’ remains 
always >Kand .’. K' will first reach the value » when K will 
be <p and equilibrium will be broken by the rod sliding at D 
and turning at C. It will happen because it is possible. 


_3P fe 
K= and K’= 


9. Two weights, A and B, are connected by a string and 
placed on a horizontal table whose coefficient of friction is æ. 
A force P,<p(A+B), is applied to A in the direction BA and 
its direction is gradually turned round an angle @ in the horizon- 
tal plane. If P be >ua/(A?+B?), show that both Band A will 


2 R? — A? 
slip when cos e a but if P bo < uv (A?+ B?) and 


greater than „A, then A alone will slip when sin o= 


[M. T. ; Lucknow 1950] 


The limiting frictions at A and Bare „A and uB. Let T be 
the tension in the string AB. Unless A moves T is always zero 


and A moves if and only if the applied force Pis >pA. We 
assume P is>A ; then tho friction at Ais always equal to pA, 
the limiting friction and T is not zero now. It is a passive force, 
with maximum value 4B, and so adjusts itself that the resultant 
of ib and “A, acting in proper direction, balances P. With centre 
A and radii P and wA draw the two circles CHN and DFM. 
Let P act along AH; draw HF || to AB cutting inner circle at F. 
Join FA. Then in AAHF, AE represents P, FA represents pA 
and... HF represents T, the tension in the string and the three 
forces keep A in equilibrium, Now OD=P—ud<uB, as 
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P<ywA+B). As 0 increases, C moves up the circle CEN, and 
EF ie. T increases, So long as EF is <B, equilibrium of A 
is maintained and 7 being <#B, B has no tendency to move. 
But when C comes to a position where 7’ becomes uB, thon 
equilibrium of B is limiting and both A and B borders on motion. 
Let us assume P>pa/4*+H?, Let L be the point on the circle 
CEN where the straight line drawn through it ito AB touches 
the inner circle at M. Now DM*=AL*—AM*=P*—p*A*> 
u?B?. <. LM>uB. <. between C and L there must be one 
point, say Æ, where EF=pB i.e. T=~B. Hence when P acts 
along AE both A and B are in limiting equilibrium and both of 
them are about to move. Let ZCAE=0, then ZAEF'=@ and from 
4 AEF, we have 
AF*=AE*+EF*-24E.EF cos 0 
or, (2A*=P*+u"B*—2P.uB cos 0 

2 2 2 a 
or, cos = ETARE, gives the direction of P when 


both A and B move. 


When P<pa/ 42+ B* but >pA, we have LM <pB. .'. when 
the direction of P changes continuously from AC to AL, the 
tension T of the string AB never reaches the value uB and 

B never moves. But when P acts in the direction AL, the 
resultant of P and T represented by AL and LM acts along AM 
which is L to AB, and is equal to „å. -- Ais about to move 
being in limiting equilibrium. We have, sin ALM = 4H =44, 
Thus, in this case, when direction of P makes an angle 0 with BA 


produced given by sin 8 até A alone moves, 


EXAMPLES 


1. A circular hoop hangs over a horizontal peg and a weight 1'5 times 
that of the hoop hangs tangentially from it. Show that if the hoop is about 
to slip on the peg the coefficient of friction is "75. 

2. A hemispherical shell rests on a rough inclined plane whose angle 
of friction is à ; show that the inclination of the plane base of the rim to 
the horizon cannot be greater than sin~1(2 sin A). 

3. A rigid framework in the form of a rhombus, of side a and acute 
angle 4, rests on a rough peg whose coefficient of friction is p. Show that 


EG 
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the distance betweon the two oxtrema positions which the point of contact 
with tho peg can have is ap sin < 

4. A uniform circular ring, of weight W, has a particle of woight w 
abtached to Its clroumference. Show that it can be placed over à rough pog 
in position of equilibrium with any point in contact with the peg, provided 


that the angle of friction is not loss than sin=* ow 


5. A uniform rod ACB, length 2a, is supported against a rough wall 
by a string attached to Its middle point O. Show that tho rod can rost with 
C at any point of s circular arc, whose extromitios are distant a and & cos \ 
from tho wall, where à is the angle of friction. 

6. Auniform ladder with ite lower ond on a rough ground leans against 
a smooth vertical wall. Prove that: (i) if the inclination @ of the ladder 
to tho wall is less than tho anglo of friction X, no load placed on tho ladder, 
howover groat, can make it slip; (ii) if A<@<tan-1 (2 tan), tho ladder 
can bo mado to slip by placing on it an additional load ; and (iii) if 
@>tan-* (2 tan \) the ladder will slip without an additional load. 

7. A uniform heavy elliptic lamina rests with its minor axis (2b) 
vortical on a rough horizontal plane. A string is attached to tho centro and 
is pulled horizontally ín tho plane of the lamina, until the major axis (2a) 
of the lamina is vertical, Show that if there is no slipping the coefficient 
of friction between the lamina and the horizontal plane cannot be loss 


(a® -b*) 
than Jab 


8. Find the least coefficient of friction between a given elliptic cylinder 
and a particle, in ordor that for all positions of the cylinder in which the 
axis is horizontal, the particle may be capable of resting vortically above 
the axis. [W] 

9. On the top of a fixed rough sphere of radius r rests a thin uniform 
plank, and a man stands on the plank at this point. Show that he can walk 
slowly a distance (m+1)r\ along the plank without its slipping off the 
sphere, if the weight of the plank is n times that of the man, and à is the 
angle of friction between the plank and cylinder. 

10. A uniform hemisphere, of radius a and weight W, rests with its 
spherical surface on a horizontal plano, and a rough particle, of weight W', 
teats on the plane surface ; shew that the distance of the particle from the 


centre of the plane face is not greater than swoe, where p is the coefficient 


of friction. 

11. Acircular diso, of radius a 4nd weight W, is placed within a 
smooth sphere, of radius l, and a particle, of weight w, is placed on the disc. 
If the coefficient of friction between the particle and the diso be m, find the 
greatest distance from the centre of the disc at which the particle can rest. 

12. A solid homogeneous hemisphere of radius a and weight W rests 
with its curved surface on a fixed horizontal plano, and a particle of weight 
W’ is placed on it at a distance x from the centre ; prove that, in the position 


of equilibrium, the friction exerted between the particle and the hemisphere 


is eqaal to Bam (oa HP + ket E, 10. m. 1909) 

13. A clreular dite, of radius e, whose centre of gravity te distant è frome 
ite centes, ts placed on two rough paga lo s herlesmtal Has distant S4 sis < 
apart. Bhow that all positions will be possible positions of equilfbriec, 
provided a aln < sin (\, #A,)>¢ sin (SAFA, 2),) where A, A, are the angles 
of friction at the two pags. 


rectangular parallelopiped, presses with one end against the roogh vertical 
side of the box, and rests In contact with the opposite smooth edge. The 
woight of the box being four times that of the rod, show that, if the rod be 
about to alip and the box about to tumble at the same instant, the smgle the 
tod makes with the vertical is $A +$ cos" *(@ con A), where A is the angle of 
friction. [0 H. 1968) 

16. A right olreular cone, of weight Wand vertion) angle 94 is placed 
with its vortex downwards and supported by a clrcalar hole cat in a 
horisontal table. Ifa be the coefficient of friction and b, the radios of the 


17. A person tries to pull out a two-handled drawer by polling one of 
tho handles perpendicularly to its front, Find the conditions ander which 
the drawor will stiok fast, The handles are given to be equidistant from the 
sides of the drawer. (C. H. 1943] 

18 Prove that an ordinary drawer cannot be pushed in by a force 
Spplied to one handle until it has been pushed in a distance Jar by forces 
applied in some other mannor, where Sc fe the distance between the handles 
and a the coefficient of friction. [Banaras 1949) 

19. Two carriage wheels 4, B, of equal radii, a, but of unequal weights, 
P, Q, are connected by a light bar of length c attached to their contres ; they 
are placed on a rough plane with their common plano vertical and the 
inclination of the rough plane is gradually incroased ; show that if slipping 
commences at the same inclination whether the front wheel, 4, or the back 


B, is looked OF empa, 


20, Two ladders of oqual lengths and of weights I, IF’ (W> W"), hinged 
together, form a step ladder which will just stand on a rough ground when 
the angle between them is 24 ; if a be the coefficient of friction between the 
ground and the ladders prove thay a=(W +W") tan /(W +37). 


21. A uniform rod of length 2a rests on a rough plano inclined to te 


horizon at an angle «, greater than the angle of friction A, and turn about a a 


Eia 
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point in it’ distant 6 from the c.g. of the rod, Prove that the greatest 
possible inclination of the rod to the line of greatest slope is 
PECEL BE), 
2ab tan «x 

22. A flat circular hoavy disc lies on & rough inclined plane and can 
turn about a pin in its circumference ; show that it will rest in any position 
if 832p >9r tan 4, where i is the inclination of the plane to the horizon. The 
weight is supposed to be equally distributed over its area. 

23. A sphere rests on a rough horizontal plane and its highest point is 
joined to a peg fixed in the plane by a tight cord parallel to the plane. Show 
that, if the plane bo gradually tilted about a line in it perpendicular to the 
direction of the cord, the sphere will not slip until the inclination becomes 
equal to tan™t 24, where # is the coefficient of friction. [C. H. 1946, M. T.] 

24. A uniform hemisphere, placed with, its base resting on a rough 
inclined plane is on the point of sliding down. A ligh string attached to 
the point of the hemisphere farthest from the plane, is then pulled in a 
direction parallel to and directly up the plane. If the tension of the string 
be gradually increased until the sphere begins to move, it will slide or tilt 
according as 13 tan 438, where 4 is the inclination of the plano to the 
horizon. [London] 

25. A heavy uniform triangular plate ABC rests with its plane vertical 
and the side BC on a rough horizontal plane. A string attached to A and 
parallel to BO is pulled horizontally in the direction BO with a gradually 
a(a+b cos 0), 


increasing foree. Show that the plate will tilt about O if p> EA 


where A =area‘of plate. 

26. A solid triangular prism is placed with its axis horizontal on a 
rough inclined plane, the inclination of which is gradually increased ; 
determine the nature of the initial motion of the prism. [0. H. 1943] 

27. ABCD is uniform square plate which rests with its plane vertical 
and the side BC on a rough inclined plane of angle 4, A is the highest point 
of the plate and is at the same level as the top T of the inclined plane. 
Prove that when a gradually increasing force is applied at A in the direction 
AT, the plate will begin to turn about B before it slips if (1+tan &)<2 tan 
(4 +A), where X is the angle of friction. [Madras 1933] 

28, A uniform square lamina ABOD has weight W, and the length of a 
side is2a, The diagonal AC is vertical and the sides BO, CD rest on two 
pogs at the same level and at distance V 2a apart, the coefficient of friction 
being $. A small horizontal force F in the plane of the lamina is applied at 
A and gradually increased. Determine how and for what value of F, the 
equilibrium is broken. (M. T] 

29, Twoequally rough planes, both inclined at an acute angle & to tho 
horizontal, intersect in a horizontal line ; a uniform circular cylinder of 
radius a and weight W rests in the trough so formed. A slowly increasing 
couple is applied about the axis of the cylinder. Show that it will begin to 
roll up one of the planes if the coefficient of friction » is greater than tan 4. 
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If x<tan x, show that the least couple required to rotate the cylinder about 
its axis is «Wa seo </(* +1), (M. T) 

30. A right circular cylinder, of radius a, whose centro of gravity is at 
a distance c from the axis, ig placed in the angle between a horizontal and a 
vertical plane so that its axis is horizontal. If tho planes bo of equal 
roughness, find in what positions it will roll and in what positions it 
will slip. 

31. A semicircular diso rests in a vertical Plano with its curved edge on 
a rough horizontal and an equally rough vertical plano, the coefilicient of 
friction being u. Show that the greatest angle that the bounding diameter 
can make with tho horizontal plane is sin-* (= AF A ° 

32, A uniform rough beam AB lies horizontally. upon two’ others at 
points A and C ; show that the least horizontal force appliod at B in a direc- 
tion perpendicular to BA, which is able to move the beam, is the lesser of the 
two forces }uW and awo, where AB is 2a, AC is b, Wis the weight of 
the beam, and » the coefficient of friction. ? 

33. A cube of weight W and edge 2a rests on a rough horizontal plano, 
A ladder of weight W' and length 2l rests symmetrically against a smooth 
vertical face of the cube, making an angle « with the plane where 2l sin «>a. 
If the cube were fixed, a man of weight w could ascend the ladder to a 
vertical height h before it slips. Provo that, if he attempts to ascend, the 
cube will turn round its further edge before he reaches this height, if 
wh>(Wa-W'lcos 4) tan 4, the coefficient of friction between cube ana 

a 
sina 

34. A uniform rod AB of length 2a and weight W rests on a rough 
plane, its weight being uniformly distributed along its length. If the 
coefficient of friction be 4, and the rod is just about to move under the 
action of a force P applied at B perpendicular to the rod, find P and the 
point about which the rod will begin to turn, [0. H. 1968] 

“Ii the pressure of an element of the rod on the plane yary as its distance 
from the end B of the rod, and P, Q be the forces applied at B and A 
respectively which will just move the rod, prove that P : Q =2(8/9 - 4). 

35. Two uniform rods AB, BC, of weights W and W’, are smoothly 
jointed at B and are placed so as to be in a straight line ona rough 
horizontal table ; the end A is acted on by a gradually increasing force Pin 
a direction perpendicular to the rods. Find how the equilibrium is broken. 

[Allahabad 1949] 

36. Two heavy particles A, B, placed on a rough table, are connected by 
a string. The particle A is acted on by a force P in a given direction AC 
making with BA produced an angle B less than a right angle. As P is 
gradually increased from zero, show that A will move first or they will both 
move together according as A cot B is less or greater than B. 

(A, B representing the wis. of particles A and B ), 


. 


ground being > 
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37. Four equal heavy particles A;B, C, D are connected together by 
weightless rods so as to form a rigid quadrilateral and placed on a rough 
horizontal plane. Supposing the pressures at the four particles are equal, 
find the least couple which will move the system. 

38. A heavy uniform circular plate lies on a rough horizontal table ; to 
a given point on the circumference is attached a string which is pulled 
horizontally by a gradually increasing force. Show that the point about 
which the plate will begin to rotate lies on the diameter perpendicular to the 
string. 

39. A hoavy elliptic disc, placed on a rough table and acted on by a 
horizontal force F, begins to turn about a focus. If its weight be uniformly 
distributed over the area, prove that the force F must act along an ordinate 


—@? 
pig from the centre, 


at a distance z . 

40 A uniform semi-circular wire of weight W, rests with its plane 
horizontal on a rough table ( coefficient of friction=p). AB is the diameter 
joining its ends, and C is the mid-point of the arc; a string tied to C is 
pulled gontly in the direction CA, and the tension increased until the wire 
begins to move. Show that the tension is then 2V 2uW/7. [0. H. 1950] 


— 


OHAPTER III 


THE PRINCIPLE OF VIRTUAL WORK 


3'1. In statics, we always have a body or a system of bodies 
in equilibrium under the action of given forces. The general 
method of solving problems is to write down the equations of 
conditions of equilibrium i.e. equations of resolution and equations 
of moments. But a great disadvantage is that such equations 
contain unknown forces of reactions, thrusts, tensions ete. which 
are to be eliminated. The principle of virtual work affords us a 
method of writing down equations involying no such unknown 
forces or involving only such unknown forces which we want to 
find out. It is a powerful method and may be used with great 
advantage. 


3'2. Ifa force F act at a point A of a body and the point of 
application A undergoes a very small displacement Ad’, then the 
product F.AA'. cos 0, where 0 is i 3 
the angle between the direction A A 
of the force F and the direction 
of the displacement AA’, is N 
called the work done by the force A NA EON Ase 
F in the displacement AA’. Let 
A'N be drawn perpendicular to the line of action of F. Then AN 
is the orthogonal projection of AA’ on the line of action of F and 
is equal to AA’ cos 0 and the work done is F.AN. So the work 
done by a force in any displacement is equal to the product of the 
force and the orthogonal projection of the displacement on the 
direction of the force. AN is also called the displacement in the 
direction of the force; it is to be considered positive or negative 


> > 
according as AN and F have same or opposite directions. Again, 


F.AA’ cos 6=AA'.F cos 0. So the work done in any displacement 
is also equal to the product of the displacement and the resolved 
part of the force in the direction of the displacement. No work is 
done when the displacement is perpendicular to the force. Work 
done is a scalar quantity and not a vector like force, 


> 
It may be noted that the work done by the force F in a 


3 ae 
displacement AA’ is the scalar product F'.44’, 
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3'3. When the point of application A of the force F' does not 
actually move to A’ but is imagined or conceived to move to A’, 
then the displacement Ad’ is called a Virtual displacement of the 
point A and the corresponding work done by the force F, on the 
assumption that its point of application has undergone the 
displacement AA’, is called the Virtual work done by the force F 
in the virtual displacement AA’. It is of course measured by 
FAA! cos 0 or F.AN or AA' X resolved part of F in the direction 
of AA’. 


In statics bodies are at resb under the action of forces and 
go do not actually move. All displacements of the points of 
application of the forces are therefore hypothetical i.e. imagined 
ones and the'works calculated are the works which would be 
done if the displacements were actually made, That is why the 
displacements and the works done are called virtual. 


3'4. Theorem. When any number of forces act at a point 
of a body and the point undergoes a small displacement, the total 
work done by all the forces is equal to the work done by their 
resultant. 


Let P,,P,...be a number of forces acting at a point O. 
Suppose the displacement is OO’. Let 41, 


P. 
fa. ..bo the inclinations of tho respective : B 
forces to OO’, and let E be their resultant 
whose inclination to OO’ is 0. i 
Then the algebraic sum of the works 
done by the forces P4, Pas... is Boe i 
W=P, . 00' 008 84+ Pa . 0O' cos dat?" O 
=00(P; cos 04+Pe2 cos 02+::') 
=00'. R cos 0 
=R.00' cos 0 


= work done by the resultant force R. 

If X, Y, Z are the resolved parts parallel to the axes of 
co-ordinates of a force P which acts on a particle at (a, y, z) and 
tho particle gets a small displacement whose components parallel 
to the axes are dz, dy, dz, then the work done dW is 

Xdz+YVdytZdz. 
In above theorem the forces are not necessarily coplanar. 
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3'5. Principle of virtual work: A single particle. 

From the theorem in the previous article, it follows that if a 
system of forces (not necessarily coplanar) acts on a particle and 
the particle undergoes any small virtual displacement, the total 
virtual work done by the forces is equal to the virtual work done 
by their resultant. Hence if the system is in equilibrium, their 
resultant is zero, therefore the virtual work done by their 
resultant is zero and therefore the algebraical sum of the virtual 
works done by the forces is zero. 

Conversely, if the algebraical sum of the virtual works done 
by the forces is zero for every arbitrary virtual displacement of 
the particle, then the system is in equilibrium, For, if possible, 
let the system have a resultant R. Give the particle a virtual 
displacement ô in the direction of R. 

Then &.8=virtual work done by R in displacement & 

=alg, sum of virtual works done by the forces in 
displacement 8 
=0 (given). 
But 640. ` R=0. 

Thus: If a system of forces acting on a particle is in 
equilibrium, then the algebraical sum of the virtual works done by 
the forces is zero for every arbitrary virtual displacement of the 
particle and conversely. 

This is known as the Principle of Virtual work for forces 
acting on a particle. 

In the principle of virtual work, the displacements are all 
virtual and infinitesimals i.e. very small, 


3°6. Deduction of the conditions of equilibrium of a 
particle under coplanar forces from the principle of 
virtual work. $ 

Lot Ox, Oy be a rect. system of axes in the plane of the forces 
and let the particle be at A (a, y) and lot (Xa, YAAA T ahai 
(Xni Yn) be the components of the forces, acting on the particle, 
parallel to the axes. Let the particle undergo any arbitrary 
virtual displacement whose components parallel to the axes are 
dx, Sy. The algebraical sum of the virtual works done by the 
forces is (X,8e-+¥s8y)+(Xade+Vady)te 

e èr. 5 Xit by XY. 


It the oyster: be be equllibeiem, thee by the pripsiple of 
virinal work, the virteal work of the eyetes: ie aero for every 
arbitrary (isphscement and therefore 8a IX, HAZY, =O for al! 
arbitrary vaksa of Oy, Ay, OS. 3X, 0, SY, =0. 

Conversely, if BX, =O, SY, 0, we bare ia 3X, + by. 27, = 0 
fow all arbitrary valsas of Bs, fy ie, the sm of the virtsa! 
works dows by the foros ls sro for every arbitrary viries! 
dipihiamseni of the partlele acl, therefore, the system lè in 
e@ysiliteiom Temes the secessiry acd safigent eomlitions | + 
eyailiivtem of the partials are SX, =0, SY, +0 ia the eames ol 
the resolved parte of the forse: fn any two perpendicalar 
directions are separately zero, 

37. The principle of virteal work bss been proved for a 
tingle particle We shall now prove it for s free rigid body on 
Ube following sumptions : 

(D) That a right body ls made up of particles held together 
by lnternal forces, the distance between say two particles being 
invariable ; 

(@ That the internal foress are of the naturs of actions asd 
Festtions obeying Newton's ihini law ie mutasi asilon and 
fesetion between any two particles are equal and opposite, acting 
along the sirsight lino joining the two particles ; 

(3) That virtos! displacements giren to the boly are infini- 
fenienale of the iret order and work done by a loros is contilere! 
as sero whes it is an infinitesimal of order higher than the frst. 
i We shall first Gnd the virtual work done by the mutual action 

and reaction betwoen two particles. 


FP F M 


Let 4, B be the two particles and F, F, the action and 
tesction between them ; the action Pon A acts along AB and the 
reaction F on B acts along BA. Due to the small virtual dis- 
Placement given, lot 4’, B” be the displaced positions of A and B 
respectively ( the displacements are quite arbitrary and not 
necessarily confined to a plane ). eee aA carpenters 
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Yee PRtscrrea oF vrerest WORE n 
om AB. The total work dows by the ection ont meriba fee ty 
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DR The principle of virteal work for a free rigid body. 
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pairs of forces of action and reaction between pairs of particles 
of the body and the virtual work done by each such pair of action 
and reaction is zero, as the particles on which they act undergo 
infinitesimal displacements and the distance between them 
remains unaltered. Therefore the total virtual work done by all 
the internal forces is zero and hence the total virtual work done 
by all the external forces is also zero. 

Strictly speaking, the virtual work of the external forces is 
not zero, but an infinitesimal of the second order if the greatest 
displacement undergone by the body is an infinitesimal of the 
first order. 

3'9. Now we consider the equilibrium of a system of rigid 
bodies under given external forces, in which the bodies are not 
free but are connected and may be also under certain constraints 
e. g. two smoothly hinged rods placed over a smooth cylinder. 
Each such connection between two bodies gives rise to mutual 
action and reaction between the two and the connection may be 
removed if we apply to each body the force of action or reaction 
acting onit. Similarly each constraint acting on a body gives 
rise to an action on the body and the constraint may be removed 
ifwe apply to the body the action the constraint produces. 
Suppose all the connections and the constraints have thus been 
removed by introducing the necessary forces, which we shall call 
tho forces of constraint. Hach body cf the system is now made 
free and is in equilibrium under the external forces and the forces 
of constraint introduced to act on it. By the principle of virtual 
work for a free rigid body, the virtual work of all the forces 
acting on each body of the system is zero and therefore by 
addition, the virtual work of all the external forces and the forces 
of consiraint acting on all the separate bodies is zero. 

Hence it follows that if a system of rigid bodies connected 
together and subject to certain constraints, be in equilibrium 
under the action of given external forces and if the system be given 
an infinitesimal virtual displacement in which the forces of 
constraint do no work, the.algebraical sum of the virtual works 
done by the given external forces is zero. 

This is the Principle of Virtual Work in its most general 
form. A virtual displacement in which the forces of constraint 
do no work is said to be “consistent with the geometrical conditions 
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of the system”. If the displacement given to the system be such 
that certain forces of constraint do work, then the algebraical 
sum of the virtual works done by the external forces and such 
forces of constraint will be zero ; and such forces of constraint 
will appear in the general equation of virtual work. 


3'10. Forces which do not appear in the equation of 
virtual work. 


From the conclusions arrived at towards the end of the 
previous article it appears to be necessary that we should know 
what forces of constraint do not appear in the general equation 
of virtual work for the displacement conceived. We state some 
usually occurring cases. 

(a) Forces of action and reaction at a smooth joint. For they 
act at the same point viz. the joint, and are equal and opposite 
and so the works done by them for any small displacement of the 
joint are equal and of opposite sign and so the total work done 
is zero. 

(b) Forces of action and reaction between two particles when 
the distance between them remains invariable. This has been 
proved in Art. 3°7. 

(c) The tensions at the ends of an inextensible string or the 
thrusts at the ends of a rod, when the length of the string or the 
length of the rod remains unaltered. 

(i) When the string is straight. 

Tt follows from Art 3'7. F being replaced by T, the tension of 
the string. 

(ii) When the string passes over & smooth surface. Since 
the surface is smooth, the tension T of the string is the same 
throughout its length. Let ACDB be the position of the string: 
when in equilibrium, the ten- 
sions T, T at A and B acting 
along AC and BD respectively ; 
let A’CDB' be its displaced 
position, where ZACA'=0 and 
LBDB'=¢ are small quantities 
of the first order. If ACDB=1 , 
and A'CDB'=1+81, we have s1=(4'0+DB')—(AO+ DB)...) 

Draw A'L, B'M perpendiculars on CA and DB respectively. 


€ 


A 
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2 
CL=CA' cos a=04'(1 Fn). where |  |<1, 


(see Art. 3'7) 
=CA’, neglecting 0?, a small quantity of second order 


2 
and, DM=DB' cos o=pp(1-*,’) where | 7' |<1, 


= DB’, neglecting $7, a small quantity of secondorder, 

“+ total work done by the tensions T, T acting at 4 and B, 

=—2.AL+T.BM=—T\CL—CA)+7(DB—DM) 

=—(CA‘—CA-—DB+DB')=— 7.81, from (1), 

So the work done by the tensions= —T.6l, neglecting small 
quantities of second order. If the length of the string remains 
unaltered in the displacement, then 83=0 and, therefore work 
done by the tensions is zero. 

The result holds when the string passes over more than one 
smooth surface. . 

(iii) The result in the case of a rod follows from Art, 3'7. 

When the stress in the rod is a tension T, we get directly 
from the article : 

Work done by the tensions = —T6l, and is zero if 81=0, 

When the stress in the rod is a thrust T, we have to replace 
Fin Art 3'7. by -T and we get: work done by the thrust 
=T91, and is zero if 81=0. 


(d) The reaction of a smooth surface when the body in contact 
with it slides on the surface due to the displacement. 

For the displacement being in the tangent plano at the point 
of contact is Perpendicular to the reaction which is along the 
normal and so no work ig done by the reaction. 


(e) The reaction of æ fixed surface when the body in contact 
with it rolls without sliding on the surface due to the displace- 
ment, : 

For the point of contact of the body is momentarily at rest 
and so the reaction at the Point of contact has no displacement 
and hence does no work, 

A rigorous proof is as follows : : 

Let the figure be the section of the surfaces by the plane 
through the common normal at A, their initial point of contact 
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and containing the elementary are AB of rolling. The lower 
surface is fixed, and the upper has rolled 
to the neighbouring position A'BE', the ; č“ 
new point of contact being B. The initial 
point of contact A has moved to the 
position A’ and are AB=are A'B=sis a 
small quantity of the first order. Let the 
-normals at A and A’ meet the common 
normal at B in the points C and C’. Then 
ultimately ©, OC’ are the centres of curva- 
tures and OB=p, O'B=p’, are the radii of 
curvatures of the lower and upper curves 
at A and A’ respectively. 

It ZACB=¥, ZA'C'B=¥' and 0 is the angle through which 
the upper surface has rotated, we have 6=v+y’, s=py=p'y’ and 


4 


6 = (+7): Since B is the instantaneous centre of rotation, 


we bave, ZABA'=0and BA=BA’ <- AA'=24B sin g= 254, 
=s0, neglecting small quantities of higher order. 
a eA ves (t+4), a small quantity of second order, as s is 


of first order and so is negligible. Hence the work done by the 
reaction at A is zero as the displacement of A is negligible. 

(f) No work is done by a force if its point of application 
does not move in the displacement given, So such a force will 
not appear in the equation of virtual work. 

It is evident that whether a force will appear in the equation 
of virtual work or not depends not on the force but on the 
displacement given. 

3'11. Forces which appear in the equation of virtual 
work. 

Of course every force which does work due to the displace- 
ment conceived will appear in the equation of virtual work, e.g. 
if any constraint is violated, the corresponding force of constraint 
will do work and appear in the equation. The following three 
deserve special mention as they very often occur in problems. 

(a) The tensions at the ends of a string or rod when the 
displacement alters their lengths. T being the equal tensions and 
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l the length of the string or rod, work done is — T81, Proved in 
Art. 3°10 (c). 

(b) The thrusts at the ends of a rod when the displacement 
alters the length. T being the equal thrusts and 1 the length of 
the rod, work done is 1'80. Proved in Art. 3°10 (c). 

(c) Weight of a body or of a system of bodies, 

If W be the weight and y the depth of the c.g. of the body 
or system below some fixed plane, work done by the weight due to 
a small displacement is Wôy. But if y be the height of the c. g. 
above some fixed plane, then the work done is —Wésy. [ For the 
distance of the c. g., where the weight acts, is measured positively 
in a direction opposite to the direction in which the weight acts. | 


3'12. Lemma. Ifa lamina moves on a plane from any one 
position to any other, it may be brought from its initial to its final 
position by, first a motion of rotation about any arbitrary point in 
the plane through the requisite angle and then a motion of transla- 
tion in the proper direction and of proper magnitude. 


Let AB be any line in the lamina in its initial position and let 
A'B' be the position of the same line when the lamina is in its 
final position, Then if AB can be brought to the position A’B’ by 
any motions of rotation and tran- 
slation, the whole lamina will also 
be brought from its first to its last 
position, Let O be any arbitrarily 
chosen point in the plane. Draw 
ON, ON’ L° on AB and A’B’. A 
Rotate the lamina about O through 
the angle NON’=« go that ON falls on ON’; this brings ANB 
into the position A;Ni By, and AıNıBı is parallel to A'B’ as they 
are both L to ON’. Now give the lamina a motion of translation 
so that 41 moves to A’, then A,B, moves to A’B’. Thus by a 

rotation about O through an angle 4 and then a translation 
> 
4,4’, AB has been brought to the position A’B’ and so the whole 
lamina has been brought from its initial to its final position, 

It should be noted that every point of the lamina is brought 
from its initial to its final position by the same rotation 4 and- the 

-> 
same translation A,A’. 
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3'13. The principle of virtual work for any system of 
coplanar forces acting on a rigid body: If a system of 
coplanar forces acting on rigid body be in equilibrium and if the 
body be given any arbitrary infinitesimal virtual displacement in 
the plane of the forces then the algebraical sum of the virtual works 
done by the forces is zero. and conversely if the algebraical sum of 
the virtual works done by the forces be zero for every arbitrary 
infinitesimal displacement of the body in the plane of the forces, 
then the system is in equilibrium. 


Take Ox, Oy as axes of co-ordinates in the plane of the forces 
The most general displacement of the body, the plane of the 
forces remaining unaltered, is a rotation about O together with a 
translation, Let the body be given a rotation about O through any 
small angle x and any small translation 
whose components parallel to Ox, Oy are 
a,b. Let P be any force of the system 
acting at the point A.of the body and let 
its components parallel to the axes be X, Y. 
Let (a, y) be the cartesian co-ordinates of 
A and (r, 0) its polar co-ordinates. Then 
2=r cos 6, y=r sin 6. Due to the rotation 
A comes to B whose polar co-ordinates are (r, @+4) .°. Its 
cartesian co-ordinates are [r cos (0+4), 7 sin (0+4)] 


or, [a—y%, y+ax], writing cos 4=1 and sin «=, neglecting 
4?, <® which are small quantities of second and higher order. 
Due to the translation B comes to the position AG 


“, If(a+8a, ytôy) be the cartesian co-ordinates of A, we 
have wtdc=az—yXta, ytdy=ytaxtb, or, ôr=4— xy 
and 8y=b+4zx. Therefore work done by the force P 


=Xôs+Ysy=X(a—-4y)+Y(b+42) 
=aX+bY+4(cY—yX). 


Similarly for the other forces, Hence the algebraical sum of 
the virtual works done by all the forces 


=a3X+bSY+43(eY—yX), AGGERE 
a, b, 4 being the same for all the points of the body. 
Let the system be in equilibrium. 
Then we have 3X=0, SY=0, and ZY- yX)=0. 
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Right hand member of (1) is zero for all values of a, b 
and «. Hence when the body is in equilibrium, the algebraical 
sum of the virtual works done by the forces is zero for every 
arbitrary infinitesimal displacement in the plane of the forces. 

Conversely, let the algeoraical sum of the virtual works done 
by the forces be zero for every arbitrary infinitesimal displacement 
in the plane of the forces. Then wo have a3X +b35Y+43(e2Y — 
yX)=0 for all arbitrary small values of a, b and 4. 


<. 3X=0, SY=0, 3(eY—yX)=0 and therefore the system 
iş in equilibrium. 


314, Assuming the truth of the principle of virtual work we 
can find the conditions of equilibrium of a system of coplanar 
forces acting on a rigid body. Giving’ the body the general 
displacement as in the previous article and proceeding exactly in 
the same way as in that article we find the virtual work of the 
system to be aSX+bSY+a43(eY—yX). As the body is in 
equilibrium, .°. by the principle of virtual work, we have, 
asX+b5Y+43(2Y—yX)=0 for all arbitrary small values of a, 
band 4, Hence 3X=0, SY=0, S(2Y—yX)=0. These are the 
conditions of equilibrium. 


3°15. Converse of the Principle of virtual work. 


Tf a system of rigid bodies, connected together and subject to 
certain constraints, be under the action of given external forces 
and if the sum of the virtual works of the external forces be zero 
for every arbitrary infinitesimal displacement in which the forces 
of constraint do no work (i.e., the displacement is consistent with 
the geometrical conditions of the system), then the system is in 
equilibrium. 


For if the system be not in equilibrium, then the system will 
have a definite motion and each point of the system will move in 
a definite curve in space. By introducing certain smooth connec- 
tions we make this motion the only motion possible for the 
system. If a point P of the system would now move in the direc- 
tion PQ, by applying some force Fat P in the direction QP 
we prevent the point P from moving and this prevents the whole 
system from moving from its initial position, The system is now 
in equilibrium under the given external forces, the force F, and 
all the forces of constraint ; hence the sum of the virtual works 
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of these forces for every arbitrary small virtual displacement 
consistent with the geometrical conditions is zero, Let the 
system be given a small virtual displacement which it can receive 
due to the only motion possible for it and let the point P move 
to Q. The work done by the external forces and the force F is 
zero, as the forces of constraint do no work. Also for such a 
_ displacement the work of the external forces is given to be zero. 
Therefore the work of F is zero, i.e, — FX PQ=0. As PQ#0, it 
follows that F=0. Thus no force is required for preventing the 
motion of the system. Hence the system is in equilibrium. 
3'16. Applications of the Principle of virtual work. 
A. A common application of the principle is to find the 
position of equilibrium of a body or a system of bodies under the 
action of given external forces. Generally the body or the system 
has one degree of freedom and its position is determined by a 
single variable, say 0. We should give the body or the system a 
virtual displacement which does not violate any of the cons- 
traints; in other words, a displacement consistent with the 
geometrical condition of the system. The equation of virtual 
work will not contain any unknown reaction but will give an 
equation in 0, which will determine the position of equilibrium, 
In most of the problems, gravity is the only external force. If 
M1, Opec be the wts. of the different parts of the system and 
21; Bayesen, their depths below some fixed plane, and the system be 
given a small virtual displacement consistent with its geometrical 
condition, the equation of virtual work is 3o1821;=0. This gives 
the required equation in 9. We shall now illustrate the method 
by solving a few examples. 


Examples Worked 


Ex. 1. Two uniform rods, each of weight W and length a, 
are freely jointed at A, and each passes over a smooth peg at the 
same level. From Aa weight W' is suspended. Show that in 
the position of equilibrium the inclination 6 of the rod to the 
horizon is giyen by costo P WEW, c being the distance 
between the pegs. [C. H. 1963] 

AB, AC are the rods; their weights W, W act at their 
middle points Gi, G2; P, Q are the pegs where PQ is horizontal 

6 
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and equal toc. In position of equilibrium ZAPQ=9. Forces 
acting on the system formed by the 
two rods are (1) normal reactions 
at pegs P, Q, (2) weights W, W at 
Gi, Ga and (3) weight W' at A. 
We imagine the system to be given 
an infinitesmial displacement in 
which no geometrical conditions are 
violated, which is symmetrical and 
changes @ to 0+89 (e. g. the joint A 
may be pushed vertically downwards, 
the rods sliding at P, Q). Work is done only by the weights 
W, W, W’. Since PQ is a fixed horizontal line, we shall measure 
the distances of A, G1, Ge from PQ. Height of A above PQS 


AL=§ tan 9. Depth of G1 or Gs below PQ=LM=4AM— AL 


OE EE 
g sin? g band. 


.’, Equation of virtual work is, 
awe-(4 sin 0—5 tan o) - w’s(Gtan o)=0 


[ The second term on left is given — ve sign as Ais above PQ 
and its distance is measured in the direction opposite to that in 
which W’ acts. | 


Wla cos 9—c sec” = Wg sec? 0=0 


be ee Ges aa e LOWW, 
or, 2W(a cos? 0—0) W'.c=0 .'. cos’ 0 Wa 


Ex. 2. An isosceles triangular lamina with its plane vertical 

> yests downwards between two smooth pegs in the same horizontal 
line. There will be equilibrium if the base makes an angle 
sin-*(cos? 4) with the vertical ; 24 being the vertical angle of the 
lamina, and the length of the Dase being three times the distance 
between the pegs. [M. T., Nagpur 1949] 


Let ABC be the triangle and P, Q the pegs where PQ=c; 


Draw AD L on BO, then ZBAD=« and Bp=*. In position 
of equilibrium, let AD make an angle 0 with AX, the horizontal 
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through A. Since the pegs are smooth, the reactions at P, Q are 
l to AO, AB and if the lamina be 
given a displacement in which sliding 
takes place at P, Q, no work will be 
done by these reactions and the 
weight of the lamina will be the 
only force which will do work. So 
imagine the lamina is given an infini- 
tesimal displacement consistent with 
the geometrical conditions. If G be ai 
the c. g.ofthe lamina and GL: be A MN x 
the L from G on fixed line PQ and W, the weight of the 
lamina, the equation of virtual work is —W.8(GL)=0, Let GL 
meet AX at M and draw QN L on AX. We have AG=$4AD 
=§.8c cob <=c cob 4, .°. GM=c cot sin 0, 

`^. GL=GM—-LM=c cot 4sin 0— QN. 

Now QN=AQ sin (9—4) and from 4 APQ, we have, 
c sin PAX _c sin (0+4), 


a ae or, AQ= 


sin APQ sin PAQ sin 2x sin 24 
ats sfe cot 4 sin g-ein OF) din (o-«)|=0 ` 


2p See 
- 6+4+0—-4)=0 
or, c cot x cos 0 ays sin (0+4+6—4) 


or, cot 4.2 sin 4 cos 4.cos 0—2 sin 0.cos 0=0 

or, cos 6[cos? <—sin 6] =0 

“. Hither cos 2=0 or, sin 0=cos? «. 

When cos @=0, 6=90°. 

It gives the symmetrical position of equilibrium in which AD 
is vertical, The other positions of equilibrium are given by 
0=sin™*(cos? 4). This gives two non-symmetrical positions of 
equilibrium which are symmetrically placed w. r. to the vertical 
position, 


Ex. 3. Two particles of masses m and m' are connected by a 
string of length 7 resting on a smooth cycloid with its vertex 
upwards, and base horizontal. Prove that in the equilibrium 
position the distance of the particle m from the vertex measured 


ig [London] 
along the arc is aan 


In position of equilibrium let P, @ be the positions of the — 
e 
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masses m and m’ on the eycloid whose vertex is O and Oz, Oy 
are axes of co-ordinates. Let arcs OP, OQ be sı, S2 and let 
depths of P, Q below Oz be Yı» 
yo which are their ordinates. 
Imagine the system is given an 
infinitesimal displacement con- 
sistent with the geometrical 
conditions so that masses m, m 
slide on the cycloid and the 
length of the string remains unaltered. .". No work is done by 
the tension of the string or the normal reactions and the equation 
of virtual work is 
mgdy,+m gdya=9 Er (1) 

Now in a cycloid we know s?=8ay, where $ is the arcual 
distance from the vertex and y the ordinate of » point on the 
cycloid. 
“', §32=Bay, and Se =84Ya ; 
Differentiating, 281482 =Sadyz and 2sadsa = Bady a 


Further sı+sa7l .': dsıtdsa= 0. + (2) 
Honce, we have, msıdsı— m'sadsı=0 [ from (1) and (2) ib 
or. sisa Selite" G oml re 


$= 
Spa MEG Te ee mtm 


Ex. 4. A heavy elastic string, whose natural length is 274, 
is placed round a smooth cone whose axis is vertical and whose 
semi-vertical angle is 4, If W be the weight and A the modulus 
of elasticity of the string, prove that it will be in equilibrium 
when in the form of a circle whose radius is 


W š 
ES. X , 1954 
alt + 2 cot a) L Nagpur ] 


When in equilibrium, let CD be tho position of the elastic 
string on the cone and T its tension. 
Let r be the radius of the circle OD 
and z the depth of its centre below 
O, the vertex of the cone. Then r= 
z tan 4, and the length of the string 
OD is l=2mr=2nz tan K.i (1) 
Imagine the string is given an infini- 
tesimal displacement in which it 


moves vertically down, parallel to 
airy a) al ey ae at og reaction at a 
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point of contact with the cone is normal to the surface of the 
cone at the point and the displacement is along the surface, no 
work is done by the reaction at any point; .". works are done 
only by the tension T of the string, whose length has altered, and 
by the weight W of the string. .°, Equation of virtual work 
is W.oz—T8l=0 or, W.82—T2m tan 46z=0 [from (1)] 


2nr—2na r-a 


or, W=2n tan«.7. Now T=), ~ EN 
2na a 
y r- =a) [ W cot Fets) 
.. W=2n tan 4, À. or, r=ajl+ ZTA 


Ex. 5. Two small smooth rings of equal weights slide om a 
fixed elliptical wire, whose major axis is vertical, and they are 
connected by a string which passes over a small smooth peg at 
the upper focus; show that the weights will be in equilibrium 
wherever they are placed. [0. H. 1953) 


Let S be the focus and XY the directrix of the ellipse, Let 
P, Q be the positions of the rings, each of weight W, when in 
equilibrium, and let PM, QN be the perpendiculars from P, Q 
on directrix XY, Then, ife be the eccentricity of the ellipse, 
we know, SP=e.PM, SQ=e.QN. Give the system a small 
displacement without violating any constraint. Since PM, QN 
are depths of P, Q below fixed line XY, the eqn. of virtual 
work is W8(PM)+W&QN)=0 or, 5(PM)+6(QN)=0-+***(1) 

Now length of string=SP+SQ=e(PM+QN) 

<. PM+QN=constant. .°. 5(PM)+8(QN)=0. 

Thus the condition (1) is satisfied for all positions of the 
particles. Hence result follows. 


B. An important application of the principle is to find 
unknown reactions A body or a system of bodies is in 
equilibrium under given external forces and the position of 
equilibrium of the body or the system is known. We have to 
find one or more reactions or forces of constraint.of the system 
e.g. the tension of a string, the thrust in a rod or the action at 
a joint. To find any particular force of constraint, we give the 
system a virtual displacement which violates the constrant that 
produces the constraining force but is otherwise consistent with 
the geometrical conditions of the system. The equation of 
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virtual work will contain the given external forces and this for¢s 
of constraint [see Art. 39]. The force of constraint being the 
only unknown in the equation will be tbus determined. In most 
of the problems we have to find the tension of a string or the 
thrust in a rod. In such cases we should give the system a 
displacement which alters (either increases or decreases) the 
length of the string or the rod, without violating any other 
constraint. 


Some problems are worked out to illustrate the methods, 


(A) A framework resting on pegs. 


Ex. 1. Two equal rods, each of weight œl and length l, are 
hinged together and placed symmetrically over a smooth 
horizontal cylindrical peg of radius r. Then the lower ends are 
tied together by a string and the rods are left at the same 
inclination ¢ to the horizontal. Find the tension in the string. 


[C. H. 1968] 
If tho string is slack, show that ¢ satisfies the equation 
tan? ¢-+tan est [ O. H. 1963, 1956] 


Let AB, AC be the rods of length | and weight ol, and O 
the centre of the cylinder of 
radius r. Let T be the tension 
of the string joining B and C. 
In position of equilibrium, 
LACB=LABC=¢. We have 
AB=AG=1; the weights ol, 
wl of the rods act at Gi, Ga 
the mid points of rods AB, AC. 
Forces acting on the rods are 
(1) the actions of the smooth 
cylinder at the points of contact 
perpendicular to AB and AC; (2) the weights ol, wl at G1, Gs 
and (8) the tension T' of string BC, Imagine the system to be 
given an infinitesimal displacement in which A moyes vertically 
downwards, the rods slide over the cylinder, and the length of 
the string BC is altered. The actions at the points of contact of 
the rods with the cylinder do no work ; work is done only by the 
weights of the rods and the tension T, 
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.. Equation of virtual work is 2.018. (OL)—78(BO)=0-**(1) 
where OL =depth of G, or Gs below fixed point O, 
=AL—AO=AG, sin ¢—r cosec (90°—¢), 


=4 sin ¢—r sec ¢. 
and BC=2l cos ¢, 


From (1) we get, 2ol. [ i cos ġ—r sec $ tan s] 
—T.{— 2l sin ¢)=0 
T=3 [ 2r sec® —1 cot +} 
If the string is slack T=0 ~. 2r sec? ġ-—l cot ¢=0 
or, 2r(1+tan? ġ)=l cot or, tan ġ+tan? one 


(B) Rods forming a rhombus. 


Ex, 2. Four equal rods each of weight W form a rhombus 
ABCD with smooth hinges at the joints The frame is suspended 
by the end A and a weight W’ is attached to O. A stiffening rod 
of negligible weight joins the middle points of AB, AD keeping 
these inclined at an angle 4 to AC. Show that the thrust in the 
stiffening rod is (4W+2W’) tan 4. (C. H. 1960 ; 1950] 


Let T be the thrust in the stiffening rod HF joining F, F, the 
mid points of rods AB and AD. 

Let 2a=length of each rod. 
EF=2a sin 4 where 
x=ZBAC=ZDAC; 

AC=4a cos 4. 
The weight of the 4 rods, 4W, 
acts at G, their c. g, where 
AG=2a cos x. 

Tmagine the system to be given 
an infinitesimal symmetrical dis- 
placement in which O -moves verti- 
cally downwards and no ‘geometrical 
conditions are violated except that 
the length of rod HF is altered thus ; 
causing the thrust T to appear in the equation of virtual work. 
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Works are done by (1) the total weight 4W at G, (2) the weight 
W' at Cand (3) thrust T of rod EF. ~. Equation of virtual 
work is, 4W.(AG)+W’8(40)+T8(EF)=0 - 
[ We have +T.8.(EF) and not -Tð EF) as T is a thrust 
and not a tension). 
or, 4W.62a cos 4)+ W'd(4a cos 4 +78(2a sin 4)=0 
or, 4W.(—2a sin 4)+ W'(— 4a sin 4)+7.2a cos 4=0. 
or, T=(4W+2W’) tan «. 


Ex. 3. Four equal uniform rods each of weight W are freely 
jointed so as to form a square ABOD. Theside AB is fixed in $ 
a vertical position with A uppermost. A weight W is suspended ~ 
from the corner C, and the figure is kept in shape by an inexten- ; 
sible string joining the middle points of AD and DC. Find the E 
tension of the string. [0. H. 1959] 

We shall assume that in initial position of equilibrium AD 
makes an angle 9 with the horizon- 
tal Aw; actually @ is zero but to 
take the differentials we write it as a 


8 
> 


! 
variable. Let AB=2a; and let T aa 
be the tension of the string EF, H 
joining the middle points Æ and F M 


of AD and DC. The total weight 
AW of the 4 rods acts at G, their c.g. W 
where HG is vertical and equal to a. 


Depth of G below Az=ata sin 0; 


90°-+0 
2 


depth of C=2a+2a sin 0 ; EF=2a sin( T since 


ZEDF=90° +0. Let the system be given a small virtual displace- 
ment in which 0 changes to (0+80). Work is done by total 
weight 4W at G, weight W at O, and tension 7. 

Equation of virtual work is, 


41 8a-ka sin 0)+ W8(2a+2a sin 0)— T8. foa: sin (s5°+5)}=0 


or, 6Wa cos 0 =T.a.cos| 45°+$). 


In position of equilibrium, 


Biel Don eea ees 
9=0, ©. T= pT NVIW 
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Ex. 4. Four uniform rods are jointed to form a, rectangle 
ABCD. AB is fixed in a vertical position with A uppermost, and 
the rectangle is kept in shape by a string joining AO. Show 
that the tension of the string is 7 4o, where W is the total 
weight of the rods. [C. H. 1965) 


Let E, F, G be the mid. points of BO, AD and DC and let 
w, w' be the weights of BC ( or AD ) 
and DC respectively. Then at JZ, 
F act weights w, œ ani at G acts 
weight a’. Let T be the tension of 
the string AC. Let the system be 
given a small virtual displacement 
in which the rods AD, BO rotate 
about A and B respectively, each through a small angle @; then 
E and F each moves vertically down through 34D.9; D and O 
and +. G, each moves vertically down through AD.6; and AC 
changes to AC’ where 0C’=AD.6. Since in AADC, when DC 
changes to DO’, AC changes to AC’ ~“. differentiating the 
relation AO?=AD*+ DO? in which AD is constant, we get 


9A08(40)=3D08(D0) or, NAO) =Z2-aDo. 
Equation of virtual work is, 


9.0($4D.0)+0'.(AD.9) — reap. =0 


This sum can also be solved by the method followed in Ex. 3 
above ; It will be a good exercise for the reader to solve Ex, 3 
and Ex. 4 by both the methods shown. 

Ex. 5. A rhombus ABCD, formed of four rods, each of 
length J and weight w, joined by smooth hinges, rests in equili- 
brium with AC vertical on two smooth pegs in a horizontal line 
distance 2d apart ; a weight W is attached to the lowest hinge 
C and B, D are joined by a string. If the angle at A is 24, show 
that the tension of the string is ; 


tan a S07 +40) coseot<—(W+20)| (0. H. 1966] 
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Let P, Q be the pegs where PQ=2d, and let T be the tension 
of string BD. The total weight 4w of the 
four rods acts at G, their c.g., where AG 
=] cos 4. 

depth of G below fixed line PQ 
=} cos 4— d cot 4» 
depth of O below fixed line PQ 
=21 cos 4—d cot 4 
length BD of string=2} sin « 

Let the system be given a small, 
symmetrical, virtual displacement which 
changes 4 to 4+4 and which changes the length of the string 
BD, but is otherwise consistent with the geometrical conditions 
( this may be done by pulling C vertically downwards through 
asmall distance ). Equation of virtual work is, 


4w8(l cos 4— d cot 4) + WÒ(21 cos 4— d cot 4)—T4(21 sin 4)=0 
or, 4w(—l sin «+d cosec?4)+ W(— 21 sin 4+d cosec?) 
—T.21 cos 4=0 
91 cos 4T =d(4w+ W) cosec?«— 21 sin 4(W+2w) 


T=tan 4 [Zw +W) cosec?4— (W+ aw) 


If there be no string BD then 7=0, 


` di4 k 
sin’4= oe gives position of equilibrium. 


[Nagpur 1936] 
If w=0, then r=w|ġ sec x cosec?x — tan <] [C. H. 1957] 


Ex. 6. ABCD is a rhombus of freely jointed rods lying flat 
on a smooth table and P, Q are the middle points of AB, AD. 
Prove that if the system is held in equilibrium by light strings 
joining P to Q and A to C, the tensions in these strings are in 
the ratio of 2BD to AC. 


Let T, T' be the tensions of the strings PQ and AC. Giving 
the system a small displacement in which it remains on the 
table and the lengths of the strings are altered only, we get the 
equation of virtual work 

—T(PQ)—T'8AC)=0......(1) 
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Now PQ=}BD and we know, from geometry, 
AC*+BD*=44B* const. 
A08 AC)+BDXBD)=0 

From (1) 4$78(\BD)+7'5(A0)=0 


2 Me 
’ 9 ; 
T or T:T =2BD: AC. 


(C) Rods forming a quadrilateral. 


Ex. 7. The middle points of the opposite sides of a quadri- 
lateral formed by four freely jointed weightless bars are connected 
by two light rods of lengths l and l'in a state of tension. If T, 


T" be the tensions in these rods, proye that P+O. 


[C. H. 1943] 

Let ABCD be the quadrilateral and EF, GH the light rods 
joining mid. points of opposite c 
sides ; and let T, T” be the tensions S r 
in the rods EF and GH of lengths 
l, UÙ respectively. Imagine the E be 
system is given a small deforma- 
tion in which no geometrical condi- £ = A 


tions are violated except that the 

lengths of the rods EF, GH undergo slight alterations (this can 

be done for example, by pushing A and O towards each other 

along AC), Equation of virtual. work is 
—T8HF)—T's8(GH)=0 or, T+T'sl'=0......(1) 

We have to find the geometrical relation between EF and 
GH. If O be the point of intersection of EF and GH (not 
shown in fig.), then from the A’s AOB, COD, by applying the 
theorem of Appolonius, we have, OA*+ OB? =20H?+24H?, 
00?-+0D?=20G?+20G? ; adding, 04+ 0B*+0C?+0D*= ` 
GH?+4AB?+iCD". Similarly considering the A’s OBC, ODA 
wo have O42?-+OB?+002+ OD*=EF?+3B0°+3DA°. 

st GH?+3AB?+40D?=EF* +4BC'+4DA° 

or, 2-1'2=3(4B?+CD?—BO*—AD*) 
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Differentiating, 16J—21'81’=0, [as lengths of the bars are 
unchanged. | 


or, lal=Vl’ 
A 
From (1), we have, Ttr =0 


The result obtained shows that both 7’, T” cannot be tensions. 
If one is a tension, the other must be a thrust. 


(D) Rods forming a pentagon. 


Ex. 8. Five weightless rods form a regular pentagon ABCDE, 
and the framework is stiffened by other weightless rods BD, CH. 
The system is placed in a vertical plane with CD on a horizontal 
table, and a weight Wis hung from A, Prove that the thrust in 


BD or OB is W cot E [C. H. 1951] 
In position of equilibrium let BO 


make with DO produced an angle 0 
and les ZABH=¢. Let T be the 


A 
ZA 
thrust in the rods BD, CE. Letthe E eSB 
system be given a small symmetrical ea 
virtual displacement which changes 0 
and ġ to 0+80 and ¢+5¢. It does NA 


not violate any geometrical conditions D CM 
except that tho lengths of the rods 
BD, EC are slightly altered. 


work is done only by W and the two thrusts. 
Now LOBD=LODB=5 <. BD=2a cos e where CD=a, 


Also height of A above DO=AL+BM=a sin +a sin 0 


Equation of virtual work is, 


- Wala sin d+a sin 0)+2,79(20 cos $)=0 


or, (w cos 0+2T sin:g)80-+17 cos $56=0......(1) 


Now BB=2BL=2a cos $ and HB=DC+20M=a+t 2a cos 0 
., 2a cos 6=a+2a cos 0 
sin $d¢=sin 080......(2) 
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From (1) and (2), we have, qa- Wain (08) 

2 sin g sind 
25-4 n ên 
5 


In a regular pentagon, each interior angle= ak 


to! 


=n- at =m mN 
6=n KET and =y 5 
W. sin W.sin 
T=- oe R =~ W cott 
Qsin F- sin F 2 sin g sin g 5 
The negative sign shows that 7’ is not a thrust but is really a 


tension. Hence the tension in the rod BD or OE is W cot 5 


(E) Rods forming a hexagon. 


Ex. 9. Six equal bars smoothly jointed form a regular 
hexagon ABODEF which is kept in shape by vertical strings 
joining the middle points of BO, OD and AP, FE, respectively, 
the side AB being held horizontal and upper-most. Prove that 
the tension of each string is three times the weight of a bar. 

(Lucknow, 1956] 


het T be the tension of each of the strings PQ, RS where 
P, Q, R, S are the middle points. In position of equilibrium let 
BO make an angle 0 with AB produced and let W be the weight 
of each bar. Their total weight 6W acts at their ¢. g. which is G, 
the middle point of CF. Depth of G below fixed line AB=a sin 0, 
where AB=a. PQ or RS=4BD=%. 2a sin 0=4 sin 9. Let the 
system be given a small, symmetrical, virtual displacement in 
which 0 changes to +60. Work is done only by the total weight 
6W at G and the two tensions 7, T of the strings PQ and RS. 

Equation of virtual work is, 
6Wòla sin 0)—2.78(a sin 0)=0 ~- T=3W. 

Ex. 10. A regular hexagon is composed of six equal heavy 
rods freely jointed together, and two opposite angles are connected 
by a string, which is horizontal, one rod being in contact with 
a horizontal plane; at the middle point of the opposite rod is 
placed a weight W1 ; if W be the weight of each rod, show that 
the tension of the string is we. Ie. H. 1946] 


x 
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Let ABCDEF be the regular hexagon of which the side AB 
is placed on a horizontal plane K 
XY. In position of equilibrium E D 
let ZCBY=6 and let AB=a and 
T be the tension of the string CF. 
Wı is placed at K, mid point of z 
side DE. The total weight 6W of 
the rods acts at their c. g. G, the A 
mid point of CF. Height of G X AB Y 
above AB=a sin 0 ; height of K 
above AB=2a sin 0 and CF=a+2a cos 0. Let the system be 
given a small, symmetrical, virtual displacement in which 0 
changes to 0+60. 
Equation of virtual work is, 
—6W.8(a sin 0)— W4.5(2a sin 0)— T'.5(a+2a cos 6)=0 
or, —(6W+2W1)a cos 080 +T.2a sin 659=0 
or, L=(83W+W,) cot 0. 
Since in position of equilibrium, 9=60°, 


ISW Wa 
we haye T TONE, 


Ex, 11. A rectangular hexagon ABODEF of six A 
uniform smoothly jointed rods, each of weight W, is hung from 
the mid point of AB in a vertical plane with AB horizontal and 
uppermost. Its shape is maintained by light taut strings AD, 
BH, and it may be assumed that the strings do not touch at 
their mid points. Apply the principle of virtual work to show 


that the tension in each string is Wa/3. [C. H. 1962, 1954] 
From symmetry the tensions of the strings AD, BE aro equal, 

say, each is T. The total weight A B 

6W of the rods acts at their c. g. 

G whose depth below fixed side AB Ne) 

is a sin 0 if a= AB and in Position = 


of equilibrium BO makes an angle 


Cc 
6 with AB. Let the system be 
given a small virtual displacement 


by pulling DE vertically down so E D 
that the points D and Æ moye on the verticals BD and AE 
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through the fixed points B and A, DE remaining parallel to AB. 
Equation of virtual work is 61.4(a sin 0)—2.7.8(AD)=0. To 
find 5 (AD) note that in 4 ABD due to the displacement conceived 
D moves vertically down BD and consequently AD changes, AB 
remaining constant. 


Since AD*= AB? +BD*=a*+(2a sin 6)", 
2AD.8\AD)=8a® sin @ cos 688. 


4a? sin 8 cos 0, 


3Wa cos 0=T, AD 


PRLE 
ik ria sin 0 AD. 


In position of equilibrium, @=60° 
2 
he Ap*=a* +4a*(%5) =4a" or, AD=2 


ey ta= WA. 

Ex.12. Six equal heavy rods, freely hinged at the ends, 
form a regular hexagon ABCDEF, which when hung up by the 
point A, is kept from altering the shape by two light rods BF, 
CE. Prove that the thrusts of the rods are as 5:1, and find 
their magnitudes. {M. T.; ©. H.] 

Let the length of each rod be a and W its weight and let @ be 
the inclination of either of the inclined 
rods to the vertical. Let T, T’ be the 
thrusts in the rods BF and OE. Let the 
system be given a small symmetrical, 
virtual displacement in which @ changes to 
0+80, D moves vertically down, and no 
geometrical conditions are violated except 
that the lengths of the rods BF and CE 
are slightly altered. The total weight of the rods, 6W, acts at 
their c, g, the contre of the hexagon, whose depth below the 


fixed point A is (a cos 0+2). And CGH=BF=2a sin 8. 


T= 


$ 


The equation of virtual work is ; j 
6W.3(a cos 0+3)+7.3(2a sin 0)+7'.3l2a sin 0)=0 
or, D+T'=3Wtan@ sh 9 + l (D) T R AE. 
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To find T”, let the system be given a small virtual displace- 
ment in which the upper three rods forming the triangle ABF 
are kept fixed and the point D moves down vertically through an 
infinitesimal distance. The rods FE and BC turn through a 
small angle round their ends F and B respectively, and their 
mid points moving horizontally their weights do no work. Tho 
c. g. of the two lower rods ED, DC are slightly lowered and the 


work done by their weights is awel cos 0) 


Equation of virtual work is 


awal ws 0)+T'3i2a sin 0)=0 
or, r=" tan 0 ML aC, 


<. From (1) and (2), r= "© tan 0. Hence 7: 1’'=5:1 


In position of equilibrium, 6=60° 
r =w. and ra /3.y, 


Miscellaneous Problems 


Ex. 1. An endless string of length Qna+l passes round 
three equal smooth cylinders, each of weight W and radius a, 
having their axes horizontal and parallel, and two of these rest 
on a horizontal plane, the third lying between them. If 
6a<1<8a, prove that the tension of the string is 


wila), [0. H. 1955] 
iea} 

The fig. shows the section of the cylinders by the vertical plane 
passing through their c.g.’s A, B, 
©, and perpendicular to their 
axes. The cylinders B, C lie on 
the plane and A lies on them. 
We have AB=AC=2a; let - 
BC=aand let ZLABC=ZAOB=9. 
Then #=4a cos @...(1) and height 
of A above plane=2a sin 0+a. 


We have-to find the length of the string. The portions of the 
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string touching the cylinders B, O and A have the leagtis 
7~0 a, (n—9)a, and 20.a whose sum is 2m3. The lengibsot the 
straight portions are æ, 2a, 2a whose sum ise2+da, Therefore 
the length of the string=2na+2+4a=2ea+1, in position of 
equilibrium ; then g=I—4a,...,.(9), 

xz>2a but <da. This shows that B, O do not touch and 
A lios on Band O. Let the system be given a small symmetrical 
virtual displacement in which A moves down vertically and B, O 
movo sideways equally, No geometrical constraints aro violated 
except that the length of the string is altered. Let T be the 
tension of the string. Since B, O move horizontally thoir 
vertical weights do no work. Work is dono only by the weight 
of A and tension 7, Therefore the equation of virtual work is 

— W8(2a sin 0-+a)—T82na+4a cos 0+ 4a)=0 Dou w). 

T=}W cot 0. 


Since in position of equibrium, 
I-40. _Wia—0) 
, sin 0 az 


u 


cos a 


(1—4a) 
‘J (8a-1) 

Ex. 2. A heavy uniform rod AB, of length 2a, rests with 
its ends in contact with two smooth inclined planes, of inclina- 
tions < and $ to the horizon. If @ be the inclination of the rod 
to the horizon, prove, by the principle of virtual work, that 
tan 6=4 (cot «~cot p). 

In position of equilibrium, the rod AB must lie in the 
vertical plane which cuts both planes in lines of greatest slope. 
Let GL be the height of G, the og. of the rod, above O whore 
the planes intersect. Then GL=% (OA sin 4+0B sin 8). But 
from AOAB, we have, i 

04 Ve OB pen. Sees 
sin (B—@) sin sin «+0) sin (4+8) 
GL=a [sin « sin (6—8)+sin B. sin (<+8)]+sin (<+8). 


T=tW. 


Give the rod a small displacement in the vertical plane in 
which it lies without violating any constraint, and which changes : 


fad 
r 


9 to 0+89. Equation of virtual work is W.8(ĠGL)=0 ` > 


or —sin 4 cos (B— = 0)-+ain B oos (4 F0)=0 Gia sh 
Simplifying result follows, a N 
7 
t 
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Ex. 3. A frame consists of five bars forming the sides of a 
rhombus ABCD with the diagonal AC. If four equal forces P act 
inwards at the middle points of the sides, and at right angles 
P cos 26 

sin 0 


to the respective sides, prove that the tension in AOC is 


where @ is the angle BAC. The bars are weightless. 

Let L, M, N be the mid-points of BC, CD and DA. Keeping 
AB fixed, give the system a slight 
deformation in which'the lengths 
of the rods are not violated except 
that of AC and rods BO, AD turn 
round their ends Band A respec- 
tively through a small angle say . 
L moves 1 to BO through a 
small distance ax where a= AB. 

Work done by P at L=}a4.P. Similarly work done by P at 
N=—4a4.P. To find the work done by P at M, we have to find 
the vertical displacement of M. Let z=height of M above AB 
and T=tension in AC. Then z=BC sin 20=a sin 20 and AC= 
Qa cos 6. .. Total work done=4ax.P —}a4.P — Pdz—T5( AQ) 
= — Pala sin 20)— T8(2a cos 0). 


Hence — P.a. 2 cos 2047. 2a SOO ome Se a 


Ex. 4. Two uniform straight rods PQ, P’Q, in all respects 
alike, are smoothly jointed at Q and P, P' carry small rings 
which slide on a smooth fixed parabolic wire whose axis is 
vertical and vertex upwards. Prove that in the symmetrical 
position of equilibrium the angle either rod makes with the 


horizontal is sin7* lara where 


W is the weight of either rod, wœ 
of either ring, l the length of either 
rod and 4a the latus rectum of the 
parabola. 

_ Let LPQA=6 ; draw PL L on 
axis AQ .’. PL=1 sin 0, QL=1 cos 0. 


Since PL?=4aAL.. aL=_0 sin?0. 


*, Depth of P or P’ below A= 5 72 sin?@ ; and depth of c.g. 
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of either rod= AL-+4L9= 2 1” sin"#+4 I cos 6. Let the system 


be given a small symmetrical virtual displacom-nt which changes 
0 to 6+89 but does not violate any constraint, Equation of 
virtual work is 


Lage 1 K} 
awa(È 1 sinto +t cos 0) +208 (1 m sinto) =0 
or, Wto. sin 6 cos 0—1W sin 0=0 


-1 
Either 0=0 or, 9=cos io 


Each rod makes with the horizontal an angle equal to 


sin™* Remi 


Ex. 5. A uniform beam rests tangentially upon a smooth 
curvein a vertical plane and one end of the beam rests against a 
smooth vertical wall; If the beam is in equilibrium in any 
position, find the equation to the curve. 

Let AB be the rod resting against the vertical wall at A and 
touching the curve at O. Take as 
y-axis the section of the wall by the 
vertical plane containing the curve 
and take any point O on it as origin. 
Let z be the height of G, the middle 
point of the rod above Oz. Let the 
rod be given a small virtual displace- 
ment in the zy-plane consistent with 
the geometrical conditions, Equation of virtual work is Wiz=0 

.. 2=const=K, say. Thusin all positions of equilibrium 
G is at a constant height and locus of G is a horizontal line. To 
find the equation of the curve we note that it is the envelope of 
AB, which in all its positions is a tangent to the curve. Let AB 
make an angle @ with Oz, and let AB=2l. Then G is ( cos 6,K) 

.", Equation of AB is y— K=tan 6(¢—1 cos 6) 

or, y—K=a tan 0-1 sin 6. Differentiating w.r, to 6, we 
have, O=% sec2@—1.cos @ .'. w= cos" ð and 

:. y-K=-1sin?0. ©. af+(y-K) =, This is the 
equation of the curve, It is an Astroid. A 
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Ex. 6. A smooth rod passes through a smooth ring at the — 
focus of an ellipse whose major axis is horizontal, and rests with — 
its lower end on the quadrant of the curve which is furthest 
removed from the focus. Show that its length must be at least 


are 1+8e*, where a is the semi-major axis and e the eccen- 4 


tricity. s [M. T. ; 0. H. 1941] 


Let PQ be the rod, resting on the ellipse at P and passing 
through the ring at the focus 5. ’ 


i= 
Polar equation of the ellipse referred to Sas pole and SA as 
initial line is baie cos 0......(1) where 2=a(1—e?)......(2) 


Tn position of equilibrium let P be (r, 0). ZASP=0, SP=r. 
Let the length of the rod PQ=d and let Q be its mid. point. ~ 
pa=4, and SG=r—4d i 
z=depth of G below AS=GL 

=(r—4$d) sin 0. 
Equation of virtual work for the rod is W.32=0, where WS j 
wt, of the rod. 


“, 8[(r—4#d) sin 0]=0 
or, (r—#d) cos 0 80+sin 0.5r=0 


From (1), — Zor=e sin 0 50 
e sin?ð 7? 
cue 


con: asing a): 40 (S))-FL t= (=) 0 


wy (rd) cos 0— 0 


THE PRINOIPLE OF VIRTUAL WORK ioi 


Simplifying, we have, 
2r*(r—1—e*r) _ 2r =a 1- 


aaaeei) all- ae {from (2) ] 
=2r_(r=a 
i ee T (8) 


Since P lies in quadrant AB, SB<r<SA or, a<r <a tae. 

For each value of r between a and a+ae, the equation (3) 
gives a positive value of d and if this value of d be > the value 
of r, then a rod of length d will be in equilibrium when lying 
along the radius vector of length r. Values ofr for which d>r 


satisfy the inequality ~— (=e \>, 
or, 2r?—8artal>O [t r>a>l] 
or, Ar—4)lr—B)>0, where «= 4-2/7 + 8H, 


p=% 4 Vi Fee 


Since r>a>4 .°, d>r only if r>$. 
When r=8, d=r=6 and when r>B, d>r>8B. 


Least value of d is B. 


Least length of rod reqd. = VFB 1+8e°. 


Ex. 7. One end of a beam rests against a smooth vertical 
wall and the other end on a Smooth curve in a vertical plane 
perpendicular to the wall; if the beam rests in all positions, 
show that the curve is an ellipse whose major axis lies along the 
horizontal line described by the centre of gravity of the beam. 


Let Oy be the section of 
the vertical wall by the vertical 
plane containing the curve CA. 
Let G be the c.g. of the rod 
AB and W its wt. Suppose in 
a position. of equilibrium the 
depth of G@ below some fixed 
horizontal line LM is z. Then 
for a small virtual displacement which violates. no geometrical 
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conditions, the equation of virtual work is Wéz=0 or z= const. 
<“. In all different positions of equilibrium of rod AB, its c. g. 
G is at a constant distance from LM .°. Locus of Gisa 


horizontal line. Take this line as the axis of z and Oyasthe — 


axis of y. Let co-ordinates of A be (w’, y’). Since middle point 
GofABison Oz ~. Bis (0, —y’). 
©. (@’=—0)? +(y'+y’)?=AB?=2?, if length of rod AB=1 
or w'*+4y'?=1]%, 
-. Locus of (a’, y'), which is the given curve, is «7+4y?=1?, 


an ellipse, whose major axis is Ox, the locus of G. 


Ex. 8. A tripod of three uniform light rods AB, AC and 
AD, each of length 2a stands with the feet B, Cand D on level 
smooth ground at the vertices of an equilateral triangle of side a. 
A weight W is suspended from A and the tripod is prevented from 
slipping by three light strings joining the middle points of the 
rods. Apply the principle of virtual work to show that tensions 


: : OW 
in these strings are 3/33 WEE [ C. H. 1965] 


Let the fig. show the position of equili- 
brium of the system. Let AO be the 
perpendicular from A on plane BOD. Then 
O is the circumcentre of ABCD and as 
this triangle is equilateral Ois the centre 
of it. We give the system a small 
symmetrical displacement in which A c 
moves vertically down along AO, B, C 
and D moye through equal distances along B = 
OB, OC and OD so that ABCD remains X 
equilateral, but the length of its sides n 
alters. In position of equilibrium, let BD=x 


A 


2 
a BE? =BDt—Di* =z! ~" = 0" or, Bp= “2s 


BO=3BE=3 v. 40°=4B?—BO2=40?—*- 
v3 i at= 


a? $ 
40= yiar-. Also length of a string=4$a. 


) 
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If T =tension in each string, equation of virtual work is 
(40)—8.ra{) =0 


or, T= _2WV8.0_ 
Miaa a? 


In position of equilibrium z=a .° LW., 
me=a >. T 3/38 


Ex. 9. A square frame ABOD of four equal jointed rods 
hangs from A, the shape being maintained by a string joining 
mid-points of AB, BC. Prove that the ratio of the tension of the 


string to the reaction at O is JE [ 0. H. 1948 ] 


Let W=wt. of each rod and æ its length. To find tension T 
of the string EF :— 


A 


Let ZBAG=0, and let G be the c. g. of the 4 rods. Give the 
system a small virtual displacement in which 8 changes to 0+60 


and no constraints are violated except that the length of the 


string alters. Equation of virtual work is 4W8(AG)— T8(EF)=0 
or, 4W8(a cos 0)— Tala cos g)=0 or, T=4W. 

To find the reaction at O -—Remove the rod BO and apply at 
the ends B of AB and O of DC the actions of the rod BC at 
these ends and at Æ the tension 4W. Let the action. at G 
be represented by a force X along DO and a force Y L to DC 
and that at B by X’, y' along AB and L to AB. Then the 
frame ig in equilibrium as before. Consider the rod DO and 
clockwise rotational dis placement about D through 
f virtual work for rod DO gives 


To find X, give the — 


give it an anti- 
a small angle 0. Equation O 


wW 
Ya— W.cos 45°. 5070 or, Y=9 75 
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system formed by the rods AD, DC a small displacement in 
which A is kept fixed and AD rotates anti-clockwise round A 
through a small angle 9, and C moves in the direction DO i.e, 
perpendicularly to AD. Work done by wt. of rod AD=W cos 45° 


x50 s work done by wt. of rod DO=W cos 45° a6 ['.° D and 


“. rod DO moves in the direction DO through a distance a0 ] 
and work done by force X= X.a0 ; Y does no work. .', Equation 
of virtual work is, 


1 a0 4 We beg eco 
“M2 a t Ws 709+ Xa9=0 “s X= ONEM 
Pee STe i aR 
-» R=reaction at C=/xipy2 aya VD g V5. 
PEAS 
R 5 
EXAMPLES 


1. Two equal uniform rods AB and AG, each of length 26, are freely 
jointed at A and rest on a smooth vertical circle of radius @. Show that, 
if 20 be the angle between them, then b sin°9=q Cos @. 

2. A rectangular board whose sides are 4, b is supported with its plane 
vertical on two smooth pegs in the same horizontal line at a distance ¢ ; 
prove that the angle @ made by the side a with the vertical when in 
equilibrium is given by the equation 2c cos 29 =b cos ĝ -a sin 6. [w] 

3.: A smooth circular ċylinder of radius b is fixed parallel to a smooth 
vertical wall with its axis at a distance c from the wall. A smooth uniform 
heavy rod of length 2a rests on the cylinder with one end on the wall and 
in a plane Perpendicular to the wall, show that its inclination 6 to the 
horizontal is given by a cos*@ +b sin 9 =e, 

4, A vod AB is movable about a joint at A, and to B is attached a à 
string whose other end is tied to a ring. The ring slides along a smooth 
horizontal wire passing through 4. Proye by the principle of virtual work 


that the horizontal force necessary to keep the ring at rest ig COS % cos f <pap 


2 sin (4+6) 
where w is the weight of the rod and , B the inclinations of the rod and the 
string to the horizontal. [ Allahabad 1951] 


5. Two equal light rods AOB, COD, freely jointed at O, their middle 
point, are at rest in a vertical plane. with their ends B, C on a smooth 
horizontal table. A string to the ends of which equal weights are attached 
passes over A and D. Show that in the position of equilibrium the angle 


between the rods is tan-1 4, 


2 
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6. Two heavy rings slide on a fixed smooth parabolic wire whose axis 
is horizontal and the rings are connected by a string which passes over a 
smooth peg at the focus. Prove that in the position of equilibrium the 
depths of the rings below the axis of the parabola are proportional to their 
weights. { Allahabad ] 

7. A solid hemisphere is supported by a string fixed to a point on its 
rim and toa point on a smooth vertical wall with which the curved surface 
of the hemisphere is in contact. If@,@ are the inclinations of the string 
and the plane base of the hemisphere to the vertical, prove that 
tan p=$+tan 0. 

8. A lamina in the form of an isosceles triangle rests with its plane 
vertical and its two equal sides each in contact with a smooth peg, the pegs 
being in the same horizontal plane; prove that the axis of the triangle 


makes with the vertical the angle zero or cos~? (Hat) h being the 


length of the axis, & the vertical angle, and c the distance between 
the pegs. [w] 
9. Two uniform rods AB, BO of weights W and W' are smoothly 
jointed at B and their middle points are joined across by a cord. The rods 
are tightly held in a vertical plane with their ends A, O resting ona smooth 
horizontal plane. Show by the principle of virtual work that the tension in 
(W+ W') cos A cos C [ Lucknow, 1952 ] 
sin B 
10. Two uniform heavy rods AB, CD, such that AB=2CD, are 
connected by a smooth hinge, which joins C to the middle point of AB. 
The system rests in a vertical plane with B, D on a smooth horizontal table 
and equilibrium is maintained with CD perpendicular to AB by means of a 
tight string joining the mid points of BC, OD. If the weights of AB, CD 
are 2w, w respectively, find the tension of the string. [C. H. 1952] 
11. A step ladder has pair of equal legs which are joined by a hinge at 
the top, and are connected by a cord attached at one-third of the distance 
from lower end to the top. If the weight of each leg of the ladder be Wy 
and acts at their middle points and if a man of weight W is two-thirds the 
way up the ladder, show, by the principle of virtual work, that the tension 
in the cord is XW +W) tan X, 4 being the inclination of each leg to 
the vertical. [ Nagpur ] 
12. Four equal heavy uniform rods, each of weight W, are freely jointed 
to form a rhombus ABCD and is suspended by the joint A. A light rod 
connects the middle points of AB, AD so that the rhombus cannot collapse. 
Prove that the thrust of the light rod is 4W tan &, where the angle 
BAG is 4. 
13. A square framework formed of heavy uniform rods of equal weight 
W jointed together is hung up by one corner. A weight W is suspended 
from each of the three lower corners and the shape of the square is preserved 
by a light rod along the horizontal diagonal. Find the thrust of the 
light rod. : [ 0. H. 1947, Allahabad *53] 


the cord is 
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14. Four rods are jointed together to form a parallelogram and the 
opposite joints are joined by strings forming the diagonals and the whole 
system is placed on a smooth horizontal table. Show that their tensions are 
in the same ratio as their lengths. [ Allahabad 1955] 

If 7,, T, be the tensions, a, b the adjacent sides of the paralleogram and 
atb? T ~T? 

Qab Pet, 

15. A string, of length æ, forms the shorter diagonal of a rhombus 
formed of four uniform rods, each of length b and weight W, which aro 
hinged together. If one of the rods be supported in a horizontal position, 


« the angle between them, show that cos {= 


prove that tho tension of the rod ig = =S; 


16. ABCD is a rhombus formed of light rods loosely jointed together ; 
OB, OD are two equal rods jointed at O, Band D. If O is connected to 
Aand C by strings in tension prove that the tension of each string is 
inyersely proporticnal to its length, 3 

17. A rhombus ABCD is formed of four equal uniform rods freely 
jointed together and suspended from the point A ; it is kept in position by a 
light rod joining the mid points of BC and CD; if T be the thrust in this 
rod and W the weight of the rhombus, prove that T =W tan 4. 

18. A rhombus ABCD of loosely jointed rods is in a horizontal plane 
with the rod BC fixed in position, The middle points of AD, DC are joined 
by a string which is kept taut by a couple L applied to rod AB. Find the 
tension of the string. 

19. Four uniform rods are freely jointed at their extremities to form 
a parallelogram ABCD, which is suspended by the joint A, and ig kept in 
shape by a string AC. Prove that the tension of the string is equal to half 
the whole weight. 

20. A parallelogram ABCD formed of four uniform rods freely jointed 
at the corners rests in equilibrium in a vertical plane with AB fixed 
horizontally. A is attached to the opposite corner C by a light string of 
length l. AC is. the shorter diagonal and 4 is the acute angle of the 
parallelogram. Show that the tension of the string is Mers, whero 


W=total weight of the four rods and AB=a. [0. H. 1958] 

21. A frame ABCD is formed of four light rods, each of length a, freely 
Jointed together, it rests with AC vertical and the rods BC, CD in contact 
with fixed frictionless supports Æ, F in the same horizontal line at a 
distance ¢ apart, the joints B, D being kept apart by a light rod of length b. 
Show that, when a weight W is placed on the highest joint A, it produces 


in BD a thrust of magnitude R where Rb?(4a? -07$ = W(2a?c-b*). [M. T.] 

22. A rhombus ABCD is formed of four light rods, smoothly jointed 
at their ends. A is connected with C and B with the middle point of OD, 
by tight strings. Show that if these strings are of equal length, the tension 
of one of them is double that of the other. 
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23. A square ABOD formed of light rods, loosely jointed, has tho side 
AB fixed. The middle points of 4B, BC are joined by a string which Is 
kept taut by a force P acting at the middle point of AD parallel to AB. 
Show that the tension of the string is equal to Py 3. . 

24. A rhombus ABCD formed of four uniform freely jointed rods, each 
of weight W and length a rests symmetrically in a vertical plane with AB, 
AD in contact with two smooth pegs in the same horizontal plane at s 
distance 2c apart, the vertex A being downwards. It is kept from 
collapsing by a light string BD. Prove that the tension of tho string is 


2 a sin 4 -o costo? 4) 


a cos = 
2 


25. A quadrilateral ABCD formed of four uniform rods frocly jointed 
to each other at their ends, the rods AB, AD being equal and also the rods 
BO, CD, is freely suspended from the joint A. A string joins A to O and 
is such that ABO is aright angle. Apply the principle of virtual work to 
show that the tension of the string is (wtw') sin?@+w', where w is the 
weight of an upper rod and w' of @ lower rod and 20 is equal to the 
angle BAD. [0. H. 1963) 


26. An endless chain of weight w rests in the form of a circular band ; 
round a smooth vertical cone which has its vertex upwards. Find the 
tension in the chain due to its weight, assuming the vertical angle of the 
cone to be 24. [ Delhi 1950 ) 

27. A smooth cone of weight W stands inverted ina circular hole with 
its axis vertical. A string is wrapped twice round the cone just above the 
tho hole and pulled tight. What must be the tension in the string so that 
it will just raise the cone ? 

28. A smooth paraboloid of revolution is fixed with its axis vertioal 
and vertex upwards ; on it is placed a heavy clastic string of unstretched 
length 2rc; when the string is in equilibrium show that it rests in the form 


3 W 4rach ï f f 
of a circle of radius inane" where W is the weight of the string, A its 


modulus of elasticity and 4a the latus rectum of the generating parabola. 

29, A regular pentagon ABODE is formed of five uniform heavy rods 
each of weight W freely jointed at their extremities, It is freely suspended 
from A and is maintained in its regular pentagonal form by a light rod 
Prove that the stress in this rod is W cot 18°. [London] 

30. Five equal uniform rods, each of weight W, are freely jointed 
together to form a pentagon ABCDE, which is suspended from the joint 
A and maintained in the shape of a regular pentagon by two strings joining 
A toand D. Show that the tension of either string is 2W cos 18°. 

31. A regular hexagon ABCDEF consists of six equal rods, which are 
each of weight W and are freely jointed together. The hexagon rests in & 


vortical plano and AB is in contact with a horizontal table ; if C and F be 


joining B and Æ. 
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connected by a light string, prove that its tension is WV 3, Show that the 
action at the joint Z is Ft (W = weight of a rod). [Allahabad] 


32, Six equal rods, each of weight W, are freely jointed at their ends to 
form a regular hexagon ; the rod AB is fixed in a horizontal position and 
the middle points of AB and DE are joined by a string, Prove that its 
tension is 38W, 

33. Six equal heavy beams are freely jointed at their ends to form a 
hexagon and are placed in a vertical plane with one beam resting on a 
horizontal plane ; the middle points of the two upper slant beams, which 
are inclined at an angle ð to the horizon, are connected by a light cord. 
Show that its tension is 6 cot 0, where Wis the weight of each beam. 

34. Four equal uniform rods of weight W are freely jointed so as to 
form a square ABCD which ig suspended from A and is prevented from 
collapsing by an inextensible string joining the middle points of AB and BC. 
Find the reaction at B. 

35. Four rods, equal and uniform, rest in a vertical plane in the form 
of a square with a diagonal vertical and the two upper rods resting on two 
smooth pegs in a horizontal line, Show that the pegs must be at the middle 
points of the rods and find the actions at the hinges. [London] 


MISCELLANEOUS EXAMPLES 


1. A rectangular lamina ABCD rests with sides AB, AD ow two smooth 
pegs in a horizontal line; prove that if the distance between tho pegs is 
half a diagonal of the rectangle, AB, AD bisect the angles between AC and 
the horizon, 

2, Two smooth rods AB, AC are fixed in a vertical plane at right angles 
to one another and a heavy uniform rod BC can slide with its ends B, C on 
the rods 4B, AC respectively. Show that the rod BC can rest in equilibrium 
at an inclination to the vertical double that of either of the fixed rods._ 

[M.T.] 

3. A triangular lamina ABC rests with its plane vertical, and with the 
sides AB, AC supported by smooth pegs D, E in a horizontal line. Prove 
that if AD=p, AE =q, then b(¢—p cos A) -e(p -q cos A) +3(p? -q*)=0. 

4. Four equal jointed rods, each of length a, are hung from an angular 
point, which is connected by an elastic string with the opposite point. If 
the rod hangs in the form of a square, and if the modulus of elasticity of 
the string be equal to the weight of a rod, show that the unstrotched length 


of the string is za 


5. A parallelogram ABCD is formed of four rods jointed together. 
Equal and opposite forces P are applied inwards at A and O, and a string 


connects Band D. Prove that the tension of the string is P. 2D, 


THE PRINCIPLE OF VIRTUAL WORK 109 


6. A flat semi-circular board with its plane vertical and curved edge 
upwards rests on a smooth horizontal plane and is pressed at two given points 
of its circumference by two beams which slide in smooth vertical tubes. 
If the board is in equilibrium, find the ratio of the weights of the beams. 

7. If two equal uniform rods connected by a smooth hinge are placed 
over the circumference of a smooth vertical circle, apply the principle of 
virtual work to show that in the position of equilibrium the inclination of 


either rod to the vertical is given by cosec*@ cot ont, where 2} and 2a are 


the length of a rod and the diameter of the circle respectively. 
8. Two light rods 400, BOD are smoothly hinged at O, n point ata 
. distance ¢ from each of the ends A, B which are connected by a string of 
length ‘2c sin 4. The rods rest in a vertical plane with the ends A and B on 
a smooth horizontal table. A smooth circular diso Of radius a and weight 
w is placed on the rods above O with its plane vertical so that the rods are 
tangents to the disc. Prove that the tension of the string is 
a. 
A coseo* + tan <} 

9. Two equal rods AB, BC each of length J have a smooth joint at B 
and the ends A, C carry smooth light rings which can slide on the upper 
are of an elliptic wire of axes 2a, 2b; the major axis (2a) is vertical and 
the plane of the wire is also vertical. Show that if }?<2al<2ab, and the 
system is in equilibrium, each rod is either vertical or inclined to the 
vertical at an angle 0 where b* =1*(4a* cos?ð +b* sin?4). 

10. A regular hexagon ABCDEF composed of six equal and uniform 
rods each of weight W, freely jointed at their ends, is just balanced in a 
vertical plane. The rod AB is fixed horizontally, and two weightless rods 
connect A with the middle point of CD and B with the middle point of EF. 
Prove that the thrust of each weightless rod is 3W 439. 

11. Five equal uniform rods, each of weight W, are freely jointed to 
form a pentagon. It is suspended from one corner which is also joined to 
the middle point of the opposite side by an inextensible string ; if the two 
upper and the two lower rods make angles @ and ¢ respectively with the 
vertical, prove that the tension of the string is to W as (4 tan 0+2 tan ¢): 
(tan 0 +tan ¢). 

12, ABODEF is a regular hexagon formed of light rods smoothly jointed 
at their ends with a diagonal rod AD. Four equal forces P act inwards at 
the midpoints of the rods 4B, CD, DE, FA and at right angles to them. 
Find the stress in the diagonal AD and state whether it is a tension or a 
thrust. ‘ 

13, A heavy rod AB, of length 2l, rests upon a fixed smooth peg at O 

and with its end Bupona smooth curve. If it rests in a positions show 
ion of the curve, with C as origin, is r=] +a cosec 0. 

that the polar equation : ra AeL 

14. A small heavy ring P slides on a smooth wire whose plane is 

vertical, and is connected by & string passed over a small pales, O in the 


110 ANALYTICAL STATICS 


plane of the curve with another weight W which hangs freely. If the ring 
is in equilibrium in all positions on the wire, show that the form of the 
Jatter must be a conic section whose focus is at the pulley. 

15. Three equal light rods, each of length /, are smoothly jointed at one 
end to form a tripoid, and stand with their other ends on a horizontal 
smooth table, their feet being connected by three equal elastic strings. 
A load W is hung from the joint, and W is the modulus of elasticity of each 
string. If in the equilibrium position each rod makes an angle of 30° with 
the vertical, prove that the unstretched length of a string is (78)l. 

[0. H. 1948] 

16. ABCD is a square formed of four light rods jointed together, the 
diagonal AC being a fifth light rod. Weights P and Q are attached to the 
corners Bj D respectively and the system is hung up by the corner A, Find 
the inclination of rod AC to the vertical and also the stress in it. 

17. A rhombus PQRS is formed by joining freely four equal uniform 
rods each of weight W. A fifth uniform rod LM of half the length and 
weight of one of the ‘former rods is freely jointed at its ends to the middle 
points of QR and RS. If the system is suspended from the hinge P, show 
that the stress at each of the hinges at L, Mis 4WY 303. 


CHAPTER IV 


ae 


STABLE AND UNSTABLE EQUILIBRIUM 


41. Suppose a body or a system of bodies is in equilibrium 
under the action of any forces. If the body or the system be 
now displaced from its position of equilibrium into some 
neighbouring position and then set free, it may, under the action 
of the forces in the new position, remain in equilibrium in its 
new position or it may begin to move back to its original position 
of equilibrium or it may begin to move further away from its 
original position of equilibrium. In fhe first case the equilibrium 
is called neutral, in the second case it is called stable and in the 
last case it is called wnstable. In cases where several displace- 
ments are possible it may happen that the equilibrium is stable 
for some displacements and unstable for others. In such a case 
we shall say that the equilibrium is on the whole unstable. 

A rod PQ which can move freely about a smooth hinge at the 
end P will be in equilibrium when placed in the vertical position, 
When PQ hangs vertically with Q below P the equilibrium is 
stable for if PQ be displaced slightly and then set free it will 
begin to move towards its position of equilibrium but when placed 
in the vertical position with Q above P, the equilibrium is 
unstable for if it be slightly displaced and then set free, it will 
fall away from its position of equilibrium. A heavy uniform 
sphere ab rest on & smooth horizontal plane is an example of a 
body in neutral equilibrium. 

4'2. Co-ordinates of a body and of a system of bodies. 

Since we are concerned with the positions of equilibrium of a 
body or of a system and their displacements to neighbouring 
positions it is necessary to find out how the position of a body or 
a system can be determined. The position of a particle in space 
is determined by its three cartesian co-ordinates @, Y, % referred 
to some axes, @, 4,2 are called the co-ordinates of the particle. 
Any set of quantities which will determine the position of the 
particle will be called its co-ordinates, The position of a rigid 
body is determined by the positions of any three points fixed in 
the body say 4, B, ©. This requires nine quantities, the nine 
cartesian co-ordinates of A, B,C. But since the three distances 
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AB, BC, OA are fixed, the nine quantities are not independent 
but are connected by three equations. Solving these equations 
we can express three of them in terms of the other six. These 
six quantities are independent and they determine the position 
of the body ; they are called the co-ordinates of the body. Any 
arbitrary values given to these six co-ordinates will determine a 
position of the body and go the body is said to have six degrees 
of freedom. The position of the body can also be determined in 
other ways ¢.g. by the positions of any two points fixed in the 
body, say A and B, and the angle any plane fixed in the body 
makes with a plane fixed in space, say the zy-plane. We again 
find that six independent quantities are required for determining 
the position of the body. And it is always found that six 
quantities are necessary to fix the position of a rigid body. Thus 
a rigid body has six co-ordinates and six degrees of freedom. 

The position of a system of rigid bodies, connected together 
and subject to certain constraints, is determined by the positions 
of the separate bodies which form the system. Letn be the 
total number of quantities required for determining the positions 
of the separate bodies. But these n quantities are not indepen- 
dent, Every connection and constraint gives rise to an equation 
involving these » quantities. Let m be the number of such 
equations. Solving these m equations we can express m of the 
quantities in terms of the other (n—m) quantities. These (n~m) 
quantities are independent and determine the position of the 
system. They are called its co-ordinates. Since each of these 
(n—m) quantities can assume any arbitrary value, the system is 
said to have (n— m) degrees of freedom. The number of degrees 
of freedom of a system is exactly equal to the number of its 
co-ordinates. 

Thus we find that there are always a certain number of 
quantities which determine the position of a rigid body or of a 
system of rigid bodies. They are called the co-ordinates of the 
body or of the system; a particular set of values of these co- 
ordinates determine a particular position of the body. or a 
particular configuration of the system and slight changes in their 
values gives a neighbouring position or a neighbouring configura- 
tion. The body or the system is said to have a number of degrees 
of freedom equal to the number of its co-ordinates. 
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43. Field of force: Conservative field: Potential 
Energy of a system : 

If a system of forces act in a space S, so that at every point 
of the space there acts a definite resultant force, whose magnitude 
and direction is known, then such a space is called a Field of 
force or simply a Field and the forces of the system are called 
forces of the field. 

Suppose a system of bodies EA E together and subject to 
certain constraints, isina certain position in a given field of 
force and receives a small displacement to a neighbouring position, 
which does not violate any of the constraints. Let us calculate the 
work done by the forces of the field which act at different points 
of the system, 

Let Ox, Oy, Oz be a system of rect. axes chosen in the field 
and let X, Y, Z be the components parallel to the axes of the 
force P which acts at the point (x, y, z) of the system. As the 
field is given X, Y, Z are known functions of æ, y, z. The work 
done by P due to the small displacement is Xdz+Ydyt+Zadz. 
Therefore the total work done by the forces of the field which 
act on the system=3(Xda+ Ydy+ Zadz)...... (1) 

Let the co-ordinates of the system be 93, 92, ..., Om. Then a, 
y, z and X, Y, Z are all known functions of 63, 92, ... Om: 
Denoting the small work done by dW, we have from (1), 


dW=f1d0,+fed0a++**+fmd0m:---+ .(2) 
where fas fas «++» fm are all known functions of the co- 
ordinates 03, Oas ses Om: 


It their exists a function $ of Os, Os, +. Om such that 


— 00) E eras 
f= fa P then we have 
= —— —, oer 6 = 
dw= a dð + Gis set Se dm = dd. 


.'. W=¢+C, where C is a constant. 


W is called the work function. The work done by the forces 
of the field when the system moves from one position A to 


B 
another position B= f'dé=$,—¢,, Where $, denotes the value 
A 


of dfor the position A ie. by=Hda, da “ts 4m), if 015i, 
8 
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02=4a, ‘** define the position A. Thus the work done depends 
only on the initial and final positions of the system and not on 
the route the system has taken to move from one position to the 
other provided no constraints are violated. Inguch a case the 
field of force is called conservative and the forces of the field are 
said to form a conservative system. 


Suppose the field is conservative and suppose there is a 
standard position O, defined by 01=61, 9a = ba, -= Then the ~ 
work done by the forces of the ficld when the system moves from 
its present position to the standard position is (Bi, Ba, .--)— P84 
Oa, ...) and this depends only on the co-ordinates of the present 
position. This is called the potential energy of the system in the 
position (61; Oa, +++, Om) and is denoted by y. 

<. dV=-dé=—-dWw ~<: dW+dV=0 

or, W+V=constant. 

Thus when the system moyes in such a way that the forces 
of the field do positive work, the potential energy of the system 
decreases by the amount of work done. 

It is proved in Dynamics that when a system moves from one 
position to another, the change in its Kinetic Energy is equal to 
the work done by the external forces. Therefore if K denotes 
the Kinetic energy of the system then dK=dW=—dV 

<+. dK+dV=0 

or, EK+V=constant. Thus in a conservative field, the sum 
of the Kinetic and potential energies of a system is constant i, © 
the same at all positions. 

All natural fields of force are conservative ; the field due to 
gravity is the simplest example of a conservative field. 


4'4, The Energy Test of Stability. 


Suppose a body or a system of bodies, connected together 
and subject to certain constraints, is in equilibrium under the 
action of forces in a conseryatiye field. By the principle of 
virtual work, no work is done by the forces of the field when the 
system receives any arbitrary small virtual displacement consis- 
tent with its geometrical conditions. As no work is done, there 
is no change in the Kinetic energy of the system and so no change 
in its potential energy as in a conservative field the sum of the 
kinedic and potential energies of a system is constant. Conversely 
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if there is no change in the potential energy of the system for 
any arbitrary small displacement, then there is no change in its 
kinetic energy and so no work is done by the forces of the field 
and therefore, by the converse of the principle of virtual work, 
the system is in equilibrium, Thus for positions of equilibrium 
we have dV=0, where V denotes the potential energy, and 
therefore V is a maximum or a minimum or stationary at the 
positions of equilibrium. 

First suppose the position of equilibrium of the system is one 
in which Vis a maximum. Let the system be displaced to a 
neighbouring position and then set free. In the displaced position 
the value of V is decreased. When set free, it begins to move 
under the action of the forces of the field and therefore gains 
kinetic energy and so its potential energy decreases. Thereforo, 
it cannot move back to its, original position of equilibrium and 
the equilibrium is unstable. 

Next suppose the position of equilibrium of the system is one 
in which V is a minimum and the system is displaced slightly 
and then set free; in the displaced position V is increased and 
when set free the system begins to move; and it must so moye 
that its potential energy decreases, for by moving it is gaining 
kinetic energy. Therefore the system tends to move back to its 
original position of equilibrium, and the equilibrium is stable, 

Lastly; when Vis stationary in the position of equilibrium, it 
is increased for some displacements and decreased for some 
others. Therefore from the preceding arguments it follows’ that 
the equilibrium is stable for some displacements and unstable 
for others and therefore the equilibrium is on .the whole 
unstable. Hence we have the theorem known as tle Energy test of 
stability : iw 

The positions of equilibrium of a system in a conservative field 
are those positions in which the potential energy of the system is a 
maximum or a minimum or stationary. Positions of maximum 
potential energy are positions of unstable equilibrium, positions of 
minimum potential energy are positions of stable equilibrium and 
ihe positions in which the potential energy is stationary are on the 
whole unstable. Lily 3 

In the above argument it has been assumed that no one of thg 
neighbouring positions is also & position of equilibrium. But if 
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there be such a neighbouring position, then the equilibrium is 
neutral for the displacement to that Position. 


4'5. The most important case is the one in which gravity is 
the only external force acting on the system. 

Let a body or system of bodies, connected together and 
subject to certain constraints, be under the action of no forces 
except their weights and the forces of constraints, and these 
forces of constraints are supposed to be such that they do not 
appear in the equation of virtual work. 

Let 4, @g,......be the weights of the different bodies of the 
system and let 21, 22,--....be the depths of their centres of gravity 
below some fixed horizontal plane. Let W be the total weight of 
the system, Z the depth of its c.g. below the fixed plane and V its 
potential energy. The virtual work of the weights for a small 
displacement is —dV=01821+282ar"*"***. 

or, —V+0=wzi t waza t'n 


=W2z [ for gore | 
Zo 


or, V=O—W2, where C is a constant. 

|, When Zis a maximum, V is a minimum and the equili- 
pbrium is stable, and when Z is a minimum, Visa maximum and 
the equilibrium is unstable. Thus the positions of equilibrium 
of the system are those in which the depth of its c. g. below a 
fixed horizontal plane is a maximum or a minimum and the 
equilibrium is stable in the former case and unstable in the 
latter. 


Let the system have one degree of freedom, then its position 
is determined by a single co-ordinate, say 0. From the geometry 
of the question, 2 can be expressed in terms of 0. Let z=f(0). 
The positions of equilibrium of the system are given by those 
values of 0 which makes Z a maximum or a minimum. The 
required values of 0 are given by Pa) or, f'(0)=0. 

Let 4, 8, ...be the values of 0 obtained by solving this equa- 
tion, Find f’(9). If f’(«)<0, then 0=4 makes 2 a maximum and 
,'. gives a position of stable equilibrium, and if f'(a)>0, then 
0=4 makes Z a minimum and gives a position of unstable equili- 
brium, If f’(4)=0, we must find the higher derivatives of Z and 
decids, according to the rules of Calculus, whether 0 =4 makes 2 
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a maximum or a minimum, Similarly the other values of @ are 
to be tested for stability. 

As the system moves through different positions, its o. g. will 
describe some definite curve, whose maximum and minimum 
ordinates will occur alternately, It follows that the stable and 
unstable positions of equilibrium occur alternately. 

4'6. A perfectly rough heavy body rests in equilibrium 
on a fixed body. To find whether the equilibrium is 
stable or unstable. 

We shall discuss the problem under the following assump- 
tions :— 

(i) The very small displacements considered take place ina 
vertical plane of symmetry so that the centre of gravity of the 
upper body moves in that vertical plane during its motion. 

(ii) The parts of the two bodies which are in contact during 
the displacements are portions of spheres. Their sections by the 
vertical plane of symmetry are two circular arcs and during the 
displacements the upper circular are rolls on the lower one. No 
sliding is possible as, by assumption, the bodies are perfectly 
rough. 

(a) We first assume that the surface of the lower body, 
which is fixed, is convex upwards and the upper body rests in 
equilibrium on the highest point of the fixed body. 

Two forces acting on the upper body keep it in equilibrium 
viz. its weight, a vertical force through its ©. 8. and the total 
reaction at the point of contact ; it follows that the c.g. is on the 
vertical through the point of contact. Let h be its height above 
A, the point of contact in the position of equilibrium. Let ri, 72 
be the radii of the circular arcs in 
which the vertical plane of symmetry 
cuts the lower and the upper body 
respectively, the two arcs touching 
at A. 

Let A’BD’ be the slightly dis- 
placed position of the upper circular 
arc, Cg being the new position of its 
centre, B the new point of contact, 
A’ the new position of A and @ the 
new position of the c.g. of the upper body on 


H'O where A’G=). 
ie 
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Since the upper body rolls over the lower, are AB=are A'B. ~ 
Let Cı be the centre of the lower circular are ; then CBCa is 
one straight line and 0,B=r,, CgB=A'C2=re.; and C2G= 
teh or h—ra ace, as A’'GSA'Cg. ro 
Let 440,B=ZB0.D'=0, 2A'0aB=¢, 6,6 being very small — 
angles. sl 
ci Then 7,9=are AB=are A’B=19¢...:5. a) i 
Let z=height of G above the horizontal through Ci. S 
Then z= projection of C,G on C24 ia N 
=sum of the projections of 0,0, and CaG on 0,4 ; 
=(r1 +ra) cos 0—(ra—h) cos (8+¢) EE 


or, 2=(r1 Fre) cos 0—(ra— h) cos ss tra a): [from (1)]. 


yA (ry +19) sin otram) sin (treo) 
To 


az rı tre 
A A E D 


In position of equilibrium 0=0 ; 9 when 0=0. And ; 


2 
=(ry +72) cos otra =n) cos oo 


the equilibrium is stable or unstable acc as the value of z 
2 Si 


d’z 
when 0=0 is a minimum or a maximum i.e, acc. as 40? is > 


or <0 when 0=0 ie. acc. as ~ (rı Fra) + (ra— h) (tza)? 20 
2 


1 
or ete 
az 
5 70 when 0=0 i.e. if rara =h(ri tra), thon we have to 


consider higher derivatives. 


Now Pe iratra) [ -cos 0-Feos (+o) 


ESE To, 
[ Brom (2), putting h a ated | 


4 AE, [si Stra? (tss) 
A ggi rtra) sin 0; Trait sin SPTE 0) 


which vanishes when 6=0. 
d* titre)?  - [ritr 
and penta tts) [cos o- (24) cos ( ee 29)|z0 
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=. oe 
in this cage z is a max. when 0=0 and so the equilibrium is 
unstable, 


s 
when 6=0, ace. as 1—(1+2 20 <0, when 0=0 and 
2 ` 


Hence the equilibrium is stable only if to hgh and is 
1 2 


unstable in the other cases. 


(b) Secondly, we assume that the surface of the lower fixed 
body is concave upwards and the upper body rests in equilibrium 
at the lowest point of the concave surface. 

Two forces acting on the upper body keep it in equilibrium 
viz. its weight, a vertical force through G, its c.g. and the total 
reaction at the point of contact; it follows that Gis on the 
vertical through the point of 
contact. Let h be the height of 
G above A, the point of contact 
in the position of equilibrium. 
Let r, R be the radii of the 
circular ares in which the yerti- 
cal plane of symmetry cuts the 
upper and the lower body res- 
pectively, the two ares touching 
at A. Let A’B be the slightly 
displaced position of the upper 
circular are, O being the new 
position of its centre, B the new point of contact, A' the new 
position of A and G“ the “new position of Œ on A'C where 
A'@’=h. ince the upper body rolls on the lower, are AB= 
are A'B. Let O be the centre of the lower circular are ; then 
OCB is ona straight line and OB=2, CB=CA'=r<R, and OG’ 
=(r—h) or (h-r) ace, as A’G’SA'C 

Let ZAOB=6 and ZA'OB=¢, then 0, $ are very small angles. 

We have R@=are AB=are A'B=rg:"-*-(1) 

Let z be the the depth of G’ below the horizontal through 0, 
which is cut by the vertical through C at M. Draw G’L L on MO. 

Then z= ML=MC+CL or, MO— OL ace. as AGSA'C 

=(R—r) cos 0+(r—h) cos ($-0). 


=(R-r) cos PECAR) cos (== | [ from (1)]. 


CE 
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ve 4 =R- r) sin o—(r—») (2) sin (=) 
ae=-(R-1) cos 0-0-02) cos (E=) 


In the position of equilibrium considered, we haye 0=0 and 


a 0 when 0=0. Therefore the equilibrium is stable or unstable 


acc, aS z is a maximum or a minimum when 0=0 ze. acc, as 


pet) 
250 when 0=0 ie, ace. as —(R-1)=- 0) 2] S0 


Isi_ 1 
™ ir RB 
dz 
It qa =0 when 0=0, i.e. if Rr= h(R—r), then we have to 
: ‘ Ces a aie 
consider the higher derivatives de® do? 


Now when ra, S a =(R- »[- cos 0+cos (= “a } 
Fa 4 =(R—r)[sin eats sin (270) , 
which vanishes when 9=0 
R 
and Tiag- feos 0-22} cos (2=)]so aso 


when @=0, ace. as 1-(2=2)" SO or, R=2r. 


.”. In this case, z is a maximum or a minimum and therefore, 
the equilibrium is stable or unstable acc, as R22r. 


When ho oe and R=2r, then h=2r and we have z=0 for 


all @ even when finite, 


oy a =0 for all 0, So every displaced position is also a 
position of equilibrium and the equilibrium at @=0 is really 
neutral, 


4'7. It may be remarked that in establishing the results in 
the previous article, the displacement given to the upper body is 
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an infinitesimal and so it may be conceived to be so small that B, 
the new point of contact is the point consecutive to A. The two 
curves of intersection of the bodies by the vertical plane of 
symmetry touch at A which is to be considered as two consecutive 
points common to them and the upper one rolls to B where thoy 
touch at their next consecutive points. So when these curves of 
intersection are not circles, they may be replaced by their two 
circles of curvature at A without affecting the argument in the 
previous article because each circle of curvature has three“ conse- 
cutive points at A common with the respective curves of inter- 
section, So, in this case, if P4 and pẹ be the radii of the circles 
of curvature at A of the vertical sections of the upper and the 
lower body respectively, the equilibrium is stable or unstable ace. 
as ælg L.a) in case (a) of Art 4'6 and aco. as 151-1) 

pı Pe h pr Ps- 
in case (b) of same article. 

LA 


When -=—+ ae the equilibrium is said to be neutral to a 
h pı Pa 


first approximation. Determination of stability in this case is 
difficult. 


If one of the bodies is a plane, the curvature of its section is 


zero and the condition of stability is obtained by putting 2 or 
i 


Z equal to zero in (1) ace. as the plane body is the upper or the 
2 


lower one. If the upper body rests with its plane face on the 
1 

lower body, the equilibrium is stable or unstable acc. as tee 
2 

and if the upper body rests on a plane face of the lower body, 


TUS 
tho equilibrium is stable or unstable acc, as i= aN 


4'8. Rocking Stones. 

In Art. 4'6 we discussed the stability of equilibrium of one 
body resting on another on the assumptions that the portions of 
the two bodies in contact are spherical and that their point of 
contact is the highest point of the lower body. Now we remove 
both these restrictions in discussing the stability. 

A perfectly rough heavy body rests in equilibrium on a fined 
body at the point A. The common normal at the point of contact 


© 


123 ANALYTIOAL STATICS 


A makes an angle 4 with the vertical. The c. g. of the upper 
body, G, which for equilibrium must lie on the vertical at A, is 
at the height h above A. The equilibrium is stable or unstable - 
acc. as otal +> where pr, pa are the radii of curvatures 
at A of the curves of intersection in which the iwo bodies are cut 
by the vertical plane of symmetry in which the displacement is 
given. 

Let the upper body roll on the lower through a small angle 0 
so that the new point of contact is B 
and les arc AB=s. Then we have, as 
in article 3'10(e), o=s(> +4) » neglecting 

Pi Pe 

small quantities of second order where 0 
is a small quantity of first order. Since 
Ais the instantaneous centre of rotation 
of the upper body when it rolls, G moves 
horizontally to G’ and its horizontal displacement GG' is hd. 
Draw BL to the vertical AG. Then the equilibrium is stable 
or unstable acc. as GG'SBL. For when GG'<BL the line of 
action of the weight of the upper body, which is the vertical 
through G”, passes to the left of B and the moment of this weight 
about B will tend to move the upper body back to its original 
position of equilibrium, The reverse will happen in the other 
ease. Now from ABAL, BL=AB sin BAL=s cos 4, neglecting 
small quantities of higher order [for when B is very near to A, 
AB becomes the tangent at A and ZBAD becomes (90°—4)]. 

Hence the equilibrium is stable or unstable according as 
cost 1,1 
ebay 

In particular, if the upper body rests at the highest point of 
the lower, we have 4=0 and the condition of stability or unstabi- 


hs (24 1s, cos or acc, as. 
Pı Pa 


lity becomes dg ck the result deduced in Art. 4'7. 
h~ pr Ps 
4'9. Problems, 


In most of the problems, gravity is the only external force 
and the system has one degree of freedom. Method of procedure 
to be adopted for solving such problems has been indicated in 
Art. 4'5. In some problems results proved in Art, 4'6 and the 
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more genoral result proved in Art. 48 are directly applicable. 
Some problems of different types will now be solved for purposes 
of illustration. 


Examples Worked 


Ex. 1. A body, consisting of a cone and a hemisphere on 
the same base, rests on a rough horizontal tablo, the homisphero 
being in contact with the table; show that tho greatest height 
of the cone, so that the equilibrium may be stable, is AS times 
the radius of the hemisphere. 

Let ABD be the cono and BOD A 
tho hemisphere. Let 400 be the 
common axis on which lie tho 0 g.'s 
G1, Gz of the cone and the hemisphere 

G, the og. of the combined body 
is on AOC. If G does not coincide B > D 
with O, the centre of the sphere, 
then in position of equilibrium 400 
is vertical and O is the point of 
contact with the horizontal table. C 
Let a= radius of hemisphere and h=height of cone. 


OG, =ga and 0G, =a+} 


volume of hemisphere=$7a*, volume of cone = $ra*h. 


2 rR h 
Ep Tin ote be ati) _sattdarta? 
Sma” +ina*h 4(2a+h) 
oP EIS A 4(Qa+h) 1 
Equilibrium is stable if GG? a or, Ba¥+-dah+h* car ee ha 
or, 3a°>h? or, h<aV/3. 
Greatest value of h for stable equilibrium=a/3. 

It G coincides with O, which happens when h=a¥/3, the 
system will be in equilibriam with any point of BCD in contact 
with the table. 

Ex. 2. A lamina in the form of an isosceles triangle, whose 
vertical angle is 4, is placed on a sphere, of radius r, so that its 
plane is yertical and one of its equal sides is in contact with the 
sphere ; show that, if the triangle be slightly displaced in its” 

Me 
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Sea RA 3 y 
own plane, the equilibrium is stable if sin a where a is one 


of the equal sides of the triangle. 

Let ABO be the triangle where 
AC=AB=a and ZBAC=4. The 
triangle rests at the highest point 
L of the sphere with side AC in 
contact. Let BD=DOC, then the 
. og. G of the triangle is on AD, and 
also it must be on the vertical OL 
at L.. .. G is the point of inter- 
section of OL and AD and AG=$AD 


=3. AC cos 5-40 cos $ and h= LG= AG sin §=30 sin § cos 3 


oe sin. Equilibrium is stable if i>! 


i 3r 
or, r23 sina or, sin 44<—. 
a 


Ex, 3. A thin hemispherical bowl, of radius b and weight 
W, rests in equilibrium on the highest point of a fixed sphere, of 
radius a, which is rough enough to prevent any sliding. Inside 
the bowl is placed a small smooth sphere of weight œ., Show 


that the equilibrium is not stable unless œ < W. ot 
Let A be the highest point of the fixed 
sphere of centre O and let C be the centre of Gul 
the plane face of the bowl. Then OAC is the ' 
common normal at A and it is vertical, A) 


In position of equilibrium, g, the c. g. of 
the bowl, must lie on tho vertical at 
A. <. OAgC is one straight line and A is 
the lowest point of the bowl; we have, 


b ‘ 
Og =o The weight always occupies the lowest 


position in the bowl and its line of action always passes through 
C... Its effect will remain unaltered if it be fixed to the 
bowl at O. If G be the c.g. of the combined body, the bowl and 


« 


STABLE AND UNSTABLE EQUILIB RIUM 125 
W. btob 
the weight w fixed at C, then h= AG = — Fr For stable 
Wto 
SAR LPEE 
1 pee He 
equilibrium, Pea a 
or, Wto atb 
* W.W+20)~ ab 
or, 2a\W+o)>(a+b)(W +20) 
W.la—b) 
or, o< Jb 


Ex. 4. A solid frustum of a paraboloid of revolution, of 
height h and latus rectum 4a, rests with its vertex on the vertex 
ofa paraboloid of revolution, whose latus rectum is 4b; show 
that the equilibrium is stable if h> a. (C. H. 1951] 


Let the paraboloids DAH, BAC touch B is c 
at their common vertex A, where LAM is 
their common axis. Then centre of ey 
gravity G of the upper one BAC ison AL, 
where AG=2AL=$h. For the paraboloid 
can be broken up into thin circular dises 
by planes 1 to its axis AL. Vol. of such 


a disc at a distance œ from A=mpdz= D M E 
n-Aacde and its og. ison AL at the distance 


h 
JS rAanda.e 
virom A... AG=%; 
Ji TAacda 


=sh. 


Sections of the paraboloids by any vertical plane of symmetry 
in which the displacement is given, are the generating parabolas 
of latus rectum 4a and 4b respectively, A being their common 
vertex, We know that the radius of curvatnre at the vertex of 
a parabola is equal to its semi-latus rectum .’. Here?pz=2a, 
and pa = 20. 


X. Equilibrium is stable if apa 


vee Bab 
Bsiyt a Bab, 
of p aa ab aed 5 
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Ex. 5. A heavy vertical elliptic lamina, capable of moving in 
its own plane, rests in equilibrium on a smooth horizontal plane. 
Find the positions of equilibrium and determine whether they 
are stable or unstable. [0. H. 1952] 

The centre C of the lamina is its c.g. Let A be its point of 
contact with horizontal plane when in equilibrium. Since plane 
is smooth the reaction at A is normal which, being perpendicular 
to horizontal plane, is vertical. It balances the weight which 
acts at C. .. Thenormalat A passes through O. If A be 
(a cos 90, b sin 0) the equation of normal at A is aw sin 6 — by cos 0 
=(a?—b?) sin 0 cos 6. If it passes through O. (0, 0) then sin 6 
BOTs s 
Wri 
major axis or of the minor axis. Let A be an end point of the 


2,2 27,2 2 
major axis ; then h= AC=a and eee iy. <. Hquili- 


cos 0=0 .'. 0=0, or Ais anend point of the 


2 
brium is stable or unstable ace. as aS; or za or b2a. As 


b<a, the equilibrium is unstable. Similarly it can be shown 
that the equilibrium is stable when the lamina rests on an end 
point of its minor axis. Hence there are four positions of 
equilibrium in which the lamina touches the plane at one of the 
four end points of its axes, At the end points of the major axis, 
equilibrium is unstable but is stable at the end points of the 
minor axis. 


Ex. 6, Three equal particles repelling each other with forces 
proportional to the nth. power of the distance are connected 
together by three equal elastic strings. Find the position of 
equilibrium and show that it is stable 


if nr where æ is the unstretched and 


p the stretched length of any string. 

Let A, B, C be the three equal particles 
and let A be the modulus of elasticity of 
the equal strings. The force of repulsion 
on B due to A is p.(AB)". Let BO=a+e, 
CA=aty and AB=a+z. Then if F be 
the force of repulsion between A and B and T the tension of 


STABLE AND UNSTABLE EQUILIBRIUM 1297 


string AB, the work done by the two forces of repulsion and 
the two tensions when 4B gets a small displacement 
= Fa AB)-—Td AB)=(F-T)ds 


=[da+s)*-2 fas 


when the system of the 3 particles gets a small displace- 
ment the work done by the forces acting on the system is eqnal 


to dWw= s[ mate) — elas. 


But dW=-4dV= - (Mae Payt as) 


a Xo —ula+z)" +4, and similar values of a? and a”. 


For stationary values of V we have BF n0, Sr m0, or 0 


nata)" =n, paty = A and uat =t z. 
a a a 
a=y=z each being given by the same equation, pi" 
=*i-a), writing atz=t. Thus in position of equilibrium the 


particles from an equilateral triangle whose side is given by the 
equation agt” =Nt—a). 

Let p be the root of this eqn. then aap” =N p-a)... OG); 

To test for stability we have to determine whether V is max. 
or min. for z=y—2=P—4- 


Now av-at fo 

n @V=3|*=unlatal Jan. 

when a=y=s=p—0, BY =(3—ano"*)(ds*+dy*+ ae? 
, Vis min. or max. acc. a5 2 mnp" 20 


or, using (1) ace. as Ap—nd(p—a)=O_ or, ogre 


Thus equilibrium is stable if n< a where in equilibrium 


length of each string is p given by equation (1), š ‘ 
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Ex. 7. A heavy rod rests with its ends on two smooth 
inclined planes which intersect in a horizontal line. If the 
inclinations of the planes to the horizontal are 4 and B and tho 
centre of gravity of the rod divides it in the ratio a:b, find the 
position of equilibrium of the rod and show that it is unstable. 

Let AB be the rod, l its length, and G its cg. Then AG: GB 
=a:b. Let AL, BM, GN be drawn L’ on the horizontal. For 
equilibrium, the three forces which 
act on the rod viz. the two normal 
reactions at A, B and the wt. of the 
rod must lie in the same plane 
and meet ina point. This plane is M ON L 
vertical and cuts the inclined planes 
along lines of greatest slope AO and BO. AL, BM, GN 
all lie in this vertical plane and MONL is a horizontal line 
and ZAOL=« and ZBOM=B8. If z be the height of G above 


the line MONL, we have z= an= Sabre BM), where AL= 


OA sin% and BM=OB sin B. Now if 9 be the inclination of AB 
to the horizontal, then ZOBA=8+0,/ ZOAB=(A—0) and ZAOB 


=m—(x+8). .. from AQOAB, we have, 
SEOANE OB ely agri bi a) 
, sin (B+6) sin (x—@) sin (4+8) 
j H sin 4 : la sin B ay 
. (a+b)z=01. ae (qc BY CFB sin (£ B+0)+ EELA). sin (x — 0) 
Site: ASS 
(ato) dé sin sin (4+6) 
[b sin 4 cos (B+0)—a sin b. cos (4— 0)] 
and Gree SARRAN 


Fa sin sin (<8) 
[—b sin 4 sin (8 +6)—a sin B. sin («—8)] 


Foz equilibrium, we have, 49 


-e bsin 4 cos (B-+0)—a sin B cos (4—0)=0 


b cot B—a cot x 


or, tan @= att » which gives the position of 


equilibrium of the rod, > 


: 
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hud (ots) pai ssn one 


{(a+-b)+tan b cot B—a cot «)] 


b cot B= t x 
When tan gatot, a<0, as 0 being acute, 
cos #>0 and expression within square bracket istve. .°, sisa 


maximum and therefore the position of equilibrium is unstable. 


Ex, 8. A uniform square lamina rests in equilibrium in a 
vertical plane with two of its sides in contact with smooth pegs 
in the same horizontal line at a distance c apart. Show that the 
angle @ made by a side of the square with the horizontal in a 
non-symmetrical position of equilibrium is given by olsin 0+cos 8) 
=a, 2a being the length of a side of the square, Discuss the 
stability of possible positions of 
equilibrium. [C. H. 1955] € 

Let ABOD be the square 
and P, Q the pegs. Then 
PQ=c. Let side AB make an 
angle @ with the horizontal 
AMN. G,t he c.g. of the lamina 
is the mid-point of ACG. Let 
GLM be drawn L to AMN 
cutting PQ at L and AMN at 
M and let z be the height of G 
above fixed line PQ. We bave, 

= GL=GM—LM=awv2. sin (0+45°)—AQ sin 0 


=a(cos 0+sin 0)—c cos 0. sin 0. 


4 =al- sin 0 +cos 6)—cleos*é — sin*@) 


Tt =a(—0os §—sin 6)—c(—4 sin 0 cos 0) 


. d 
For positions of equilibrium, we bare Frm 


or, (cos ĝ0—sin ')la—cleos 0+sin 6)]=0 
. tan 0=1 or c(cos 0+sin 6)=a. 
Thus the positions of equilibrium are given by 0=45° and.. 
c(cos 0+sin 0)=a ; when- 0=45°, AC is vertical; it is the 
9 
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symmetrical position of equilibrium. The non-symmetrical 
positions of equilibrium are given by the equation c(cos 0 +sin 0) 


pe ? guage ; 

=a or sin (0+45°) PE, and @ is real when a<ca/2 
RRA As 0>0, we must also have apes 

CRE TF : on N3 

or Ku 


Let a>c>#AC and write $=0+45. <. there are also two 


non-symmetrical positions of equilibrium given by sin $= 
When c<%A0, the symmetrical position is the only position of 
equilibrium, 


For stability: (i) Leba>o>tA0 ~. o> fq Thero are 3 
positions of equilibrium, one symmetrical and two non-symme- 


2 
trical. When 0=45°, Te ay 2+ 20>0, z is a min and 


the equilibrium is stable. When 0 is given by sin ¢= Ja 
2 
where 0=¢—45°, we have, a= ay. sin 6+2¢ sin (26—90°) 


pe a a? a Qa? a? 2e 
= a 2. — — ( — Nar -Á a — 
y. od 21 — 2 oê =- a — 204 bes ; <0 


s. Zisa maximum and the equilibrium is unstable. Thus 


the symmetrical position is stable and the two non-symmetrical 
positions are unstable, 


fF 1 f 
Gi) Let o<7 AC ie. <T There is only one position 


of equilibrium, the symmetrical ono. 


az 
When 0=45°, go T ON 242<0 .’, zisa maximum and 
the equilibrium is unstable. 


Ex. 9. A square lamina rests with its plano perpendicular 
to a smooth wall one corner being attached to a point in the wall 
by a fine string of length equal to the side of the square. Find 
the position of equilibrium and show that it is stable. 


X ; [0. H. 1964, 1957] 
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Let ABCD be the square and OB the string connecting 
corner B to the point O in the wall. The 
lamina rests against the wall at A. Let 
AB=a. Then OB=a; let 4BOA=ZBAO 
=0. The c.g. of the lamina is G, the 
mid-point of BD. Draw BL, GM, DN 
perpendiculars on the wall, We have, LA 
=a cos 0, AN=a sin 0. <. LN=a cos 0+ 
asino .'. LM=}LN=}alcos 0+sin 0). 

It z be the depth of G below fixed point 
0, we have, z=OM=OL+LM 


=a cos 0+4a(cos 0+sin 8) 


=5 (3 cos 0+sin 6). 


at (—3 sin 6+cos 0) 
az a as 
17a (—3 cos 0—sin 6). 


a2 _ 


For positions of equilibrium, 40 


3 sin @=cos@ cr, tan 0=t. 

In position of equilibrium, the string makes an angle 
4=tan-* (4) with the vertical. As this angle 4 is acute, cos 4, 
sin 4 are both>0. 


.', When 0=4, a= -3 (3 cos 4+sin 4)<0 “. zisa max, 


Hence the position of equilibrium is stable, 


Ex, 10, A uniform rod, of length 21, is attached -by smooth 
rings at both ends to a parabolic wire, fixed with its axis vertical 
and yertex downwards, and of latus rectum 4a. Show that the 


angle @ which the rod makes with the horizontal in a slanting 
Qa. f 
position of equilibrium is given by cosh = 73 and that, if these 


positions exist, they are stable. 


Show also that the positions in which the rod is horizontal 
he rod is below or aboye 


are stable or unstable according as t 
the focus. [c. H, 1967] 
o 
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Let A be the vertex of the parabola and Aw its axis and 
Ay the tangent at the vertex. The 
equation of the parabola is y?=4ax. 
Let PQ be the rod, and G@ its ag, 
the mid-point of PQ. Draw PL, 
QM, and GN L'on Ay; and draw 
PR L on QM, Then 4QPR=0. 

Let AL=2at,, AM=2ate. 

Then PL=aty*, QM=at,? 

"P, Q are points on the 

parabola 


<. QR=QM—PL=alt,?—t?) 
or, 21 sin 6=a(ts?—t,),..... (1) 
And LM=AL+AM=2alt, +3) 
2l cos 0 = 2alts+te).........(2) 
If z be the height of G above Ay, we have 
2=GN=3(PL+ QM) =$alt,?+t,2). 
Now we have to express z in terms of 0 with the help of tho 


relations (1) and (2). From (1) and (2) by division, we get, 
2 tan 9=ta—#3......(3) 


a=f Matta) He,t] 


=J cos’0 +4 tan?9 | [from (2) and (3).] 


dz_a iy : 
197 =‘|- 2 cos 0 sin 0+8 tan 0. sec?0 } 


2 
Sa sin of sec?0— i cos o] 


Pz a 
J= afos o(4 so'o- 5 cos o)+sin ofi2 soo tan 0-+ in 0] 


For positions of equilibrium, Bo, 
M0 Son ee E ag 24 
, a? =0 or, cos a 


+. 0=0 ; it gives the horizontal Position of equilibrium. 


o 
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If Qa>1 or, 2l<4aie. PQ<latus rectum, then @ is not 
real. .’. there is no other position of equilibrium and the 
horizontal position is the only position of equilibrium. In this 
case, when 0 =0, we have from (4), 

a*z a ry 1 
qa? a\* al aa (Qa+1)(2a—1)>0. 

, gisamin, and .*. the horizontal position of equilibrium 

is stable. As PQ< latus rectum, PQ is below focus. 


If 2a<l, then @ is real, Let cos «= = where 0<4<90°. 


Then cos @=cos% +s O=X or, T—% 
In this case, there are two other inclined positions of 
equilibrium in which the rod is inclined to the horizon at angles 


4 and (180°—<«) where cos 4= Naw Now to test for stability 


of these equilibrium positions : 
Horizontal position— 
We have 9=0, .- diay BS (Qat1i2a-N<0 -z is a 
f ae 2a 
max. and the equilibrium is unstable. As PQ>latus rectum, 
PQ is above focus. 


Inclined positions : 
Here 0=4 or, m—4, and cos 4= Nig 


We have aS ie sin?a(19 soote + 4) >0 “. gis amin, and 
‘de 2 a? 
the equilibrium is stable in both the positions. 
Hence if the rod>the latus rectum, there are 3 positions of 
equilibrium ; one horizontal, which is unstable, and two others 
inclined, both stable and if the rod<the latus rectum, there is 


only one position of equilibrium which is horizontal and stable. 


d passes through a ring ab 
ose axis is vertical and vertex 
don the parabola, Prove 
it makes with the vertical 


Ex. 11. A uniform smooth ro 
the focus of a fixed parabola wh 
below the focus, and rests with one en! 
that the rod will be in equilibrium if 


© 
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6 3 
an angle @ given by the equation cos* igi where 4a is the latus 


rectum and 2c the length of the rod. Investigate also the 
stability of the equilibrium in this position. (I. C. 8. 1939] 

Let A be the vertex and 8 the 
focus of the parabola, the axis AS 
being vertical. Let G be the middle 
point of the rod PQ=2c, which 
passes through S and makes an anglo 
0 with SA. Draw GL L on hori- 
zontal through S. Polar equation 
of the parabola, referred to S as 
pole and SA as initial line is 


Ae Laia 0. 
r 


> 


aT 24 =PG—Py=p— 
oe SPT Toos 7 and SG=PG—PS=c-PS 
If z be the height of G above the fixed point S, we have, 


z=GL=SG cos @=cos ale ESN 


=cos oo sec? 3) 


dz 


` 0 
“S gT n (c-a sec? 3) ~ cos 0. a, sec? 3 tan : 


A . OED es oh 8 
aen 6 32 es oo a 47 
c sin +a sec gon g=sin o( ot sec 5) 


d?’z a AS 0 6 
got 7° o(-c+8 sec* 3) tsin Ola sect 3 tan £) 
For positions of equilibrium, 


g0 ++ 9=0 or, cost 


Nora 
ls 


9=0 gives the vertical position of equilibrium, The other 


positions of equilibrium are given by cos* se where @ is the 


inclination of the rod to the vertical, 0 being real as a<Qc. 


t 
Let (¢) =cos <(0<4<90°), then cos 57008 a, 


b 
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6 
e 37 +« or, 9=+24. There are two inclined positions 
of equilibrium in which the rod makes equal angles with the 
axis but on opposite sides of it. 


2 
When 0= +2, isin 94, a sec*4 tan 4= 2a sin*< sec*a>0. 


<. zisamin and .. the inclined positions are positions 
of stable ey 


When 0=0, z oR =4(a—20)<0 .”. Z isa max. and .'. the 
vortical position is unstable. 


Ex. 12, Two equal uniform rods are firmly jointed at one 
end so that the angle between them is « and they rest in a 
vertical plane on a smooth sphere of radius r. Show that they 
are in stable or unetAble equilibrium according as the length of 
either rod is=4r cosec %. 


Let AB, AG be the two rods firmly jointed at A, so 
that ZBAC=, and which rest i 
on a sphere of radius r. Let 
Ghe the c.g. of the system, 
Tt is on AL, which is drawn 
l on BO, and AG= AL 


=4l cos K where 1=length of a 


Thee \ 
rod, Let AL make an angle 0 Se c 
with the vertical ON and let 4 
be the depth of G below the centre O of the fixed sphere. 


.. 2=ON=0G cos @=(AG—AO) cos 8 
=(h cos 57? cose 4) cos 0= k cos 0, say 


. dz az 
Jy aoa sin 6, dark cos 0. 
d ; ALAR ad 
For positions of equilibrium, orp +, -ksin 0=0 or 0=0. 


ihe Reet =0 
When 6=0, n — k50, acc. as k=. 
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4 4 
or, ace. as } cos gor cosec 5 


or, ace, as LÆ 4r cosec <, 
zis a max, or a min. and therefore the equilibrium is 
stable or unstable ace. as l24r coscc 4. 


Ex. 13. One end A of a uniform rod AB, of weight W and 
length 7, is smoothly hinged to a fixed point, while B is tied to 
alight string which passes over a small smooth pulley at a 
distance a vertically above A and carries a weight iW. 
If 1<a<2l, show that the system is in stable equilibrium when 
AB is vertically upwards and there is also a configuration of 
equilibrium in which the rod is inclined at a certain angle to 
the vertical, 

Let the rod AB make an angle 0 (S 
with AO where Cis the pulley and 
AC=a. And let d be the length of 


the string, 
S tee a ly B 
Now BC=/1? +a? —2ia cos 0. 4 4 
w D 
Depth of the weight 7 below 
C=d—BO, and depth of G, the c: g. w 
of the rod AB, below o=a-} cos 0, - 
<. If z be the depth of the 
c. g. of the system below C, we have, 
(w+ H) s= Zu- BO)+ (=< cos o) 
o, öz=d4- NIE Fat — Jla cos 0t 4a— 9 cos 0, 
; pl al sin 0 ; 
Th MPa la cos ae ah 
ptz al cos 0 al sin? 0 ] 
ous Vi*-+a*—2al cos 6 (1? +a? —2al cos 6) 


+21 cos 0. 
For positions of equilibrium, 0 


oo bain e [2- eS 
V1?-F6?=9ia cos 6 


» 
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sin 0=0 gives 0=0, 7, the vertical positions of equilibrium. 
The other position of equilibrium is given by 
412+ 8a 

8al 

This will give a real value of 0 if 41? +3a?<8al 

or, (21-a)(1—8a)<0, which holds as it is given that 
l<a<2l. Therefore there is another position of equilibrium 
besides the vertical positions. Now to test the stability of equili- 
brium in the vertical position when AB is upwards, we haye, 


4(12?+a°— 2al cos 0)=a* or, cos 0= 


PA S eA al.) al» Ua-2l) 
when 6=0, baa =21 dee Foe Hie) <0 
zis a max. and therefore the equilibrium position in which 


the rod is vertically upwards is stable. 


Ex. 14. A uniform rod is hung from a smooth peg by 
means of a light inextensible string attached to its ends and 
passing over the peg. Show that the rod is unstable when it is 
horizontal. When is the rod stable ? [C. H. 1968, 1958] 

Let HS be the rod of length 2c and let the length of the 
string be 2a. Let P be the 
peg. Since HP+SP=length 
of the string =2a, a constant, 
all possible positions of the 
peg lie on an ellipse whose 
foci are H and S and whose 
major axis is 2a Let Ad’ 
be the major-axis, and O the 
centre. Then HO=CS=c 

Tf e be the eccentricity of the ellipse, we have c=ae. 

b2=a?—a2e2=ar—cF (1), 2b being the minor axis. 
Since the rod is in equilibrium under the action of the two equal 
tensions along HP, SP, which act at P and the vertical weight 
of tho rod which acts at © it follows that in positions of 
equilibrium OP is vertical. Draw the ellipse APA’ and take 
any point P on the ellipse as the position of the peg and join 
CP. Then hang the figure from the peg so that Pis at the 
peg and PC is vertical. If PC is a max. or a min, then the 
system will be in equilibrium when placed in the position of the 


o 
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“ figuro. Take Cas origin and CA as the z-axis, and let P be 
(a cos 0, b sin @). Then CP=A/g* cos*0-+b* sin?0 
=a*—o8 sin? [from (1).] 

If z be the depth of C below fixed point P, we have, 

z=? —c# sin?0 
. dz _—c* sin 0 cos 4 
`" dO Va*=¢8 sinto 
ats: ARES il cos?0—sin?0 , c? sin?G oste 

Va*—c? sin?0 (a?—c? sin?0)? 


For positions of equilibrium, 4 0 
-. sin@=0 or cos0=0;, or 0=0, 


m i : 
When §=0, rod is vertical and when 0 = F rod is horizontal. 


Thus there are two positions of equilibrium in which the rod is 
horizontal or vertical. 5 
2 
When 0=0, ae- <o -“. gisamax, -. Equilibrium 
is stable. 


_m d's o? Sake mags [ie 
When ais Fr haa oer a “^. zigamin. .”, Equilibrium 
is unstable. 

Hence the horizont.1 position of equilibrium is. unstable, 


but the vertical position is stable. 


Ex. 15. A square board is hung flat against a wall by means 
of a string fastened to the two extremities of the upper edge and 
hung round a perfectly smooth rail; when the length of tho 
string is less than the diagonal of the board, show that there are 
three positions of equilibrium. Show that tho position of 
symmetry is unstable. [0. H. 1961] 

Let HBCD be the square and O the middle point of the 
side HB, the string being attached at Hand B. Let P be the rail 
then since HP+PB=length of the string=2a, say, a constant, 


,. Plieson the ellipse whose foci are Hand B and whose 


s 
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major axis. is ‘of length 2a, Since the square is in equilibrium , 
under ‘the action of the two tensions T, T of the strings EP, BP 


and the vertical weight W of the square at its c. g. G, it follows 
that in positions of equilibrium PG is vertical. Let EB=2c, then 


b? =a*—a%e*=a*—E0* Soraa 
Take O as origin and OA as s-axis and let P be (a cos 0, b sin 0). 
The c. g. of the square G is (0, — 0). 
z denoting the depth of G below P ie. PG we have, 
z= a? cos*0 +(b sin Oc)" 
= oe. 
= /q?—c* sin*6+2be sin tc". 


dz _ _ be cos 0—c* sin A cos 8 
do Vq2+c?-+2be sin 9—0” sin? 
d?z_ —be sin @—c%(cos?@—sin?4) 


do? /q2-+e2-+2be sin 0-0? sin*0 
Abe cos 0—0? sin 8 cos 0)? 


(a-+e®+9be sin 0—0” si 29)È 
For positions of equilibrium, 0 


c cos O(b—c sin 9)=0; cos 0=0 gives oF 


,', rail P is at (0, b). 
This gives the symmetrical position of equilibrium in which 
EB is horizontal. 
b NES, 
G 


b—c sin 0=0 gives sin ae 
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@ is real if a?— 0? <c? or, a?<2c? or, 24<2r/B.c. 


If the length of the string is less than the diagonal of the 
board, then there are two other positions of equilibrium given 


by 0= and m—4, where sin «=? and 0<4<90°. 


dea Fot Lole Nae) 


Gree (ote Ch aid 
Whee ee e dah Vao NAT = ° 


2 
ace, as 245S24/2.c. 


Thus if the length of the string<the diagonal of the board, z 
ig a min, and the equilibrium is unstable. But in the contrary 
caso, the symmetrical position of equilibrium is stable and it is 
the only position of equilibrium. 


Ex. 16. A smooth ellipse is fixed with its axis vertical and 
in it is placed a beam with its ends resting on the are of the 
ellipse; if the length of the heam be not less than the latus 
rectum of the ellipse, show that when it is in stable equilibrium 
it will pass through the focus. 


Let PQ be the beam and G its z 
mid-point. Let the normals at P and A 
Q meet in I. Then the rod will be 
in equilibrium only if IG is vertical 
i.e. the ordinates of I and G be 
equal. Let P, Q be (a cos 0, bsin 0), 
(a cos œ, b sin $) and let I be (£, n) 
and G be (2, 7). 

Then 27=D(sin 0+sin $) 


ae . O+9 O-9 
2b sin g 88 FG A 
be= a2 a vs 
and y= 5 sin 0 sin ġ. A 
cos =" 
J=n if and only if 
o+ 0 b? —a? sin 7? 
bain a + cos 2 — ee sin 0 sind : =0 
p 


cos Sige 
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. ROE oF 29-9 BDN E a . I= 
or, sin ~> jo cos 2 —(p2—a8)(sin* 9 int ae =o 
6 te 
or, sin eee or, a? cos? ate cos? oF e=0 
or, sin +20 or, oos 22 = te cos 5%, 
6+” 6+ 0-9 


Equation of PQ is 7 ¢08 9 +; sin Wh CONTA 


ORDAN i ats i 
sin ote is zero when PQ is lito y-axis Le. horizontal and 


@- 
cos ae +e cos ore when PQ passes through either focus 


(ae, 0). Thus when the beam is in equilibrium it must be 
either horizontal or it must pass through one of the two focii. 
When it passes through a focus the stability of equilibrium can be 
easily determined. Let it pass through the lower focus S and 
let PL, QM, GN be drawn 1° on the lower directrix. Then 
SP=e.PL and SQ=e.QU. 


E GN=HPL+QM=35 (SP+8Q)> 55° PQ, a constant 


[ from ASPQ]. 

GN is least when PSQ is one straight line. Thus when 
PQ passes through S, the height of G above the lower directrix 
is a minimum and .’. the equilibrium is stable. Similarly when 
PQ passes through the upper focus, its distance from the upper 
directrix i.e. its depth below the upper directrix is least .°. the 
equilibrium is unstable. In order that PQ may pass through a 
focus its length must not be less than the latus rectum of the 
ellipse. 


Ex.17. A uniform solid right circular conical plug, whose 
height is h and semi-vertical angle 4, is placed vertex downwards 
in a smooth circular hole of radius a, cut in a horizontal table. 
It 16a>3h sin 24, apply the enersy test to show that there are 
three positions of equilibrium of the cone, and that the position 
with axis vertical is the stable one. [0. H. 1962] 

Let tho conical plug of vertex O, touch the circular hole at 


142 ANALYTICAL STATICS 


the points Aand B. Then ABisa diameter of the hole and 
it is also the major axis of the ellipse 
in which the plane of the hole cuts 
the cone. Let the axis of the cone 
be inclined at an angle 0 to the 
vertical, and les G be its c. g. 

OG=2h. From O draw ON L 
to the plane of the hole. Then N is 
on AB and ZNOG=0, 4NOB=0-4, 
ZNOA=0+4. If z=height of G 
above the plane of the hole, we have 


2=GL=0G cos 0— ON=$h cos 0— ON. 
Now AB= NA—NB=ON[tan (0+4)— tan (a—)] 


of ON.sin 24 
cos (0 +x) cos (9—4) 


Qa cos (0+4) cos (0—4) 
sin 24 


oe 2=$h cos 6— 


=§h cos 0 = = ga COS 29 + cos 24). 
op sin 6+ 55 sin 29 { 
ot. —2h cos ae, cos 20, 


For positions of equilibrium, we haye Z- 0, 


R sin of -n+ 


4a t3 

sin 9408 o]=0 
3h sin 24 

16a 

6=0 gives the vertical position of equilibrium in which the 
axis of the cone is vertical. 

If 16a> 3h gin 24, then 0 is real and there are other positions 

3h sin 24 _ 

EErEE B where 0<B<90°, then cos 0 
=cos Band .°, 0=8 or —ß. Thus there are two other positions 
of equilibrium in which the axis of the cone makes the same 
angle with the vertical but on the opposite sides. 


9=0, or, cos 0= 


of equilibrium ; “it 
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2, 
When 9=0, at ;7= aoe oe ———16a—3h sin Qx)>0 


sin Te “4 sin — 
“. £188 aa and the equilibrium is stable ; 


when 9 = +6, 4 =— 2h cos B toos 28 
vaca se em 
aX: 
Aan Baa E re ge 
2 sin? O4—162a? 
weg ne co 


zis a max, and the equilibrium is unstable. 

Tf 16a < 3h sin 24, then the yertical position is the only equili- 

brium position. D this case, when 0=0, 
a Fain ra gda- 3h sin 24] <0 
z is a max. and the equilibrium is unstable, 

Hence when 16a>3h sin 24, there are three positions of 
equilibrium, the vertical one is stable and the inclined ones are 
unstable and when 16a<3h sin 24, the vertical position is the 
only position of equilibrium and it is unstable. 


Ex.18. A solid hemisphere rests on a plane inclined to the 
horizon at an angle <<sin * $, and the plane is rough enough to 
prevent any sliding. Find the position of equilibrium and show 
that it is stable. 

Let ABCD be the solid hemisphere which rests in equilibrium 
on the plane touching the latter 
at B, and let its plane face AOD 
make an angle @ with the hori- 
zontal. Let OO be the radius L 
to face AOD. Then the c. g. of 
the hemisphere, G, is on OC 
and OG=2a, where a is the 
radius. For equilibrium, the 
vertical through B must pass 
through Œ. -. BGis vertical 
and ZOBG=. From triangle OBG, we have: 


OB = OG, sina 
eee T si 3 


sin @ sin% 
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For 9 to be real, we must have, sin 4<8, which condition is 
given to be satisfied. 


ar o=sin*(3 = = 


) gives the position of equilibrium. 


For stability, we have, h=BG and 4 is the angle the normal 
BO at B makes with the vertical BG. Also pi=a 


.’. Equilibrium is stable if = aoe t or, h<a cos 4. 
N BG ___ OB è asin (8—4) 
oW, gin (0—x) sind `` > sin 9 


=a cos 4— a sin 4 cot 0 


As 0 is acute, h<a cos 4 and .'. the equilibrium is stable. 


Ex. 19. A cylinder whose section is an ellipse of semi-axes 
a, b rests with its axis krizon on a rough plane of inclination 


b? 
4; prove that if sin peaks g To there are two positions of equili- 


brium, that one being stable in which the diameter of the cross- 
section which is parallel to the plane is greater than the vertical 
diameter. 

The fig. shows the section of the 
cylinder by the plane L to its axis 
and passing through its c. g. O. For 
equilibrium, the vertical through P, 
the point of contact, passes through 
C, thec g. of the cylinder. If PN 
be the normal at P, then ZCPN =4. 
But CPN is the angle between the 
radius vector to P and the normal at P, So if P be (a cos 9, 
b sin 0), we have, 


= 222 
tan «= = sin 20. or, sin = tan 4, 


This equation gives 9 ie, P, the point of contact of tho 
cylinder with the plane when in equilibrium, For 0 to be real 


we must have ee tan <1 


or, 4076? sin? «<(a?—b?)2(1—sin? 4) 
or, (a?+b?)? sin? <<(a?—0’)? 
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é | ag b? 
or, sin << agp 
Thus when this condition is satisfied, @ has real values given 


by sin 20=sin 28, where sin 98 -4 ya tan 4 and 0<28<90° 


.. 20=28 or, m—2B. 


ie, 0= or, 578. 


Hence there are two positions of equilibrium. 
Draw CL perpendicular from C on the tangent AP at P. 
Let CL=p, CP=h. Then p=hcos4. The radius of curva- 


979 
ture of the ellipse at P is pas + Also, we know, p.CQ=ab, 


where CP, CQ are conjugate diameters and so OQ is parallel to 
AP, the tangent at P. 


The equilibrium is stable or unstable, according as, 


cos <1 ab? Pon 
hie See ge RF 


ab? 
or, prog sl ie, CQZh. or, 20Q=2h 


20Q is the diameter parallel to the plane and 2h is the length 
of the vertical diameter. 

Hence the equilibrium is stable or unstable according as the 
diameter parallel to the plane is greater or less than the vertical 
diameter. 


Ex, 20. An elliptic dise of semi-axes a and b, slides in a 
vertical plane so as always to be in contact with two smooth 
rods, OL and OM which are in the same vertical plane and at 
right angles. Show that in the stable positions of equilibrium 
the major axis of the ellipse is parallel to one or other of the 
rods, whilst in the unstable position it is inclined at an angle 6 to 
OL given by sin? ga tenet oe sin ao cas, where 4 is the incli- 
nation of OL to the vertical. 

Let the disc in the position of equilibrium touch the rods OL, 
OM at Q and P and let the normals at Q and P meet in I. on 

10 
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CI is vertical where O is the centre of the disc, for the forces 
which keep the disc in equilibrium 
are the two normal reactions along 
PI and QI and the weight of the 
disc which is vertical and acts at 
0. Now OPIQ is a rectangle. 
~. OF, PQ bisect each other at D. 
.. Ilieson OD, Again, CD is 
the diameter which bisects chords 
parallel to PQ. .°. CD passes 
through O, the point of intersection 
of the tangents at P and Q. .. Clies on OD. Hence, ODOI 
is one straight line and it is vertical, .', 4COQ=%. Now the 
perp. ON from C on OQ is OC sin« and it makes with axis CA 
an angle (90°-6), .°. Equation of OQ is æ sin 0+y cos = 
OC sin. As OQ touches the ellipse, the condition of tangency 
gives OO? sin? <=a? sin? 6+6? cos? 0. Now as O is on tho 
director circle, 00? =a? +b? 
(a?+b*) sin? <=a? sin? 9+b°(1—sin? 0) 


a? sin? <—b? cos? 4 


+ an 
or, sin’ 0= , 
a? — b? 


In the foregoing discussion we have assumed I to be different 
from C. But if they coincide, then OP, GQ become perpendicular 
conjugate diameters i.e, the axes and OL, OM are then parallel 
to the axes. Hence in this case, the major axis is parallel to 
OL or OM. For stability it is to be noted, that in all positions 
of the disc, its centre C is at a constant distance Va?+b? from 
the fixed point O. Therefore the c. g., O, of the disc describes an 
arc of a circle whose centre is O. When OC is vertical, C is at 
the highest point of the arc and its height above O is a max. and 
.”, the equilibrium is unstable, When the major axis is parallal 
to OL or OM, O is at an end of the arc and its height above O is 


amin. and .°, the equilibriums are stable. Hence the results 
follow. 


Analytical solution : 


If ps, Pa be the perps. from C on the rods OL, OM we have 
P= Na" sin?0+b" cos" and Pa =V a? cos?0 +0? sin?0, where 0 
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is the inclination of the major-axis to OL. If z be the height 
of the c.g. C above O, we have z=proj. of OC on vertical 
through O. 
£=p, sin 4+pa cos 4 
a pU E A E 
=sin «Va? sin?0 +0? cos2d +008 Xa? cos*0+b* sin*ð. 


dz _ AE sin 4 
do (a?— b°) sin 0 cos oft cinta tb conte 


o cos 4 ] 
Va? cos*0 +b? sin?0 
sin <_ cos 4 


=(a?—b*) sin 0 cos 6|-——— . 
Pı Pa 


sin 4 _ cos eos) 


=(a?— oh feos 20 fas A 


S 


+sin 9 cos (a? — b?) sin 0 cos ox [5t =<} 
Pı Pa 
For equilibrium, 
sin ð. cos 8. (je z -r |- 
3 Ma? sin?0 +b? cos?a Ma? cos*d-+b* sin*0 
<. O0; orn 0 =p 
or, (a? cos?™0+b? sin?ð) sin?4=(a? sin?0-Hb? cos?8) cos°4 


22 2 2, 2 2 2 
ag —% Sin’a—b* cos’a a? tan’x—b" 
or, tan ð a? cos°4— b? sin? a?—b? tan?a (1) 


We shall assume 4>45°. 
Nie @=0, 
das cosa) y 979) cos afa 
= (at= 42) (224-2285) = (9298), = “1% tam <-1]>0 


A 
zis a min. and the orm is stable. 


, et ae ie sin 4 es) 
When 0 ? ao =(a?—b*), [-(=4 | 


= (02-17), f1- tan <}20 aco, as 
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Ji gig amin. oramax, and the equilibrium is stable or 
unstable aco, as tan 4S3. As <>45°, tan<>I and at>vt 


& 


b 
So if tan <<$ there is another position of equilibrium given 
by (1) and when 0 has the value given by (1), we have 


<. in (1), tan @ will be real if a=b" tan"<>0 or, tanax< 


J 
diu- b*)? sin*0 cos?0 [ a negative number ]<0 
.. sisa max and the equilibrium is unstable. 
Thus if tan «<i, there are two positions of equilibrium in 


which the major-axis is parallel to either of the rods and these 
are stable and there is another position of equilibrium which is 


unstable y and if tan >i there are only two positions of equili- 


brium, the first two, and the position in which the major-axis 
is I to OL is stable and position in which it is L to OL is 


unstable. Ifẹ be the inclination of OC to OL we have tan te 
: 2 


=tan 4, when @is given by (1) ©. $= and ~. OC is vertical 
in this case. 


EXAMPLES A 


1. A uniform beam, of thickness 2b, rests symmetrically ona perfectly 
rough horizontal cylinder of radius a; Show that the equilibrium of the 
Deam will be stable or unstable according as 6 is less or greater than a. 


2. A solid circular cylinder of radius a and height h has one end in 
the shape ofa hemisphere ; find the condition that it will be in stable 


equilibrium when standing on that end on a smooth horizontal plano, with 
its axis vertical. 


3. A solid hemisphere rests in equilibrium on a fixed sphere of double 
its radius; find whether the equilibrium is stable or not when the 
hemisphere rests on its curved surface or its plane face. 

4, A uniform hemisphere rests in equilibrium with its curved surface 
on top of a sphere of double its radius. Show that the greatest weight that 
can be placed at the centre of the plane face without making the equilibrium 
unstable is one-eighth of the weight of the hemisphere. 
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5. A solid sphere rests inside a fixed rough hemispherical bow! of 
twice its radius. Show that however large a weight is attached to the 
highest point of the sphere, the equilibria ts stable, 

6. A sphore of weight W and radius r les within a @xed spherical 
sholl of radius R, and a particle of welght » is attached to Its highest point, 


Show that the equilibrium is stable it W> == w 


7. A uniform lamina in the form of an equilateral triangle ABC ot 


side $A vesta in equilibrium with BO on the top of a fixed sphere of 
radius a. What is the greatest weight which can be attached to the vortex 
A so that tho equilibrium may remain stable ? 

8. A uniform cubical box of edge a is placed on the top of a fixed 
sphoro, the contre of the face of the cubs being in contact with the highest 
point of tho sphere. Show that the loast radius of the spbero for whieh the 


equilibrium will be stable is $+ 


9. A heavy uniform homispherical shell of radias r has a particle 
attached to a point on the rim, and rests’ with the curved surface in contact 
with a rough sphere of radius R at the highest point. Prove 


that it®> 5-1, the oquilibrium is stable, whatever be the weight of 


the particle. 

10, A body consisting of a plane lamina in the form of a rectangle 
ABCD and a semi-circle AED attached to the side AD, whore E is the 
middle point of the aro AED, is balanced vortically with the point Æ in 
contact with a horizontal plane. Show that the equilibrium is unstable if 


the ratio AB : AD is greater than yz 


11, A heavy uniform cube balances on the highest point of a sphore, 
whose radiusisr. If the sphore be rough enough to prevent sliding, and if 


tho side of the cubs be f; show that the cube can rock through a right 


angle without falling. 

12. A solid ellipsoid, whose axes are of lengths 2a, 2b, 2c rests with tho 
“c-axis” vertical on a rongh horizontal plane. The centre of gravity is on 
the vertical axis at a distance `'h from the bottom vertex. Show that the 


. s 
equilibrium is stable it h is less than both “and s 


13. A solid of uniform density in the form of a portion of a paraboloid, 
of revolution, bounded by a plane perpendicular to the axis is placed with 
its axis vertical and vertex resting on a horizontal plane. If the paraboloid 
is formed by the revolution of a parabola of latus rectum 4a, show that the 
equilibrium will be stable if the height of the paraboloid is less than 8a.. uf 

- (0. Hj 1966) 


l 
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14. Alamina in the form of a cyoloid, whose generating circle is of 
radius a, rests on the top of another cycloid whose generating circle is of 
radius b, their vertices being in contact and their axes vertical. If} bo the 
height of the c.g. of the upper cycloid above its vertex, show that the 


dab 
equilibrium is stablo if keiro 


15. A stiff wiro in the form of a parabola rests on tho ground with its 
plano vertical, The c.g. of the wire is on tho axis of the parabola at a 
distance h from the vertex, and tho latus rectum is 4a. Prove that, if 
h>2a, thero is a position of equilibrium in which the axis makes an angle 


i 
tan-* (x) with the horizon and that this position of equilibrium 
ig stable. 


16. A uniform plank of thickness 24 rests across the top of a fixed 
circular cylinder of radius a, whose axis is horizontal. Prove that the gain 
of potential energy when the plank is turned, without slipping, through an 
angle g in a vertical plane parallel to its length is 

Wiad sin 6-(a+h)(1-cos 6)}; 
and deduce the condition of stability. 

17. Two equal particles repel each other according to the filth power 
of the distance, and are connected by an clastic string. Find the position 
of equilibrium, and show that it is stable if the extension of the string is 
loss than one-quarter of its original length. 


EXAMPLES B 


1. A uniform heavy rod AB rests against a smooth vertical wall and 
over a smooth peg O. Find the position of equilibrium, and determine 
whether it is stable or unstable, 

2. A, Bare two points on the same level at a distance a. A uniform 
rod AC of length a and weight 27/9 1b is hinged at 4 and is supported by a 
string fastened at C, passing over a smooth pulley at B, and carrying a 
weight of one pound, Find the equilibrium position, and show that it 
is stable. [C. H. 1959] 

3. A light string is attached to a fixed point O and passes over a fixed 
smooth pulley P, so that OP=2a is horizontal, and supports a weight W, 
attached to its end. A second weight Wa<2W, slides freely on the string 
between O and P. Show that there is one position of equilibrium and that 
it is stable, {C. H. 1962] 

4. A weight W is supported on a smooth inclined plane by a given 
weight P, connected with Wby means of a string passing round a fixed 
pulley whose position is given. Find the position of equilibrium of Won 
the plane, and show that it is stable. 


$ 
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5. A uniform squate board is capablo of motion in a vertical plano 
about a hinge at one of its angular points ; a string attached to one of the 
nearest angular points, and passing over pulley vertically above the hinge 
at a distance from it equal to a side of the square supports a weight whose 
ratio to the weight of the board isl: yg. Find tho positions ot 
equilibrium, and determine whether they aro respectively stable or unstable, 

[aL t.) 

6. A rhombus, formed of four egual rods freely jointed, is placed 
symmetrically over a fixed smooth vertical circle, so that only the upper 
pair aro in contact with the circle. If 4 bo the angle a rod makes with tho 
vertical in the position of equilibrium, 2a the length of each rod and e the 
radius of the circle, show that 2a sin*<=¢ cos < ; and that the oqailibrium 
is stable. [0. H. 1960) 

7. Auniform rectangular lamina ABCD rests in a yortical plano with 
Ain contact with a smooth vertical wall and B attached by an inextensible 
string to a point Eof the wall vertically above A, AB=BE=2, and 
AD=2y. If the inclination of the string to tho wall is 0, find the dopth of 
the c. g. below Ein terms of @. Find the position of equilibrium and 
determine whether it is stable or unstable, [0. H. 1965) 

8. AB isa uniform rod, of length 6a and weight W, which can turn 
freely about a fixed point in its length distant 2a from A. AC and BO aro 
light strings of length 5a attached to a particle C of weight w. Show that 
if W is less than 2w there will be stable equilibrium with 4B inclined to the 


horizontal at an angle tan-* (Z=) 


9. A uniform square board of mass M is supported in a verticle plané 
on two smooth pegs at the same horizontal level. The distance between 
tho pegs is a and the diagonal of the square is D>da. If one diagonal is 
vertical and a mass m is attached to its lower end, prove that the 
equilibrium is stable if 4am>M(D-4a). 

10. A uniform elliptic plate of semi-axes @, b rests in a vertical plane 
on two smooth pegs P,Qat the same level. Prove that unsymmetrical 
positions of equilibrium are possible if PQ lies between a¥gand byg, 
Examine the stability of various positions of equilibrium. 

11. An isosceles triangular lamina of angle 24 rests between two smooth 
pegs at the same level, distant 2c apart; prove thatifh be the distance of 


r 2c 

tho centre of gravity from the vertex, and if 20 sec 4<h< KOR then 

oblique positions of equilibrium exist, which are unstable. Discuss the 
wii: Qc 

stability of the vertical position in case Lr eye 


12. ABC isa triangular lamina, right angled at A, and its €. g- Gisin 
the bisector of the angle BAC at a distance kl from A. If rests in a vertical 
plane with AB and AC in contact with two smooth pegs in the same 


[2 
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horizontal line at a distance apart, and with A lower than the pegs. 
When 4G makes an angle 0 with the vertical, show that the vertical height 
of G above the level of the pegs is ?(% cos @-4cos 20). Examine the 
stability of equilibrium in the various possible cases, M. T] 

13. A rectangular picture-frame hangs from a small perfectly smooth 


pulley by a string of length 2a attached symmetrically to two points on the 
upper edge at a distance 2capart. Prove that if the depth of the picture is 


9 2 
less than > there are three positions of equilibrium, of which the 


symmetrical one is unstable. If the depth exceed the aboye value the 
symmetrical position of equilibrium is the only one and is stablo. 


14, An elliptic cylinder is placed with its axis horizontal on a rough 
plane inclined to the horizon at an angle less than the angle of friction ; 
prove that the cylinder cannot rest if the inclination of the plane exceeds 


a? —b? 


a? + 
equilibrium is neutral to a first approximation. 


2p? 
sin-* (2 ne and if the inclination is equal to sin? ( 


15, A uniform hemispherical shell rests upon an inclined plane. Show 
that for equilibrium, the inclination of the plane to the horizon must not 
exceed 30° and that the equilibrium is stable, 


se 


CHAPTER V 
i 


CENTRE OF GRAVITY 


5'1. The centre of parallel forces. 

Let any number of parallel forces Ps, Po, Poy oidi act at the 
points Ay, Ae, Ags ere of a rigid body. Let Oz, Oy, Oz be any 
cartesian system of axes, rectangular or oblique but fixed in the 


z An Certz 22) 


Ci 
Ca “A acecs ayes) 


Anp oe ee 


% 


body, and let (£1, ya, 21); Was Yas Bi Neches , be the co-ordinates 
of Aq, Agy serves The forces P, acting at A, and Pa acting at 
Ag are equiyalent to a single parallel force (Pi +Pa) acting ata 
point Cz on AiAe such that P,.A,0,=P2.01A2- 


Let (£1, 71, €1) be the co-ordinates of Cx. 


Sinco 4101=P2, 0, divides dade in tho ratio Pa : Ps. 
Cıa Pı 


From solid geometry we know, 
g, Pitit Pata 7 —Pitist Poa t Piit Pegs, 
Pep peta PtP '** PitPs 

The force (P, +Pa) acting at C1 anda third force Ps acting at 
As are again equivalent to a single parallel force (Pı tPa +Ps) 
acting at a point Cg on 04s such that (Pa+Ps)010s= 
Pa. C2As and it (a, Nas a) be the co-ordinates of Ca, we have in 
in the’same wa é _(PitPolfit Pots Pitt Pate t Pots 
Ys a= (PIF Pa) tPs PitPotPs ' 

with similar expressions for 72 and (en 
Proceedlng in this way till all the given forces are used up, 
we see that the given forces are equivalent toa single force 
(Py t+PatPet"'), called their resultant, parallel to ‘the given 


t 
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forces and acting at a point O, whose co-ordinates (£, 1, ¢) are 
given by, ` 
ga Pits tPatet Porst: EPer >) 
Py+PstPst' =P | 
Piya t Payat Pays t: _SPy See(1) 

1 PiFPatPst o SP | 
c= Pizit Paso + Pots t EP | 
PatPatPst: sep J 


The point O at which the resultant of the parallel forces 
acts has a very important property. From the expressions 
obtained for its co-ordinates in (1), it is evident that the position 
of the point C does not depend on the direction of the parallel 
forces. Hence we have the important result: If a system of 
parallel forces acts at given points of a rigid body and the forces 
are turned round their respective points of application so that the 
forces remain parallel but their points of application and their 
magnitudes are not altered, then the line of action of their resultant 
always passes through a point fixed in the body. This point is 
called the ‘centre of parallel forces.’ 


It follows that if a system of parallel forces acts at different 
points of a rigid body and the body is moved in any manner in 
space but the directions of the forces and their points of applica- 
tion remain unchanged then the resultant of the system always 
passes through the same point in the body viz, the centre of the 
forces. 


It is to be observed that the parallel forces Pi, Pe,... are 
not necessarily all like. When unlike forces also occur, we have 
to impose the condition SP 0. 


5'2. The centre of gravity of a rigid body or a rigidly 
connected system of particles. 


A body is made up of particles and each particle is attracted 
towards the Harth’s centre with a vertical force called the weight 
of the particle. These weights may be supposed to from a 
system of parallel forces. They have a resultant, which is called 
the weight of the body. And, from the theory of parallel forces 
we find, there is a certain fixed point in the body through 


which the line of action of the weight always passes, however the 
t 
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body be moved in space. This point is called tho centre of gravity 
of the body. 

Tf w1, We, «+» be the weights of the particles situated. at the 
points (aa, Ya, Z1), (a, Yar zq),... referred to any cartesian 
system of axes; rectangular or oblique, then (Z, y, Z). the co- 
ordinates of the centre of gravity of the body, are given by the 


formulae 


zoe _ Swy Iwz, (1) 
Sw’ Sw’ Sw 


Tt is evident that a body can have only one centre of gravity. 


If in the formulae (1), each w is replaced by kw, the values 
of & J, Z aro not altered. Hence the centre of gravity of a body 
remains unaltered if the weights of the particles are altered in 
the same ratio. In particular, if the body is homogeneous the 
weights of thé particles may be replaced by their yolumes. 


5'3. In finding the resultant of a system of parallel forces, 
the forces may be compounded in any order ; it follows therefore 
that if a system of parallel forces be divided into several groups 
Si, Sas Ss, -.. of which the resultants are Ry, Bs. Ba, e 800 
the centres are Cy, Ca, Cs: --. and if C be the centre of the forces 
Ri, Ra, Rs, --. acting at the points C1, Ca, Cs,.., then O is the 
centre of the system. So in finding the centre of gravity ofa 
body or a rigidly connected system of particles, we may divide 
the body or system into several parts, find their weights and the 
centres of gravity of these parts where their weights act and 
then find the centre of gravity of these weights. This final centre 
of gravity will be the centre of gravity of the body or system, 
Hence we have the important rule to find the c. g. of a body or 
a rigidly connected system of bodies: Divide the body or system 
into a number of suitable parts, finite in size or elementary t.e. 
infinitesimal, such that the weight and the c. g. of each part ig 
known. If wy, Wa, ... be the wts. of these parts and (24, Yis Zah 
(wa; Y2, Za) =. be the co-ordinates of their c.g’s, referred to axes, 
rectangular or oblique, then the co-ordinates Z, J, Z of the c. g. 
of the body or system are given by Fra etc, or oer p 


etc, according as the parts are finite in size or elementary. 


y 
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Since weights are proportional fo the masses and mass is 
volume X density, we can write the above formulae as 

gan — Spve 

Im Zm 


or, p= Zein Stei, ete, m,v, p denoting mass, volume 


CLG. essee 


and density. 


When the density is varying, what will be the most advanta- 
geous method of dividing the body or system, depends entirely on 
tho law of variation of the density. Generally, the body or 
system should be so divided that each part is homogeneous so 
that its mass and c. g. are easily found. The law of symmetry 
is often helpful in finding the position of the c.g. If the body 
is homogeneous and symmetrical about a point, that point is its 
o g. For examples, the middle point of a uniform rod is its c. g. ; 
the centre of a uniform circular ring or circular disc is the c. g. 
If tho body be homogeneous and symmetrical about a line or 
about a plane, its c. g. lies on the line or on the plane, 

In using the above rules it should be noticed that soms of the 
masses may be negative, as in the theory of parallel forces, from 
which the formulae are deduced, some of the forces may have 
opposite signs. This fact is conveniently used in finding the c. g. 
of a body when a portion of it has been removed, and we know 
the masses and the ec. g’s of the whole body and the portion 
removed, Then the remaining portion whose c. g. is to be found 
sis considered as composed of the two bodies: (1) the whole body, 
of positive mass and (2) the portion removed, of negative mass. 
For the c. g. of the remaining portion, is the point where its 
weight acts and its weight is the resultant of the weight of the 
whole body and the weight of the removed portion reversed in 
direction. For this reversal of direction, the mass of the removed 
portion is regarded as negative. 


5'4. The centre of gravity of some elementary bodies : 

We shall simply state the positions of the c. g’s of some 
‘elementary bodies without going into the proof. For proofs 
referetice may be made to “Statics” by Basu and Ghosh. 

(a) Four uniform rods forming a parallelogram or a uniform 
lamina in the form of a parallelogram—In both cases, tho c. g. is 
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the point of intersection of the straight lines joining the mid- 
points of the opposite sides, This point is also the point of 
intersection of the diagonals, 

(b) A uniform triangular lamina—The c. g. is the point of 
intersection of the medians, which divides each median in the 
yatio 2:1. It is also the c. g. of three equal wis. placed at the 
vertices of the triangle. Hence in problems concerning the c. g. 
of bodies, any uniform triangular lamina can be replaced by three 
equal wts. placed at the vertices of the triangle, each wt. being 
equal to $rd the wt. of the triangle. 

(c) Three uniform rods forming a triangle—Tho c. g. is the 
in-centre of the triangle formed by joining the middle-points of 
the rods. It is also the c. g. of wts. (b+e), (cta), (a+b) placed 
at the vertices A, B, C of the triangle ABC. 

(d) Tetrahedron—The c. g. is on the line joining any vertex 
to the c. g. of the opposite face and one-fourth of the way up this 
line. It is also the c.g. of four equal wts. placed at the four 
vertices of the tetrahedron. 

(e) Volume of a cone or Pyramid—The c. g. is on the line 
joining the vertex to the c. g. of the base and one-fourth of the 
way up the line. 

(f) Surface of a right circular cone—The c. g. is on the line 
joining the vertex to the centre of the base and one-third of the 
way up the line, 

5'5. To find the c. g. of a uniform quadrilateral lamina. 


A(4W) 


* 


Let ABCD be the quadrilateral lamina and let the diagonals 
AC, BD intersect at O. Divide the quadrilateral into the two 


t 
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triangles ABD and OBD and let their weights be W, and Wa 
respectively so that W=W,+We is the weight of the quadrila- 
teral. Since the triangles ABD, CBD are on the same base BD, 

Wı AO 
Wa” 00 (1) 

Replace each triangle by three equal weights at its vertices, 
each weight being equal to one-third the weight of the triangle. 
Then the c.g. of the quadrilateral is the same as the c.g. 
of the following weights : 

(1) Wiat A, (2) We at O (3) BHWitWe) at each 
of Band D. Now 4W, at A is equivalent to two weights, $W at 
A and (—$Wa) at A; and Wz at O is equivalent to two weights, 
W at O and (—$W1) at O; and finally, (~4Wa) at A and 
(—$W1) at O are together equivalent to (—2W) at O, since by 
(1) W1.CO=W-..AO, ‘Thus the above weights are equivalent to 
a weight $W at each of A, B,C and D and a negative weight 
(—$W) at O. Honce the c. g. of the quadrilateral lamina is the 
same as that of four equal weights, placed at the vertices of the 
quadrilateral together with an equal but negative weight placed at 
the intersection of the diagonals. 

TE (1, Y1), (Wa, Ya)... (Zo, Ys) be the co-ordinates of the 
four vertices and the point of intersection of the diagonals, then 
the co-ordinates of the c. g.. (%, 7), are given by 

B=3@itaetwstes—as), J=Ryrtyatystys—ys). 


therefore, we have, 


EXAMPLES 


1. A straight line AB cuts off a triangle OAB of constant area from 
two fixed lines Ox, Oy. Find the locus of the ©. g. of the triangle OAB. 

2. The base of a triangle is fixed, and it has a given vertical anglo ; 
show that the o, g. of the triangle moves on an are of a cerlain circlo. 

3. Water is gently poured into a vessel of any form ; prove that, when 
so much water has been poured in that the c.g. of the vessel and water is 
in the lowest possible position, it will be in the surface of the water. [M. T.] 

4, Four weights are placed at four given points in space, the sum of 
two of the weights is given, as:lso the sum of the other two: prove that 
their c. g. lies on a fixed plane. [M. T.] 

5. Three uniform thin rods of different densities form a triangle ABC. 
Prove that the densities are in the ratios sec A; sec B: seoC 


A B 
or cosec? g $ cosec? 5 : cosec? S according as the c. g, of the rods is the 
circumcentre or the incentre of the triangle ABC, [S.J 
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6.. If O be tho intersection of the diagonals AC, BD of a quadrilateral 
ABCD and points X and Y be taken on AC and BD respectively such that 
AX=O0C and DY=0B, show that the co. g. of the quadrilateral coincides 
with that of the triangle OXY. 

7. Ifa quadrilateral ABCD is divided into two equal triangles by the 
diagonal AC, prove that the o.g. of the quadrilateral is on AC and 
conversely, 


8. Ifthec. g. of a quadrilateral be tho same as that of four equal 
particles placed at its angular points, show that the o. g. is the point of 
intersection of the diagonals. Hence show that the quadrilateral must be 
a parallelogram, : 


9. Froma triangular area ABC is cut off one nth. part of its area by 
means of a straight line parallel to BC ; show that the c. g. of the remainder 
divides the median through A in the ratio (n + Vim -2) : 2(n+ Vn +1). 


10. A square hole is punched out of a circular lamina, the diagonal 
of the square being a radius of the circle. Show that thec.g. of the 


a 


3r -4 from the centre of the circle whose 


remainder is at a distance 


diameter is a. 


11, From a uniform triangular board a portion consisting of the area 
of the inscribed circle is removed ; show that the distance of the ©. g. of the 
3- 
remainder from the side a is D ee 
Bas s*-7h 


semi-perimeter of the board. 


12. Prove that the centroid of the surface of a tetrahedron is the centre 
of the sphere inscribed in the tetrahedron formed by joining the centroids 


» where A is the area and s the 


of the faces. [S] 
13. A cono of semi-vertical angle tan-* (z) is enclosed in tho 
ciroumsoribring sphere ; show that it will rest in any position. [M. T] 


14. A solid right circular cone has its base scooped out, so that the 
hollow is right cone on the same base ; how much must be removed so 
that the o, g. of the remainder may coincide with the vertex of the hollow 2 


15. Into a thin cylindrical vase, of weight W and cross-section 8, whose 
c.g. is distant b from its base is slowly poured liquid of density p. When 
the height of the o. g. of the whole is a minimum, show that the weight 
of the liquid poured in is V WW + 2sbpy) - W. 


16. Two tangents are drawn to a circle of radius a subtending an 
angle 24 at tho centre. Prove that the contre of gravity of the figure 
pounded by the tangents and the smaller arc between them is ab a distance 


a tan?& sin 4 
from the centre equal to 5° Tm 4-4). (S.] 


T 
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5'6. Centre of gravity of a continuous distribution of 
matter. i 


To find the centre of gravity of a continuous distribution of 
matter forming a finite body of given shape, the summations. in 
the general formul (1) of Art. 5'2 are to be replaced by definite 
integrals as already indicated in Art. 5'3. 

Let a continuous quantity of matter be given. Let a suitable 
point O be taken as origin and Ox, Oy, Oz, three suitable lines 
as axes of co-ordinates, which may be rectangular or oblique. 
Let the given quantity of matter be divided, in any suitable 
manner, into elementary portions so that the mass and the centre 
of gravity of each portion is known ; let dm be the mass of one 
such element and æ, y, z the co-ordinates of its centre of gravity. 
Then Z, 7, Z, the co-ordinates of the centre of gravity of the 
given matter are given by the formule 
Sudm __ Sydm __ fzdm 
Sam’ I Sam’ *~ fam 

The limits of integration are to be so chosen as to include the 
whole matter. 

The given quantity of matter may be distributed in the form 
of (a) an arc ofany curve, (b) aplane area of any shape, 
(c) a portion of a surfaco or (d) a portion of a solid. More- 
over, the density may be uniform or variable. 


5'7. Centre of gravity of any arc of a plane curve. 

The given matter is arranged in the form of an arc of a curve 
whose equation is known. Let ds be the length of an elementary 
portion of the arc at P whose cartesion co-ordinates are æ, y and 
whose arcual distance, measured y 
from some fixed point of the P 
curye, is s, and let p be the linear 
density at P. Then the mass of 
the element dm= pds and its centre 
of gravity is ultimately at P. 

.'. co-ordinates of the centre {eee 
of gravity of the element are v, y. o z 

.'. the co-ordinates of the centre of gravity of the given are 
are == Lesh, J= Ly ots, where ajia fa 


Li 


g= 


ds 
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or, a=[r +) ta and z=r cos 6, y=r sin 0, according 


as the equation of the curve is given in the cartesian from y=f(a) 
or in the polar form r=f(6). The equation of the curve being 
known and p being given as a function of z, y or of r, 0 the 
integrations can be performed, taking the proper limits, 

Similar formule hold for a curve in three dimensions, We 


aSepds p Supds ,_ Spas, 
have @= Jon: y Fp he z T ods If the equation of 


the curve be given in the parametric form #=2(t), y=y(t), 


z=a(t), then as=[(%)’ + Ai a) a 


5'8, Centre of gravity of a uniform arc of a circle. 


Let ACB be the given are of a circle whose contre is O and 
radius isa. Let OC bisect the 
angle AOB and let angle AOB 
=24. We are taken O as origin 
and OC as axis of a. Let PQ 
be any element of the arc where 
P is (x, y), and angle POz is 0. 
Then ds, the length of the are 
PQ, is ad@ and the abscissa of 
its c. g. is w=acos 0. From 
symmetry, the c. g. of the arc 
ison the a-axis, If @ be its 
distance from O, we have, 


4 
S pa cos 0.ad0 : 
TERK Hq, Bs, 
z z IF 
S pad 
—4 


Hence the c. g. of the are is on the bisector of its angle and 
in < 
at a distance from the centre equal to a 
This result is of frequent use. 


Me SOY, 2a 
When the arc is a semi-circle, 4 is 2 and i= 


li 
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5'9, Examples: 


1. If tho density at any point of an are of a unifo 
wire varies as its distance from the central radius, show that 
the c.g. is on the central radius and is midway between the 
chord and the aro. 

We proceed as in Art 
constant but varies as |y l. 
element PQ. From symmetry the c. g. is on OC and 


rm circular 


5'8. Here the density P is not 
Let p=k |y |= k.a | sin 0 |, for 


4 4 
S ka | sin 9 |. a cos 0. add 2a f sin 9 cos 640 
0 


g= FK = 
4 x 
S ka\ sin 0 |. add gf sin odd 
-4 0 
È 1+cos 4 
EEE oF 


=Ha-ta cos 4)=4(00+ ON), it AN is 1 on OC. 
(not shown in fig ). 
*, The c.g.is the middle point of NC, and so midway 
between the chord and the arc. 
9. If G is the centre of gravity af any are PQ of the 
lemniscate r2=a? cos 20, show that OG bisects the angle POQ. 
Let the vectorial angles of Pand Q be 4 and B respectively. 
Consider an element of arc at a point on the curve whose co- 
ordinates are (r, 6). If ds be its length and p the density, then 
mass of element is pds and its og. is (rcos 0,7 sin 6). 
.'. If(@, g) be the co-ordinates of G, the c.g. of the arc PQ; . 


__ Sods. r cos 0 JS ods. r sin 0 
h: hie AU r Dae T 
obarao fpa RU Spisi 


ka J_ Sr sin bds, 
° g Sr cos Ods 


Now, differentiating equation of curve 


i elas a as . (2): dr\? 
we have, rag 7 0 sin 20... a) -(*) +r? | 


sin? 20 
“cos 20 


+a?. cos 20 =a? sec 20. 


“+ ds=an/seo 2040. 


° OENTRE OF GRAVITY 168 


B 
Saa. sin 0de 


TE A EARE E E a T x+8 
z B ~ sin B—sin "ec h 
J a.a. cos 0d9 
x 


+8 


<. OG makes an angle rr -with the axis ie OG bisects 
the angle POQ. 


EXAMPLES 


1. Find the centroid of the arc of the parabola y*=4az included 
between the vertex and an ond point of tho latus rectum. 
2. Find the co-ordinates of the centre of gravity of the arc of the 


2 2 
astroid 23 tyf =a¥ which lies in the positive quadrant. 
3. Show that the co-ordinates of the centre of gravity of the aro of the 


catenary y =c cosh 4 from =0 to =x are z =e - W8, z-i): 


4, Find the position of the centroid of the arc of the semi-cardioid 
r=a(1+cos 6). 

5. Find the equation of the line joining the centroid of the arc of 
half a loop of the lemniscate r? =a* cos 20 to the double point. 

6. Find the centroid of the are of the cycloid #=a(0+sin 6), 
y=a(1 -cos 0) which is in the positive quadrant. 

7. If the density of a semi-circular arc varies as the square of the 
distance from the point which is the other end of the diameter through the 
middle point of the arc, show that the distance of the centre of gravity of 
wt 
r+2 

8. Find the centre of gravity of a uniform circular aro, the density 
yarying as the length of the arc measured from one end, 

9. Show that the centre of gravity of the are of a eycloid in which 
the density at any point varies as the th. power of its arcual distance from 


n+ 
the vertex is on the axis at a distance 2 ni from the vertex. 


. a 
the aro from the centre is 5° 


10. Show that the centroid of the aro of the helix w=a cos 0, 
y=asin 0, 2=b0, lying between the ; ints 0=Oand@=4 has the co- 


? 


= i ma i- x 
ordinates =a. = =a. <i > genes, 


5'10. Centre of gravity of any plane area. 
The given matter is distributed in the form of the area 
ABCD, bounded by the ordinates at Aand D, the Bem ot the | 
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curve BC whose equation is known. We first assume the 
density p to be constant. Let the area be divided into thin 
elementary strips like PP’Q’Q by lines aa parallel to the 
y-axis. Let the co-ordinates of P be (x, y), then those of P’ are 


O A aq’ D 


(w+ dz, y+dy) ; let g be the centre of gravity of this elementary 
strip. The mass dm of the elementary strip may be taken to be 
ultimately equal to pydw and the co-ordinates of g may be taken 


to be ultimately equal to 2, s Therefore the co-ordinates of the 


centre of gravity of the given area ABCD are given by the 


-S zpyde _ Seydo __ Sdy.pyde _ uy Sy*de , 
= th 
formule tan Ada Syde 9 Soyde $ Syds S 
limits of integration are ~= 0A and x=OD. 

If the given matter is in the form of a sectorial area AOB 
bounded by two radii vectors OA, OB and a curve 4B whose 
polar equation is given (see fig Art. 5'8), we divide the area into 
elementary triangular strips like OPQ; let the polar co- 
ordinates of P be (, 0) then those of Q are (r+dr, @+d0). Tho 
mass dm of the elementary triangle OPQ may be taken to be 
ultimately equal to p.4r2d0 and tho cartesian co-ordinates of its 
centre of gravity, which may be taken to be ultimately on OP at 
a distance $r from O, are $r cos 0 and $r sin 0. Therefore the 
co-ordinates of the centre of gravity of the sectorial area are 

_ S% cos 0 p.5r7d0 _ a St? cos 040 
~ Spartde T Sra 
_ SH sin 0.947700 ER Sr? sin 0d0 
S p.31” do Sea ’ 
the integrals being taken between proper limits, 
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When the density p is not constant but variable it is very 
convenient to use double integrals. In the cartesian system, 
we take as our element the elementary area dedy at the point 
(z, y); the mass of the element is pđædy where p is the density 
at the point (x, y) and the co-ordinates of the c. g. of the element 
are xv and y. The general formulm give the co-ordinates of the 


dad 
c. g. of the area : z—Lfeoiady me J= Lfystey, where p is 


to be substituted by its value in terms of a, y. 

In the polar system we take as our element the elementary 
area rd0dr at the point (r, 0) ; the mass of the element is p.rd0dr 
where p is the density at the point (r, 0) and the cartesian 
co-ordinates of the c. g. of the element are r cos 0 and rsin 0. 
The general formule give the co-ordinates of the centre of 
gravity of the area : 

alee cos b.prdbdr. y= S Sr sin b.prdodr , 
S S prdédr SS prdedr 
where p is to be substituted by its value in terms of r, 6 
All the above integrals are to be taken over the given area, 


511. Centre of gravity of any sector of a circle of 
uniform density. 

Let OACB be the given sector, O its centre, a its radius and 
ZAOB=9z ( fig of Art. 5'8). Let OC bisect the angle AOB and 
take O as origin and OC as the z-axis. From symmetry the c. g. 
ison OCG. We divide the sector into elementary triangles like 
OPQ. If ZPOC=6, area of the eloment=$a7d9, and abscissa of 
its c. g. is $a cos 0, 


4 
Scos 6d0 
p- Ed =4 a a 
ay Aor ga EAR 3° 4 
Sao 
-4 


Hence the c. g. of the sector is on the bisector of its angle at 
x 


sin 
a distance from the centre equal to $a- z 
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. an 
When the sector is a quadrant of a circle, we haye 2=3 and 


if (7, 7) be the co-ordinates of G, its e. g., referred to OB, OA as 
axes, we have, 


1 
sin Z 1 
T= OG.cos <=" g e ins and y=. 
4 


3 4 
Hence the c. g. of a quadrant of a circle is fa, =) 


referred to the bounding radii as axes. 


When the sector is a semi-circle =5 and the c. g. is ata 


distance i from the centre on the radius perpendicular to its 


bounding diameter. 


5'12. Examples. 


Ex. 1. To find the c: g. of a loop of the lemniscate 


2=4? cos 20. 


T 


Here the origin O is the node of % 
the lemniscate and its axis is the axis 
ofz. From symmetry the e. g. is on 
Ox. We divide the loop into elemen- 
tary triangles like POP’. If P be 
(r, 0), the area of the element is 
zr°d6 and tho 2-coordinate of its 
c.g is $r cos 0. 


» as 0 varies from—2 t 


7 
rd 
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i 3 
S (cos 20)" cos 649 Z š 
JS (1-2 sin? 6)*.cos 040 


a 
or; g=. a 24,0 7 
m 3 1 
4 p) 
S cos 2049 
n 
4 
put 4/2 sin 0=sin ¢ 
5 
—4a,1., uy 4a 8.1 7 an 
3/2 $ cosit = 5 2 42 A AN2 
an 


Henco the c.g. is on the axis ata distance 4/3 from the 


node. 


Ex, 2. Find the centre of gravity of a semi-circular plate of 
radius @ whose mass per unit area at any point varies as 
Va?—r?, where r is the distance of the point from the Centre. 

[C H. 1963) 

Let ACB be the semi-circular plate whose centre is O. Take 
O as origin and OA as s-axis. Elementary mass at P (r, 0) 
| is kWa?—7?.rd8dr and co-ordinates of its c. g. are r cos 9, r sin 8, 
From symmetry about y-axis we have the c.g. on the y-axis. 


kV a?—1° rdédr.r sin 0 


Sea 


yi 
i 
0 


And, 7= 


ONS © 


a 
A kN a —7?.rd0dr 


l m Ba Ils 
| S sinodo X S Aa — rdr 
—0 0 


i a agg AE 
n S aox S rar dr 
A 0 0 
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n 
g 

2. S atsin? $ cos? ¢.db 
0 


c-ren a putting reg sine 


nl -i= 


Hence the c. g. is on the radius perpendicular to the bounding 
diameter at a distance ža from the centre. 

Ex. 3. Find the centre of gravity of a plate in the form of a 
quadrant AOB of an ellipse, the thickness at any. point of the 
plate varying as the product of the distances of the point from 
OA and OB. 

Take OA, OB as axes of and y and let the thickness at the 
point (s, y) be t=kæy, and let uniform density be p. Then mass 
of element at (x, y)=p.kaydxdy and co-ordinates of its c. g. are 
(a, y) .°. (z, 7) being the c. g of the plate, we have, 


b 
= eS 
f ava P 


S S pkaydudy.x 
0 0 


SS pkaydudy ’ 
| For the quadrant, œ varies from 0 to a and when % is 2, 
y varies from 0 to y, where y is given by the equation of the 


Ry Neg Peg? b 
ellipse, Sat ja=1 or, y=; Vae] 


g= 


Cancelling pk, 
~ aya? —g? 
a 2 2 Q 
Numerator= / ale do=a Z vla? —2*)de 
b2 
=a? Tea“ = iba? 


Denominator Tn Í x(a? — x?) d, DL oA ae 
oa? ¢ aes gaa. 


“. =a. Similarly y=3%0, 
Hence the c. g: is (a, 15b). 


a E, 
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Let the thickness or density at the point (w, y) be kx™y". 


a 

“4 qvat—a* 
S S kay" dedy. 
0 0 


f amiata?) ds 


a ntl l 
S x™a?-2*) * de 
0 


To integrate put =a sin 0 


7 


2 
aS (sin 6)™*+,(cos 0)"**d6 
0 


y S= 


or 


a 
3 
N (sin 0)™.(cos @)"**da 


4 
r=) r(™ ntt) ) 
sa Aan x —_=__» using Gamma function, 
m+n+5 m+1 
r= r- 
2 2 

Similarly 7 can be found. 7 can be found from & by writing 
b for a and interchanging M, n. 

Ex. 4, The density at any point of a circular lamina varies 
as the nth power of the distance from a point O on the circum- 
ference ; show that the centre of gravity of the lamina divides 
the diameter through O in the ratio (n +2) : 2. 

Take O as origin and the diameter OA as the initial line and 
let P (r, 0) be any point of the lamina. The elementary area at 
P is rdédr and p=kr” (fig. Art 5'18). 

<. Elementary mass dm=rdodr.kr" and the co-ordinates of 
the c.g. of the elementary mass are 1 cos 0, 7 sin 0. From 
symmetry the c. g. is on OA. 


€ 
£ 
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n 
2 2acosð 
S S  kr"**dodr-r cos 0 
Ee 0 
ie g=-4___________., where a=radius of 

3 Qacos 9 the circle. 
S S ler" dodr 

_7 0 
2 


(cos 6)"*4do 


(cos @)"*d@ 


Loata ANAN a 
rs) EEA 


2 
ob 
pe 
l 
IN Soa PIA Sora 


gata eee. LS att. 
E T a ARE ET 
2 


Hence the c. g. divides OA in the ratio (n+2) : 2. 
EXAMPLES 


1. Find the centres of ree of the following areas ; 


(a) a quadrant of the ellipse Ž a T e 


2 2 
3 3 
(b) a quadrant of the four-cusped hypocycloid (2) +(4) =1, 
(c) the area included by a parabola and two tangents. (The eqn 


of the parabola referred to the tangents as axes is / Ee / {= 1). 
a 


(d) a semi-ellipse cut off by any diameter, 

(e) any segment of a parabola cut off by a straight line, 

(f) the area between the curye y*(2a-a) =a" and its asymptote. 

(g) the area between the catenary y=c cosh 4 * the co-ordinate axes and 
the ordinate ~ =a. 


` 
G 
~ 
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2. Find the contrts of gravity of : 

(a) the area of a.gemi-cardioid. 

(b) the area of g'semi-cycloid. 

(c) the area of the half of a loop of the lemniscate. 

(d\ the area of a loop of r=a cos 20. 

(e) a segment of a circle, 

3. Find the centroid of the area enclosed between the circles 
x +y’ -2av=0 and g+ y? -2bz =0 and lying above the axis of æ. 

4, Find the centroid of the area included between the aro of a 
semi-cycloid, the generating circle and the base of the cycloid. 

5. Show that the co-ordinates of the centroid of the portion of an 
ellipse cut off by a line joining the extremities of the two axes are 

Gi, y ves ibe, 

a-2 39-2 


zaa. 
= 


“3 2 
3 
6. Find the centroid of a quadrant of the curve (2) (= l, the 


density at the point (x, y) being (1) kay, (2) ky, (8) kx*y*. 
7. Show that the centroid of a circular sector in which the density 
varies as the mth power of the distance from the centre is on the axis of the 


sector at a distance eee where 24 is the angle of the sector. 


8. A circular disc of radius, whose density varies as the distance 


from the centre, has a hole cut in it bounded by a circle of diameter a which 
passes through the centre. Show that the distance from the centre of the 


disc of the centre of gravity of the remaining portion is Iser- 10a" 


5'13. Centre of gravity of a surface of revolution. 


The given matter is distributed in the form of a portion of a 
surface of revolution generated by revolving a plane finite curve 
BO about a line in its plane which we take as the a-axis Ox. 
(fig. of Art. 5'10). Due to the revolution, every point of the curve 
describes a circle whose centre is on Ox. Let P be any point on 
the arc whose co-ordinates are œ, y and let s be the arcual 
distance of P measured from some fixed point on the curve. The 
elementary are PP’ of length ds, by revolving about Ox, generates 
an elementary portion of the surface in the form of a narrow 
circular band whose area is 2myds. If p be the density at P, the 
mass of the elementary circular band is dm=p.2nyds and its 
centre of gravity is on Ox at a distance # from O. Therefore the 
c. g. of the surface is on the axis of revolution Ox and at a 


; __ Sa pinyds _ S pryds ‘ 
distance from O equal to T= TER IB, ds the integrals 


being taken between proper limits. 
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If we use polar co-ordinates, we should write *=7 cos v, 
y=r sin 6 in the above integrals and substitute ds by its value 


2% 
{+2} } do and integrate between proper limits of 0. If p be 


a constant, it may be omitted from the formulæ. 


5'14. Centre of gravity of a zone of the surface of a 
sphere. 


Let AB be an are of a circle whose centre is 0. Let OC be 
the diameter such that by revolving the are AB about OC tho 
given zonal surface is generated. We take O as origin and OC 
as x-axis. Leta be the radius of the circle and le 4COA=« 
and ZCOB=8. We have ds=ad9, z=a cos 9, y=a sin 0. Using 
the results obtained in the previous article we have 


B 
JS a? sin 0 cos gad 
4 =q. 408? 4— cos? B) 
a eos = cos B) 


t= 


B 
JS asin 6.ad6 
4 


=4.(a cos 4+a cos 8) =3(OL4 OM), 
where AL, BM are perpendiculars fromA and B on OC. 
=middle point of LM, 
Hence the c. g. of a zone of a spherical surface ig on the axis 
of the zone and mid way between the bounding planes. 
In particular, the c.g. of a hemispherical shell is the 
middle point of the radius Perpendicular to its plane face, 
SIS, MESSE And the of 8. of the surface formed by the 
revolution of the cardioid r=a(1+cos 0) about its axis. 
Here the cusp is the origin and Y 
the axis of the cardioid is the axis : 
of g. Differentiating the equation 
r=a(l+cos 0) with respect to 0, we 


dr y; 
have gg 7 Te sin 6. 


1 
=[a(1+cos 6)?-+a? sin? 6]?d0 =2a.cos 569. 
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From symmetry, the c.g. of the surface is on Ox and its 
distance from O is 


= yd : 
= fps, using result obtained in Art. 5'13. 


m n 
JS 1° sin 0 cos 0.24 cos 39 2af cos® 5 sin @ cos 68 
0 0 


TIE 8 Faso el: 
‘4 r sin 0.20 cos 540 JS cos? g sin edo 
0 


m 
ob: a a0 )a 
PE g 8in {2 cos” 5 1}d0 


m 
S cos* S sin fao 
0 


m 
Ce og? 94.2 gogt 2 
2a g cos +5 cos’ 5 10 
if 0_ 9, 63-50 
z ag g 
IEPA ad 5 
[ cos” 5 
0 


Hence the c. g. is on the axis at a distance = from the cusp. 


Ex. 2. Show that the centre of gravity of a lune of a sphere, 


asin 4 


of angle 2a, is at a distance a from the axis. 


The lune is the surface generated by the are of a semi-circle 
of radius œ when it revolves about the bounding diameter 
through the angle 24. Let AOB be the bounding diameter and O 
the centre. Take O as origin and OA as g-axis. Tho length of 
the element of are at P where ZAOP=6 is adé and by revolving 
about AOB through an angle 94 it generates a circular band of 
breadth ad@ and length 24.a sin 0, 


.. Elementary mass=p.ad0.24.a sin 0 and its c.g. is at a 


distance a sin ee from AOB (Art. 5'8). 


.', Distance of the c. g. of the lune from AOB 
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m : 
S 0.009.244 sin 0.a sin ae 
0 


m 
S pad0.2x.a sin 0 
0 


=a 804 fn m sin « 


4 9 4° « 


5'16. Centre of gravity of a solid of revolution, 


The given matter is distributed in the form of a portion of a 
solid of revolution generated by révolying a plane area ABCD 
about a line in its plane which we take ag Ox, the axis of a 
( fig. Art. 5°10 ). The area ABCD is bounded by the ordinates 
at A and D, the w-axis OA, and the curve BC whose equation is 
given. When the density p is constant, we divido the area into 
thin strips like PP'Q'Q, whose sides are parallel to the y-axis, 
The elementary area PP'Q'Q by revolving about Ox generates 
an elementary portion of the solid in the form of a thin circular 
dise of area my? and thickness dz, whose mass dm is therefore 
pny?da, where P is (a, y). The centre of gravity of this elementary 
circular disc is ultimately at Q, whose co-ordinates are (w, 0), 
Therefore the c. 8. of the solid ig given by 

g=Svony'de Sry?de 
S ony*de ~ Sydx 

When the density p is not constant but variable we may 
conveniently use double integrals. If we use the cartesian 
system, we take a small elementary area dady at a point P (x, y) 
of thearea. By revolving about Oz, it genorates an elementary 


7=0. 


and whose radius is y. The mass of this element of volume is 
dm=p.2my.dedy, where p is the density at P, and its cortro of 
gravity is on Ox at a distance æ from O. Therefore tho c. g. of 
the solid is on Ox, the axis of revolution and its distance from O 
S S x pmydady S pxydad 

SS p2nydidy ~ a Way: © Œ we use the polar 
system, then the elementary area at P (r, 6) is rdédr and so, in 
this case, dm= p.2nyrd0dr=p.2r sin 0.rdôdr and the c. g. of the 
element is on Ox at a distance #=r cos 0 from O, 


is = 
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The c. g. of the solid is on Ox and 


SS p2nr? sin Pdbdr r cos 8 _ SS prè sin 6 cos Adôdr, 
SS Pmr sin odðdr- SS pr’ sin Od8dr 


i= 


5'17. Centre of gravity of a solid sector of a sphere. 

Suppose the solid sector is generated by revolving the 
sectorial area OAC (fig. Art. 5'8) about OC. We take O as origin 
and Ox as x-axis. Let a be the radius of the circular sector and 
let ZCOA=4. Using polar co-ordinates and the result obtained 
in previous article, we find that the c. g. of the solid sector is on 
OC at a distance from O equal to 


ar 
SS r? sin 8 cos 6dédr 


crow 3,1 
i= ra glt cos 4). 
>- SS 7 sin od0dr 

00 


In particular, if the sector be a solid hemisphere, we have 


1 a 
= and -. @ ge 


Hence the c. g. of a uniform solid hemisphere is on its 
axis of symmetry at a distance 2a from the centre. 


518. Example, Show that the centre of gravity of a 
sphere, the density at any point of which varies inversely as the 
square of the distance from a fixed point on the surface of the 
sphere, bisects the radius through the fixed point. [C. H. 1956] 


Let O be tho the fixed point on the surface of the sphere 
which is taken as the origin, and OA the diameter through O, 
which is taken as the a-axis. ` Let a be the radius of the sphere. 
The sphere is a solid of revolution 

j E 
generated by revolving about OA B 
the semi-circle OCA, drawn on OA 


as diameter. Let P (r,6) be any ee 
6) 


point of the semi-circle, the density o ee kare 


at P is +. The element of area 


rdédr at P, by revolution about OA, generates a ring of radius 


PN=r sin 0 and cross-section rdddr and whose centre is N. 


G 
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The element of mass thus generated is 
2d0dr.2nr sin 05 on sin drd and its c.g. is N whose 


co-ordinates are (r cos 0, 0). 


~. The c. g. of the solid is on OA and its distance from O is 


RQ 
PE sin 0drdð.r cos 0 
0 


7 
2 2a cos 0 

Yaw is sin 6drd0 
0 0 


m 

2 
J cos @ sin 6d0 
0 


Hence the c. g. of the solid is on the diameter through the 
fixed point and its distance from the latter is one-half of the 
radius. 


Se ee a 


EXAMPLES 


1, Find the centroids of the surfaces formed by the revolution of : 

(a) the cycloid c=a(@+sin 4), y =a(1 -cos 6) about (i) the axis of y, 
and (ii) the axis of w. 

(b) the cardioid r=a(1+cos 6) about its axis. 

(c) a loop of the lemniscate +? =q? cos 29 about the initial line. 


2. Show that the centroid of the portion of the surface of a paraboloid 
of revolution lying between the vertex and a Plane perpendioular to the 


axis at a distance from the vertex equal to # of the latus rectum is on the 


axis at a distance from the vertex equal to 48 (latus rectum), 


3. Find the centroid of the surface of a Semi-ellipsoid of revolution 
about the minor-axis, 


4, A uniform bowl has for its inner and outer surfaces concentric 
hemispheres of radii a and b respectively ; prove that the distance of its 
Bla +b)(a? +b?) 


©, g. from the centre is Bla? +ab tO" 
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5. Find the centroids of the volumes formed by the revolution of : 

(a) the cycloid 2=a(@+sin 6), y=a(1—cos 0) about (i) the axis of 
y and (ii) the axis of w. 

(b) the cardioid r=a(1+cos 6) about its axis. 

(c) a semi-ellipsoid of revolution about minor axis cut off by a plano 
through the axis when (i) the density is uniform (ii) the density at a point 
varies as its distance from the plane œ =0, 

6. Find the centroid of the solid segment ofa sphere bounded by a 
plano distant c from the centre. 

7. Find the centroid of a sphere whose density varies as the distanco 
from a tangent plane, 

8. Prove that in a sphere, whose density varies inversely as tho 
distance from a point in the surface, the distance of the c. g. from that 
point bears to the diameter the ratio 2 : 5. [M T] 

9. A uniform solid fermed by revolution of a cycloid about its base 
is cut in halves by a plane through the axis, Show that the centroid of a 


half is at a distance is from the plane face. 


5'19. Centre of gravity of any solid. 

The fundamental PEL to be used are those given in Art. 
5'6. For cartesian co-ordinates we take dm= padrdydz and the 
integration is a triple integration. 


daxdydz 
Thus we have = ae with similar expressions 


for 7 and Z. 
For polar co-ordinates, we take dm=p.r? sin 0drdéd¢, 
g=r sin 0 cos¢, y=r sin 0 sing and z=r cos 0, and tho 
integration is a triple integration. 
S Spr? sin*d cos ġ drdadd 


BO A 5 
Thus we haye 7= SSS pr” sin 0 drdode apie 


5'20. Example: 


Pyeng 
Find the c.g. of an octant of the ellipsoid ae =1 


bounded by the principal planes when the density at a point 
(x, y, z) is kaye. 
Consider the octant in which %, y, 279. 


We have, dm=kxyz.dadyda. : eye i 


10 
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SSS zcksyzdudydz 
SIS y kxyzdxdydz 


octant of the ellipsoid. 


Po = , where V denotes the given 


To integrate put e=aX, y=bY, 2=cZ. 
aS S S yi X° YZAXAYAZ 


E e eh V' denotes the 
“OESS S yp XYZAXAYaZ ei 


corresponding octant of the sphere X°+Y°+Z°=1, 
Now we make the polar transformation, 
X=r sin 9 cos ¢, Y =r sin 0 sin $, Z=r cos 0 


X, Y, Z\_ 3 : 
ve ear de r” sin 0. 


™ 1 
TATIE 
aS dr SaO S dbr®.sin'd.cos 9.cos*¢ sin p 
0 0 0 
7 
p 


Similarly y= and z= 102. 
16a 16b , £9. 

H h f 
ence the c. g. of the octant is 95° 85° 35 


5'21. Instead of using the general formulae with triple 
integrations it is sometimes more advantageous to divide the solid, 
if possible, into larger elements like thin slices or shells or if 
the solid be heterogeneous, thin strata of homogenous mattor, 
whose masses and centres of gravity are known. The c: g, may 
be found by a single integration. We work out two examples to 


illustrate the method. 
Ex, 1, Find the centroid of the volume included between 


yyw se; 
the surfaces p gt g O 2724, y=0 and 2=0. [C. H. 1951] 
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The first surface is an elliptic paraboloid whose axis is Oz. 
The others are planes. The given 
volume is ACBO where OC=2a and 
AOC and BOC are sections by planes 

=0 and y=O respectively. We 
divide the volume into thin dises 
which are quadrants of ellipses by 
drawing planes parallel to the yOz 
plane. Consider one such disc PRQ 
where OR=a, 


: WES AA 
The equation of the section by the plane v =g is pat ca ae 
Pog aE ay lo. zaot pom [dere 
on, fet Saat. s. BP= 72%, RQ v= s 
a a 
Bbm Qe%a Qa n2, Tbe. 
Vol. of the dise=47. V7 r ae =o a 
å |9b%@ ‘4 2 
Co-ordinates of its ©. g. are w= 2, Y=37 2, iar ats 
2a P 
J oa, ada 
EREE =2,9,=44. 
aiar n 2a 3 
abe, 
J 2a ue 
2a 7 
2°% te 
t—-|—dae 3 
f A 4b, 2,29 
6 an Nas _ 30, 
ie 2a (2a 157 
S ada 2 
2a i : 
CH, [Qcre 
f BE \ a a 
Similarly 7= Qa 150 
S vdr 
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Hence the centre of gravity of the given volume is 


(42, 322 32b Ste). 
3° 15m 15n 


Ex. 2. The density of a hemisphere varies as the nth power 
of the distance from the centre ; show that the centre of gravity 


divides the radius perpendicular to its plane surface in the ratio 
nt+3:n+5, {c. H. 1960, 1958] 

The solid hemisphere can be broken up into thin homogeneous 
hemispherical shells of radii varying from 0 to a, the radius of 
the given solid hemisphere, all having the same centre O as that 
of the solid, by drawing concentric spheres of centre O. The 
mass of the shell lying between spheres of radii r and r+dr is 
2nr?.dr.kr” and its c. g. is on the radius of the hemisphere per- 


pendicular to the plane face at a distance - from 0O. Therefore, 
the c. g. G of the solid is on this radius and OG 
a 
F Omler™*2 gdr 
0 


a 
S onkr"? dr 
0 


Hence the c. g. of the solid is on the radius perpendicular to 
its plane face and divides the radius in the ratio (n+3) : (n +5). 
5'22. Transformation or change of co-ordinates. 


Sometimes transformation may be used advantageously to 
find the c. g. of a plane area or of a volume. 


4 


at 
EM 
4 


gi Ee $ 


(0 x 


The simple transformation a=au, y=bv, establishes a one-one 
correspondence between the points of the zy and the w-planes. 
A point P or a curve O or a region S in the ay-plane is trans- 
formed into a point P’ or a curve O’ ora region S’ in the wv- 


nlane» These sare called enrraannnding slameante. Snnnose in 
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the zy-plane we have a region § bounded by a coutour C and 
suppose A is the area and (&, 7) is the c. g. of S. Let S’ be the 
corresponding region in the wv-plane bounded by the correspond- 
ing coutour O' and let A’ be the area and (y, w) the c. g. of S’, 


We haye A=SSgdady=S-S yabdudo=ab.4'. Thus the 


ratio of the areas of corresponding regions is constant. 


* SS gedady SS yatbududv 
Again, we havo, = ——— = ———_ =a. 
A abA 


Similarly y=bv. 


Thus the c. g’s of corresponding regions are corresponding 
points. The orthogonal projection of a plane area on another 
plane is a particular case of this transformation, where œ =u sec 4, 
y=v, x being the angle between the planes. 

We have exactly identical results in three dimensions for the 
transformation z=au, y =bv, z=cw. 

These transformations are useful in finding the c.g’s of 
elliptic areas or ellipsoidal volumes from those of circles and 
spheres. We shall use it to solve the following problems. 


Ex. 1. A right line cuts off a constant area from an ellipse ; 
find the locus of the centroid of the portion cut off. i 


Let the ellipse be APQA' whose 
centre is O and major axis A’OA. 
Let chord PQ cut off a constant area 
from the ellipse. 

Equation of ellipse is 


b 
Wo make the transformation «=X, =r (2) 


Then the ellipse transforms into the auxiliary circle 
X2+Y?=a?......(3) 
The transformation (2) transforms the chord PQ into the 
corresponding chord P'Q' of the circle (3) and the segment cut off 
by PQ into the corresponding segment cut off by P'Q'. 


182 ANALYTIOAL STATIO$ 
Area of segment cut off by chord PQ from the ellipse 


b 
=S Sdndy=S Sax AY =" S SaXa¥ 
=?x area cut off by chord P’Q’ from the circle. 


When PQ cuts off a constant area from the ellipse (1) 
P'Q' also cuts off a constant area from the circle (3). 

Let (7, 7) be the co-ordinates of the c.g of the segment cut 
off by PQ and let (X, Y) be the c. g. of the corresponding segment 
cut off by P'Q'. 

S S xzdzđy SS XAXA _ 

SSdady SfaXaY 

-S S ydady b S f YAXAY _by 
SS didy a SfdXkdY a 


Thus the c. g’s are also correspoding points with respect to 
the transformation (2). 


Then g= 


and 7 


Now, in the case of the circle, as the area of the segment cut 
off by P'Q' is constant, (X, Y), the c. g. of. the segment, which 
lies on the line through O perpendicular to P'Q’, is at a constant 
distance from O. Hence the locus of E Y) is a circle whose 
centre is O. Let the equation of this circle be X? +Y? =¢. 


— baei 2 
Since X=Z and Te we havo, THT E ; this is the 
equation of the locus of (7, 7), the c. g. of the segment cub off by 


PQ. Hence the locus required is a concentric ellipse, similar 
and similarly situated to the given ellipse. 


Ex, 2. A plane cuts off a constant volume from an ellipsoid ; 
find the locus of the centroid of the portion cut off. 


$ g? y? 2? 
Let the equation of the ellipsoid be atpatan 1 os (1) 
We make the transformation s=aX, y=bY,2z=cZ. =» (2) 
The ellipsoid (1) is transformed into the sphere 

j KA+V2+F72=1 +. (3) 


It can be shown similarly as in previous example, that the 
transformation (2) transforms equal volumes into equal volumes 


» 


CENTRE OF GRAVITY is3 ' 


and that the c. g’8 of corresponding volumes are corresponding 
points. The result easily follows as in the aboye example. The 
required locus is an ellipsoid concentric and similar and similarly 
situated to the given ellipsoid. 

523. The more general transformation «=¢(w, v), y=v{4, v) 
is sometimes used to simplify double integrations. The trans- 
formed integral is given by the formule, 


SS pile, vdady=S S pie.) | J | dudv. Tn three dimensions 
we have =u, v, w), y=Wie v, w), z=xlu, v, w) and 
SSS pfe u ddzdydz=S S S pilh, x) |T | dudedw, 


where J is the Jacobian. These results are to be found in 
treatises on the Integral Calculus. This method has been used in 
solving the example in Art. 5'20. We now work out an example 
of a different type. 

Example 

Find the c. g. of the area enclosed by the four parabolas 
y?=4aa, y? =4be, w2=Acy, 7? =4dy. 

Here the figure formed is a curvilinear quadrilateral whose 
sides are arcs of the given parabolas. If (z, 7) be the c. 8. of the 
area enclosed, we haye, 

gat Sndady, gar uae 

S J dedy S S dudy 
is to be taken over the area enclosed. To simplify the calculation, 
we make the transformation given by y*=4ue and g? = Avy. 


+ whereeach of the integrations 


1 2 2 1 
Solving a=4u%u® and y= 4u®v®, which gives z, y in terms of u, v. 


alr, y) | Oz Oz J48 - | z[= 48 
Ou, v) | wu dv Die 9 
Oy , OU 
Ou Ov 


and the enclosed area has heen transformed into a rectangle 
bounded by the lines u= a, u=03 V=% v=d. 


N 43 Be ta 4 F 3 
= ` 5 
E A a a ed 
E oa A A, 5 (b-a)(d—c) 
8 pau S dw $ 
Ja c Š 
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i 9 oaa- of) 
similarly, 15" TEENE ETA 


5'24, Theorems of Pappus. 
The two following theorems were first given by Pappus. 
With their help we can find the surface area and the volume of 


a solid of revolution when we know the centres of gravity of the 
generating curve and of the generating area. 


Theorem I. 


Tf an arc of a plane curve rotates through any angle abcut an 
awis in its plane which does not cross it, then the area of the 
surface generated by the revolving are is equal to the length of the 
are multiplied by the lengih of the path described by its centre 
of gravity. y 

Let BO be an arc of a plane curve which lies in the plane 
zOy and let Oz be the axis of revolution which does not cut the 
curve (fig. Art. 5'10). Any elementary arc PP'’=ds, where P is 
(z, y), rotating round Ox through an angle @ traces out an 
elementary area in the form of a narrow band of length y and 

- breadth ds, whose area is therefore yéds. .'. area of the whole | 
surface generated by the are BO=/yeds=0/ yds. But if (T, 7) 
be the co-ordinates of the centre of gravity of the are BC, we have 
pais <.  Syds=7.s, where s is the length of the are BC. 
Hence the area of the surface generated =0.9s.=s.7)=length of 
the are BOXlength of the path described by the centre of 
gravity of the are BC. 


Theorem II. 


If a plane area rotates through any angle about an axis in its 
plane which does not cross it, then the volume generated by the 
revolving area is equal to the area multiplied by the length of the 
path described by its centre of gravity. 


Let any given plane area lie in the plane wOy and let Ox be 
the axis of revolution which does not cut b! e area (fig. Art. 5°10). 
Any elementary area dA at a distance y from Oz, rotating round 
Ox through an angle 0, traces out an elementary volume in the’ 
form of a narrow tube of length y@ and cross-section dA, whose 
volume is therefore yadA. .°, Volume generated by the given 
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area= S yðAA=0f ydA, But if (g, y) be the co-ordinates of the 


centre of gravity of the given area, we have, go Fs. 


SydAd=¥.A, where A is the given area, .. Volume 
generated by the given area=0.y~A=A70=given aroa X length 
of the path described by the centre of gravity of the given area. 

For example, the surface of a sphere is generated by revolving 
a semi-circular arc through an angle 27, round its bounding 
diameter. Now length of semi-circular arc=mr,r being the 
radius. Distance of the centre of gravity of the semi-circular 


are from the diameter= 7 .'. Length of the path described 


by the centre of gravity = = X In=4r. 


Area of the surface of the sphere=ar.4r=4ar*. 
Again, a solid sphere is generated by revolving æ semi-circular 
area through an angle 27 round the bounding diameter, Area 
of the semi-circle is 377%. Distance of its centre of gravity from 


the diameter is a 
3 


4 
Volume of the sphere=$ar* X (z x on) =r". 


5'25. Lagrange’s Theorem. 

If particles of masses Ma, Mg,- be situated at the points 
Ay, As, and if G be their centre of gravity and O be any 
other point in space, then 

ym.042=5m.GA?+(Sm,)0G*. 

We take Gas origin and any rectangular system of axes. 
Let (a1, Y3, Z1) (a) Yay Za)... be the co-ordinates ofeAdy An. 
and let O be the point (É, m, ¢). Then since the origin is the 
c. g. of the masses Mi, Man... placed ab Ay, Ag)...» We have, 


amo ie. Sme=0. Similarly Smy=0 and 3mz=0....(1) 


Now 3m.042=Sm[(é-a) t(n -y)?+(¢—2)| 
j = ymw? +y +22) -2m mMEmy — WSme 
+5m( +n? +t’) 
=sm.GA2+(Sm).0G?, [using relations (1)]. 
=5m.GA?+,0G". IE 
3 where M=Sm=Total mass. 


« 


c 
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EXAMPLES 


1. ‘Find the centroid of the volumes included by tho surfaces : 


wr y’ 
(a) artes =1, 2=0, læ +my+nz=1. 


y? g 
(b) E —=1, w=0, z= +o. 
(c) 2x% +ty’ =ar, z=ma, s=nx. 
2. Find the centre of gravity of an octant of the ellipsoid when the 


density (1) p is constant (2) p=/r?y™zN and (8) px the square of the distance 
from the centro. 


3. Find the centroid of a hemisphere when the density varies as the 
distance from a point on its plane edge. 
4, Find the centroid of an octant of the solid (2)"s y" TOES 


5. Find thə volume and surface of an anchor-ring. 
6. A triangle of area A revolves about a straight line in its own plane 
the perpendiculars on which from its angular points are p,, Pa» Ps ; show 


ee 
that the volume generated is S A(P, +P. tPs): 


7. Tholemniscate 7? =a? cos 20 revolves about a tangent at the pole. 
Show that the surfaco of the solid generated is 4ra?, 


5'26. Miscellaneous Problems worked. 


Ex. 1. A frustum of a solid right cone is placed with its 
base on a rough inclined plane. whose inclination is gradually 
increased ; if R andrbe the radii of the larger and smaller 
sections, and be the height of the frustum, show that the 
frustum will ultimately cither tumble or slide, according as the 


4R,  R?+Rr+7? 
coefficient of friction =— bh RIRE 3r [C. H. 1960] 


We know the frustum will slide only when the inclination 
of the plane has increased to À, the angle of friction. Let @ be 
the inclination when the frustum tumbles. Then the frustum 
will tumble or slide according as 6S). 
Let ABCD he the frustum, @ its c. g. 
which is on the axis OFE of the cone OAB. 
Since the frustum is about to tumble the 
vertical through G passes through A, the 
lowest point of its base AB in contact with 
the plane, 


. ABR 
are Z =— nee oe eer 
AGH=0 and tan 0 EG HG (1), 
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R being the radius of the larger section which is in, contact. 
We have to find HG, the distance of the c. g. of the frustum 
from the base AB. Let « be the semi-yertical angle of the cone. 
.. OE=R cot «, OF=reot< .. h=EF=(R—-r) cob 

eevee A) 

Volume of cone OAB=$.nR*.R cot 4=}0nR°. cot <5 

Volume of cone ODC=§mr* cot %; height of c.g. of cone 
OAB above E=4}.0E=}R cot <; height of c.g, of cone ODC 
=h+4r cot 4 ; and frustum ABOD=cone 0AB—cone ODO. 
Ga TEAR cotta — yir" cot 4(h+4r cot <) 

dn cot a(R°— r°) 
(R*—4Rr?+3r*) cot 4 


se RGA » substituting for h from (2) 


E 


et ee 


4(R—1r)(R*—-7°) =4 R2+Rrtr* 
The frustum with tumble or slide, 
according as tan @Stan A=“ or, Esn [from (1)] 
y eth RtRrtti, 
> BS RE ORrt Br 
Ex, 2. A frustum ofa uniform right circular cone whose 


somi-vertical angle is < is made by cutting off Hih, of the axis; 


Prove that the frustum, will rest with a slant side-on a 
t 3 
Horizontal plano if tdn’4 <i: Snitt [C. H. 1967, 1963] 


Let OCD be the cone whose axis is 


OEF and from which the frustum ABCD 
is made by cutting off the portion OAB, 


where OH at or="h, writing OF =h. If 


Gbe thee. g. of the frustum, then the 
frustum will rest with side AD on the 
horizontal plane OAD, if the vertical through G viz GL meets 
the plane at a point L lying within AD ie. if OA<OL<OD. 
As OL<OD, the condition is OA<OL. or. OH sec 4<0G cos 4 


or, h sec?4 L0G (1). 


- 
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Now, we have to find OG : 
Frustum ABCD=cone OCD-—cone OBA. 


mht 
Vol. of cone OCD= ze tan?< ; vol. of cone OBA=5 — tan’% 
Distance of c.g. of cone OCD from O=h, and thee of cone 
3, h, 
OAB=> TIRS 
RE OOL a > #9 
Ae a we BR nt 1 
ao T I) 4 noi 
Th? ba *4(1- = 
. te neal =F 
s Condition (1) becomes, sec ves = 
4 (1) 
n= 8n*— 4n? +1 
or, tan? «<i wns ahi = An? —1) 
Hence the frustum will rest with a slant side on the 
gee 
horizontal plane if tan’ <p gi a 


Ex, 3. The thickness of a thin circular homogeneous plate 
at any point is proportional to the distance of the point from a 
tangent to its perimeter. Find the position of its c. g., taking a 
to be its radius. [C. H. 1956] 


Take the tangent as the y-axis and the diameter perpendicular 
to it as the z-axis. If (r, 8) be the co-ordinates of a point P of 
the plate then thickness tær cos 0. or, t=kr cos 0. Elementary 
mass at P is rdédr.kr. cos 0.p, if p=density, and its c. g. is 
(r cos 0, r sin 0). From symmetry c. g. of the plate is on w-axis. 


s0 
3 


2 Qa co 
S S kpr? cos*0drde 
nm 0 


S kp.r® cos Odrdd 
m 


2 
S cosĉt0d9 
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Hence the c. g. of the plate is on the diameter perpendicular 


to the tangent and at a distance : from the centre. 


Ex. 4. An isosceles triangular lamina is such that its mass 
per unit area at every point is proportional to the sum of the 
distances of the point from the equal sides of the triangle. Prove 
that the distance of the centre of gravity from the vertex is 
three-fourths of the altitude. 

Let OAB be the lamina where O0A=OB 
and ZAOB=2«. Take O as origin and 
OD, perpendicular from O on AB as a-axis 
Then ZAOD=ZBOD=4. From any point 
P(r, 0) of the lamina draw PL, PM L'on 
OB and OA respectively. 

Then PL=r sin (0+4) and 

PM=r sin (4—80). 

PL+PM=r\sin (0+4)+sin (<—6)]=2r sin 4 cos 8. 

Element of mass at P is rdédr.2kr sin 4 cos 0 and its c. g. 
is (r cos 0, r sin 0). As OD is a line of symmetry, the c. g. of the 
lamina is on OD. 


x h seco 
Yi rd0dr.2r? sin x cos 0 cos 0 
—«0 


at eT ae eee = 

oe S S rdadr.2r sin 4 cos 0 Peace) alors 
a 

S sec*0 cos 0 cos 8 dé 


=$h. 


x 
S s00°6 cos 048 
-4 
Hence the c.g. is on the altitude and at a distance of 2th of 
the altitude from the vertex. 


Ex. 5. The centre of inertia ofa circular disc, the density 
of which varies inversely as the fourth power of the distance 
from an external point O in the plane, is the inverse point of O 
with respect to the boundary of the dise. 
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Let C be the centre of the disc and let OC=c. Take O as 
origin and OC as a-axis and let 
any point P of the dise be (r, 0). 


Then =i and the mass of 


the element at p=% ‘7d9dr and 


its œ g. is (r cos 0, rsin 0). 
From symmetry. the c. g. is on 
00. 

4 OM 


f f F rdodre cos 0 
A 


=e r=0L 


[ The limits of 6 are —<, 4 where 4 is the angle between OC 
and the tangent OT drawn from O to the circle and ~. sin a= 


where a=radius of circle, If the line OP cuts circle at L and M, 
then when 0 is 0, r varies from OL to OM |, 
To find OL, OM in terms of 0, les OL=t. 
From AOCL, we have, a?=c?+1?—2ct cos 0 
or, (t—c¢ cos 0} =a2—c? sin?0 


“. OL=c cos 0— NVa =e sin? = th 
OM=c cos 0+ NV a?—c? sin?0= ta, 


ta 
fos e|-}] do 
“, =t s 
a ta 
Sila 
E tı 


Now, L1 tti _ 2a? — o sin?0 
E ATA i aba O ea 


nd REN 1 (tatta —tı)_ 9% cos 0.2M a? —c? sin?0 
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x 
S cos 6.Va?—c® sin*6.d0 
co a =s 
c x TG 
S cos oMa” =o" sin*0.d0 
“. If Qbethec. g, wehave c.0G=c*—a* 
or, O02—O0C.0G=a? or, 0000- 0G)=a° 
or, CO.0CG=a*. 
G is the inverse point of O with respect to the circle of 
centre O and radius a. 

Ex, 6, The distance from the cusp of the centroid of the 
area of the cardioid r=a(1+cos 6), when the density at any 
point varies as the nth power of the distance from the cusp is 
(n+2)(Qn+5) 

(n+3)n+4) 

The element of mass at (r, 0)=kr".rd@dr and its c.g. is 
(r cos 6, r sin 0) From symmetry the c. g. of the eardioid is on 
its axis, If Z be its distance from the origin which is the cusp, 


_c?-a? 
c 


we have, 


n a(i+cos 6) 
Sif ker®*®,cos 0d0dr 


t= —70 notte 
SS ker" doar 


a 
S (1+cos 6)"**.cos 0d0 
_nat2 0 


T 
S (1+cos 0)"**d0 
0 


m 
1 anto : 
J (L+cos 6)"** cos aao=a** f (0059) (cos* $sin? oao 
To integrate, put $=, 
1 
2 
=9,2"+8 S [(cos $)2"*® — (cos $)2** (sin 6)* lde 
0 


7“ 
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peno ena 
=+ 2. 1 ah 


T(nt5) 2 T(n+5) 
ant er(s), (iachl)\fae-t7 i] 


T(n+5) 2 a 2 
=9"+8 (n+ 3): PIE 


; Tt 
Similarly, S (1+cos 6)"*2do 
0 


rt) rq) 
Tint) 


. n R2 (nt3an+5) (n+2)(Qn+5). 
E TE ENEN E E 
Ex. 7. Ifthe density at any point of a sphere of radius a 
directly varies as the distance from the centre and a sphere 
described on the radius as diameter be cut oub, show that the 
centre of gravity of the remainder is at a distance aga from the 
centre. [0. H. 1953] 
Let BOA be a semi-circle of radius æ whose centre is O and 
bounding diameter is BOA. On OA as diameter draw the semi- 
circle ODA. Let the whole figure be rotated about BOA throagh 
27; then the semi-circle BCA C 
will describe a sphere of radius 
a and the semi-circle ODA will 


describe a sphere on radius OA A 
as diameter. We have to find | } 
B o) FA Y 


m 
g 
=9"*8 S (cog $)?" ttdp=2 2, 
0 


(i 


tho c.g. of tho larger sphere 
when the smaller sphere has 
been cut out. The solid which 
remains is generated by the revolution about BOA of the semi- 
circle BCA after the semi-circle ODA has been cut out from ‘it, 
Take O as origin and OA as z-axis and let P (r, 0) by any point 
of the revolving area. Element of area at P is rdédr. By a 
complete revolution it generates a ring of radius PN=r sin 0 and 
cross-section rdédr, and it is homogeneous of density kr. <- mass 
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of elementary ring=rdédr.2nr sin Okr and its c. g. is its centre 
N whose co-ordinates are (r cos 0,0) <. c.g. of given solid is 
on the w-axis and its distance from O is 


Tir na 
S S 1 sin 0 cos 6 drdo+ S Sr* sin 0 cos 0 drdé 
0 n 0 


2 


m 

3 a ma 

S S sin 0dr d+S Sr’ sin 0 dr dd 
0 nm 0 


2 


[ When @ varies from 0 to K r varios from a cos 0 to a as 


the area ODA has been cut out. And when @ varies from to 7, 


r varies as usual, from 0 to a |. 
m 


a® F a? r : 
Numerator =% { (1-0050) sin 6 cos 0 dti sin 0 cos 8 d0 
0 


f a 
2 
n 
2 m 
5 7 
=| sinto +2272) [+5 int) 
3 o 5 i 
2 
=" {-})=-55 
aN WY 85 
m 
2 7 
a* 4 š A 
Denominator="| f ü- cos 0) sin 0 ao+ f sin 0 a| 
0 T 3 
2 
7 
m 
4 
=*|-co 6 | pce L |] 
4 
0 0 
Laa Tot 
cw 20 
$. B= osh 


19 
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Hence the c. g. of the given solid is on the line joining the 
centres of the two spheres and at a distance ssa from the centre 
of the larger one. 


Another simpler solution is to break up the given solid into 
~ segments of concentric shells of homogeneous matter by spheres 
of centre O and radii varying from 0 to a. Consider such a 
shell bounded by radii r and r+dr. The segment of the shell, 
which is the element here, is bounded by two planes L to AB, 
one on the left of Oat a distancer from O.and the other to 
right of O at a distance r cos 0 from O. The area of the surface 
of the segment =the area of its projection on the circumscribing 
cylinder =27r(r+r cos 0) 


. 


., Mass of the element= 4r. 2rr(r+r cos 6).dr 


=Ixkr®(1+eos 6)dr ; 
and its c. g. is on OB ata distance from 0="—" OS, being mid 
way between the bounding planes. 


.. Thee, g. of thesolidison B and its distance from O 


a 
f Inkr*(1+cos 4)dr. al- cos 0) 
0 


» where cos 0= z 
a a 
4 2rkr?(L+cos 0)dr 


+ 


=} a ys i ~ 63 
S (t+ t)ar it) 


Or. We may first find the mass and. g. of the smaller 
sphere and also the mass of the larger sphere—its c.g. is evidently 
O—and then find the c. g. of the compound body formed by the 


two spheres, the mass of the smaller one being considered 
negative. 
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Ex. 8. Find the c.g. of a portion of a solid sphere of 
radius a, contained in a right cone whose vertex is the centre 
of the sphere and whose semi-vertical angle is x, the density of 
the solid varying as the nth power of tho distance from 
the centre. 


Let O be the centre of the sphere and OA the axis of the 
cone. The given solid is generated by the revolution of a 
circular sector OAB about OA through 360°, where OA=a and 
ZAOB=4, the density varying as the nth power of the distance 
from O. The mass of the elementary ring generated by the 
revolution about OA of the elementary area rd@dr at a point 
P(r, 6) of the sector is rd0dr. 2rr sin 8. kr”. and its c. g. is on OA 
at a distance r cos 0 from 0. 

.'. Thee. g. of the solid is on OA ‘and its distance from O 

a a f 
S S 2mk.1"*?, sin 0dôdr. r cos 8 


© 
© 


x a 
S S Uksr"*? sin 0dôdr 
0 0 


_nt3 4(1—cos*«) n+3 a 
nt4°” (1—cos 4) n+4 2 
Ex. 9. A portion of an anchor ring is formed by the 
revolution of a circular area of radius a about a line in its plane 
at a distance c from its centre, where c>a, If 2« be the angle 
through which it revolves, prove that the centre of gravity of 
2 2 ins 
the solid is at a distance from the line equal to ere jog 
[0. H. 1957] 


* (1+cos 4). 


Let C be the centre of the 
circular area and MO the line 
about which the area revolves. OC, 
the perpendicular from O on MO, [Nee ee 
isc. Take origin at C and OC as Ree / 
y-axis and let P(r, 0) be any point 
of the area. Its area is rdédr and 
due to the revolution about MO 


through an angle 24, it generates a 
portion of a ring, PP’, whose centre is M, the foot of the 
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perpendicular from P on MO, whose radius is PM=c+r cos 9, 
whose length is 24. PM and whose cross-section is rdôdr. 
Therefore the volume of this element is rd@dr. 24:(c+r cos 0). 
Its c. g is on ML; which bisects the angle PMP'=2x4, and its 

a 
all. such elementary volumes are in the plane through MO 
and ML. 


distance from M is PM. ES a(o-+r cos 0). The c. ¢.’s_ of 


“. The distance of the c. g. of the anchor ring from tho 
line MO 


Qe a 
ji f rdðdr. 2x.(c+r cos Dare 
0 0 
or a 
L S rdadr. 2x.lc+r cos 0) 
0 


Qn £ 7 
s2 a? 2 e) 
f (c g T20 cos 0. 3 +cos"6, 4 da 


4 
a 
k rae +— ] 
sina | 8 H _a?+4e% sin 4 
4 T.a? ESEE Pa 


Ex. 10.. A uniform solid is bounded by the surface formed by 
; the revolution of a cycloid about its base and is then cut in halves 
by a plane through the axis of revolution. Show „that the centre 


of gravity of each half is at a distance is from the plane face, 
me T 


where a is the radius of the generating circle of the cycloid, 

We shall imagine the solid to be cut by the plane of tho paper. 
The solid half is generated by the revolution of the cycloid APB 
about its base AB through 180°. Taking O as origin and OA as 
a-axis, the equation of the cycloid is t=a(d+sin 0) } (1) 

co... y=alitcos 0) J. 
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Let P te any point on the are of the cycloid and (w; y) its 
co-ordinates. Then its ordinate 
PN isy and ON is æ. Consider 
the strip PN of thickness dz. 
By revolving about AB through 
180° it generates the semi-circular 
dise PQR whose centre is N, 
radius is PN=y and whose thick- 
ness is dæ. ‘Therefore its volume 
is Iny%de and its c. g. is on NQ, the radius perpendicular on the 


diameter PNR at a distance a from N. We divide the solid 


into such elementary semi-circular discs, and the c.g. of the solid 
is, from symmetry, on the line through O perpendicular to the 
plane of the paper. If GŒ be the c. g. of the solid we have, 


m 
day?da- 22 S +cos0)‘do 


E es 

og Sany de or n 
JS (1+cos 6)°d0 | 

g 


0 
8a 7.5.3.1 m 6.4.2 2_ Ta 


3m 8.6.42 2 5.31 n 3m 
Hence the c. g. of the solid is on the line through Ò perpendi- 


cular to the bisecting plane at a distance ie from 0. 


Ex, 11, A solid is bounded by half the surface formed by 
the revolution of the cardioid r=a(1+cos 6) about its axis, and 
by a plane base through its axis ; show that the distance of its 
centre of gravity from the axis is isa and its distance from the 


pole, measured parallel to the axis is a 
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If OA be the axis of the generating cardioid, then the given 
solid can be generated by revolving one-half of the cardioid about 
OA through 180°. The elementary area rd@dr at P(r, 0) will 
generate a semi-circular ring of mass p.my.rdédr, where 
y=r sin @ is the ordinate of P and the e.g. ofthe ring will 
be on the radius perpendicular to the plane base at a distance 

sin Z Í ; } 
Ling au sin 0 from the plane. Hence the co-ordinates of the 


2 
c. g. of the ring, in the plane through OA perpendicular to the 
base and referred to O as origin and OA as z-axis are x=r cos 0, 


Ty 
y=>r sin 8. 


n a 
Si r cos @.Mp.r? sin 6d4dr ‘ 
0 0 _ 4a 


7 a 
LOG mpr” sin 6d9dr 
0 0 


a sin 0.7° sin 6d0dr 
7 


— 

all +cos 0) f 128 
f r° sin ddr 
0 


by evaluating the integrals. 
Hence the result. 


„Ex. 12. A curve is such that if G be the c. g. of any'‘are AB 
of it then OG bisects the angle AOB, where O is a fixed points 
Show that the curve is either a lemniscate or a circle, 

It is the converse of Hx. 2 of Art, 5'9, 

We take O as origin and OA as initial line and consider B to 
be à variable point on the curve, Let 4AOB=¢, We have to 
find the co-ordinates of G, the c.g. of arc AB, Let the co- 
ordinates be %, J. We divide the are AB into elementary arcs: 
let PQ be such an element where P is (r, 0) and are AP=s, 


-", mags of the element is dm=pds and its c. g. is (7 cos €, 
rsin 0 ). 
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6=¢ 6=¢ 
JS pds.r cos 0 J pdsr sin 0 
32020 , gat i 
; S pds Sods 
We have, tan 4AOG=}; But £40G=4240B=5- 
6=¢ 
JS rsin Ods 
. ġ_0=0 
.. tan 9 pce a for all $. 
JS r cos Ods 
6=0 


Let r=/(6) be the equation of the curve. 
ds _ s ary" ny i 

Then al, + ] a function of 9. 

Hence we may write rds=F(0)d0 ... (1) 


$ $ 
we have tan $f 'F(0) cos 6d0=JS F(0) sin 609, 
z 0 0 
or, differentiating both sides with respect to ¢, 


¢ 
tar ZrO) cos $+} sec! $ SHO) cos 6d0= Fé) sin ¢. 


$ d 
J F(6) cos odo = F(¢).sin 4, after a little simplification. 
0 


Differentiating again with respect to ¢, we have, 

F(¢) cos $=F(¢) cos $+ F"(#) sing or, F'(¢) sin =0. 
As this holds for all values of $, we have F(¢)=0 
or, F(¢)=constant. `. F(@)=constant=a", say. 


[eate [ from (1) ] 

do 

Evidently r=a is a solution, Simplifying the differential 

equation we haye 

jan On m (Fe where 4 is a 

constant ; putting r?=a" cos t, and integrating, we have 
Q(@+a)=tt + =a? cos 20 +4). 


dð = 


eats 
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If we take Ov as the initial line where ZAOz=—<4, the equa- 
tion becomes r?=a? cos 20, Thus the curve is either r=a, a 
circle or r° =a? cos 20, a lemniscate. 


Ex. 13. A thin hemispherical bowl of weight W contains a 
weight W” of water and tests on a rough inclined plane of inclina- 
tion 4. Show that the plane of the top of the bowl makes an 
angle ġ with the horizontal given by W sin $=AW+W’) sin 4. 

[ 0. H. 1955 ] 

The bowl ABC rests in equilibrium on the inclined plane 
touching the latter at P. The 
weight W’ of the liquid acts in the 
vertical line passing through O, 
the centre of the bowl and the 
weight W of the bowl acts verti- 
cally at itse. g. G, which is the 
middle point of the radius OB 
perpendicular to the plane face 
AOC. Forces which keep the 


_ bowl in equilibrium are the two weights W, W’ and the resultant 


reaction ab P. .'. algebraic sum of the moments of W and W’ 


about P is zero. From Pand G draw PL and GM perpendi- 
culars on the vertical through O. 


Draw PN perpendicular on GM. Then moment of W’ about 
P=W'.PL=W'a sin x, anticlockwise, and moment of W about 


‘P=W.GN=W(GM-—PL)= W(0G sin ġ— a sin «) 

ae =W (gsn $-a sin a) clockwise, 

~ [ 4Mf0G=inelination of face 400 to horizontal = ¢ J. 
< Wa sin <=aW(t sin ¢—sin 4) 
or, Wein sin «(W+W’), 


se ci Miscellaneous Examples 


i: Find the o. g. of the area of a cardioid, when the distance varies as 
the cube of the distanée from the origin. 


2. Ina semi-circular disc, bounded by a diameter OA, the density at 
any point varies as the distance from O, Find thec. g. 
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3. The locus of the c. g. of all equal sogments cut off from a parabola is 
an equal parabola. 


4.’ A chord PQ of an ellipse, centre O, always passes through a fixed 
point O. Prove that the locus of the c. g. of the triangle CPQ is a similar 
ellipse. 


5, Show that the circle is the only curve in which the centroid of the 
area included between the curvo and two radii drawn from a fixed point 
always lies on the bisector of the angle between the radii. 


6. An isosceles triangular lamina is such that its mass per unit area at: 
every point varies as the sum of its distances from the equal sides of the 
triangle. ‘Proyo that the distance of the o. g. from the yertex is throe-fourth : 
of the altitude. 


7. A sphere of radius a is inscribed in a cone of ‘vortical angle 24., 
Show that the distance from the centre of the sphere of the c. g. of that part 
of the volume of the cone which lies between its vertex and the nearer part 
a (1+sin 4)" ` 


of the surface of the sphere is i gin 


8. A Circular cylinder is terminated obliquely by a plane. Show that 
if Land lare the longest and the shortest generating lines on the cylinder, | 
and r the radius of the circular section, the c. g. of the cylinder lies at the 
mid-point of a line which is parallel to the axis and at a distance | 


eo. T from it, : . [0. H. 1950] 


S, 
A Dept. of Extension 
SERVICE: 


CHAPTER VI 


EEE 


EQUILIBRIUM OF FLEXIBLE STRINGS 


61. In this Chapter we shall discuss the equilibrium of 
perfectly flexible inextensible strings under the action of given 
forces. The cross-section of the string is assumed to be so small 
that the string may be regarded as a ‘line of matter.’ The 
string is called perfectly flexible when it offers no resistance to 
its bending at any point; and this assumes that the internal 
forces exerted by one portion of the string on the other across 
the normal section at any point of the string reduce to a single 
force whose line of action is along the tangent to the string at 
the point, This single force is called the tension of the string at 
the point and is represented by T. 2 


62. A heavy uniform inextensible string is suspended from 
two given points and is in equilibrium in a vertical plane under 
the action of gravity only. To find the equation of the curve in 
which it hangs. 


By “uniform string” we mean that the string has the same 
cross-section throughout its length and has the same density at 
every point, : 


Let the string be suspended from the points A, B and let it 
assume the form AOB when in equilibrium, the string lying in a 
vertical plane ( which is assumed to be the plane of the paper ). 
Let C be the lowest point of the string ; then the tangent to the 
string at C is horizontal. Let the vertical through C be taken 
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as the axis of y, the point O on it as the origin and the horizontal 
through O in the plane of ACB as the axis of æ. Let Plz, y) be 
any point of the string and consider the separate equilibrium of 
the finite portion OP of the string. The portion OP is in 
equilibrium under the action of the three following forces : 

(i) the tension 7 at P acting along the tangent PL at P, 
which makes an angle y with Oz (itis the resultant action of 
the portion PB on OP ); 

(ii) the tension T'o at O acting along the eine tangent 
CM at C ( it is the resultant action of the portion QA on CP 1% 

(iii) the weight W of the portion OP acting vertically down- 
wards through its c.g. G. 

Since these three forces must moet i in a point, the og. @ must 
lie on the vertical through the point where the forces T and T'o 
meet. 

Resolving the forces horizontally and vertically, we get, 

T cos W=Toy.--..-L sin P= W...) 

If o=wt. per unit length of the string and 

s=length of the are CP, 

we have W=as. Also let To=co. 


Ww 
From (1), we have, tan In or, s=c tan y., ...(2) 
o 


which is the intrinsio equation of the curve ACB. 
We shall now derive its cartesian equation : f 
nave 224 , a 
we haye u ds aw 
=c sec y. 
Integrating, w-+A=c log (sec yt tan y) 
Ab 0,z=0,y=0 -- A=0 
x=c log (sec y+tan y)......(3) 


=cos ý. c seori [ From (2) } 


Again, er . asin p. c sec? y=c sec y tan yy 
Integrating, y+B=c sec y. 
Let the origin be taken at a distance c below the lowest point 
G of the string. Then OC=c, and we have at 0, y=0, y=0 
<. B=0. atery 
y=c sec p.e.. (4) 
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z 
From (3), sec y+tan y=e9 


= 
6, 


sec y—tan p= =e 


Adding and subtracting, we get, sec v=cosh 
and tan y=sinh=. 
Hence, y=ccosh® (From (4)l......... (5) 
‘and s=c sinb. [From (2)}......... (6) 


Equation (5) is the cartesian equation of the curve ACB in 
which the heavy string hangs freely. This curve is known as the 
Common Catenary. The lowest point Cis called its verter, the 
axis Oy is called its awis and the axis Ox which is at a distance c 
below the vertex is called the Directrix of the Catenary. 

The constant cis called the parameter of the Catenary and 
since it is the only constant appearing in its Cartesian equation 
(5), it follows that Catenaries having the same parameter are 
equal. 

Eqn. (5) does not change when —< is written for v, so the 
Catenary is symmetrical about its axis. Cosh? >0 for all v 
and ->œ as go, .. The Catenary lies wholly above its 
directrix and extends to infinity upwards on both sides of 
the axis. 

63. Eqns. (1) of Art 62 give two important 
properties of the Catenary: 


(1) The horizontal tension is constant, being the same at 
every point and is equal to we. 


(2) The vertical tension at any point P is equal to 
the wt. of CP which is ws, 


The formule (2), (3), (4), (5), (6) are very important. We 
shall now deduce"sgomo other important ones. 


From (2) and (4), we get y2=c*seo*~=c? +c? tan*y 


From (5) and (6), adding, we get s+y=cee spear (8) 
From (1) and (4), we get T= To sec p= we sec Y= wy......(9) 


This last relation shows that the tension at any point of the 
string is equal to tho wt, of a portion of the string whose length 
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is equal to the height of the point above the directrix. Therefore, 
if a uniform heavy string hangs freely in equilibrium after passing 
over smooth pegs, the catenaries formed by the various portions 
of the string have the same directrix and the free ends of the 
string, if any, will also be on the same directrix. 


Finally, differentiating (2), we have p= sec*y......(10) 
or, p=y sec... (11) 

At C, y=0. `. p at C=c. So c is large or small acc- 
ording as the curve is flat or much curved near its vertex. 
Hence if a string is tightly stretched between two points A, B in 
the same horizontal line then C is very large compared to AB. 

6'4. We shall now state some geometrical properties of the 
Catenary: In fig. of Art. 6'2, PN=y is the ordinate of P, 

NK is the perpendicular from N on the tangent PL at P 
and PH is the normal at P meeting the directrix at H. 
ZNPH=ZPNK=y. 

NK= NP cos y =y cos y =c sec Y. cos Y=C kaag 
PK=NP sin y =y sin y=c sec 4 sin y=c tan y=s. 


and PH=PN sec y=y sec y =P from (11). 


Examples Worked 


Ex. 1. A string of length 2l feet is suspended between two 
points at the same level, and the lowest point of the string is d 
feet below the points of suspension. If the weight per unit 
length of the string be w lbs, find the horizontal component of 
the tension. [C. H. 1963] 

Let ACB be the string; A, B are the points of suspension 
in same level and OC is the 
lowest point of the string. Oz 
is the directrix of the common 
catenary in which the string 
hangs i.e. ACB and OOD is the 
vertical through O, the lowest 
point. We take Ox, OC as axes 
of a and y; we have DC=d, 
are CA=1, CO=c, the parameter of the catenary. If y=AL be 
the ordinate of A, we have, y=DO=dte, Using the formula 
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y2=c+s* for the point A, we have, (dt+c)?=c? +P 


2 72 
or, Be J 4 ; this gives the parameter of the catenary. Now, 


horizontal component of the tension at any point of the string 
rP a a 
2d 


is constant and equal to co. .’, Horizontal component =o. 


Ex. 2. Two smooth rods are situated in the same vertical 
‘plane and make equal angles % with the downward vertical. 
A uniform chain of length l hangs by weightless rings from the 
rods. Prove that the distance between the rings is J cot «4 
sinh *(tan <). z 


Let CA, OB.be the rods and ADB the chain when in’ 


equilibrium, A, B being the c 
rings at its ends. Fror sym- 
metry, D, the lowest point of 
tho catenary ADB will be on 
the vertical CO through O ; Oz 
is the directrix of the catenary. 
We have, 


are DB=%} LOCB=4. OL % 


Let BL be the tangent at B to the catenary. Consider the 
equilibrium of the ring B; only two forces are acting on it, the 
normal reaction R of rod CB L to the latter at B, and the 
tension T of the chain acting along the tangent BL. .°. Rand 
T must act along the same straight line, Thus BL is L to CB. 


0, ZBLa=ZB00=4; using the formula s=c tan ¥ for the 


( l 
point B, we have, 97° tana or, omi cot. Let BN be L from 


Bon OO, then BN =% and AB=2BN ; from the formula s=c¢ sinh? 


v2 
2 7, fan. 4=tan 4, 


we have, 50 sinh z or, Sinh 
; c 
”, œ=c sinh t (tan =3 cot 4 sinh™* (tan 4). 


.'. Distance between the rings= AB 
=2r=1 cot 4 sinh* (tan 4). 


Ay 
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Ex. 3. A uniform chain, of length J, is to be suspended from 
two points, A and B, in the same horizontrl line so that either 
terminal tension is n times that at the lowest point. Show that 


l 2 
the span AB must be Jasi log, [n+ V1). (0. H. 1960] 


Let C be the lowest point and c the parameter of the catenary 
in which the chain hangs. ‘Let tension T at A make an angle y 
with the directrix. (See fig. Ex. 1, p. 205) 

Then T cos p=To, To being tension at C. 

Also given T=nTo 

.. ncospy=1 or, sec P=N.....- (1). 

Using formula s=c tan y for the point 4, since CA =$, 


we get inc tan y=cVn®—1 [from (1) ]. 


or, ¢ Boreas 


Finally using formula =c log (sec ¥+tan y) for the point A, 


we get, #2 log (sec y+tan 4) 


or, AB=E log n+ VTE), [from (1) and (2) ] 


Ex, 4, If and $ be the angles which a string of length l 
makes with the vertical at the points of support, show that the 
. Leos 3(«+8) 
height of one point aboye the other is pene ag ' 
[0. H. 1965] 


Let AC be tho string, A, O the points of support, and let D be 
tho vertex of the catenary formed by AC (See fig. Ex. 7 below). 
Let Ox be the directrix, then DO=c, the parameter of the 
Let are DO=so, then are DA=sotl. Using the 
formula, s=c tany for the points A and C, we have, sotl=c 
tan (90—4)=c cot 4 and so=0 tan (90—B)=c cot P, x, B being 
the inclinations to the vertical of the tangents at A and C 
respectively. .’. J=c(cot 4— cot B)......(1) Again, let k=HC be 
the height of A above C; then if AM=y be the height of A 
above Ox, that of C is ON =(y— k). Using the formula y 


catenary. 
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=csecy for the points A and O, we have y=c sec (90-4) 
=cosec 4, and y— k=c sec (90—B)=e cosec B. 
k=c(cosec X—cosec B)...... (2) 


k _ cosec %—cosec B 
From (1) and (2) we have, Tee ea c0k b 


B+ 

-sin Basin a __ °°8 g 
sin (B—<) Er 
cos =o 


l.cos $(<+ B) 
cos 3(4—B) 

Ex. 5. Show that the length of an endless chain which 
will hang over a circular pulley of radius æ so as to be in contact 
with two-thirds of the circumference of the pulley is 


3 AT 
aliz GF a í [0. H. 1950] 


Let A be the lowest point of the chain ABLEA of which the 
portion BLE isin contact with the 
pulley of centre C and the portion 
EAB hangs in the form of a common 
catenary, A being its vertex and BE 
being horizontal from symmetry. Let 
vertical CA meet the pulley at D and 
the directrix Ov at O. Length of 
portion BLE is $X2na. <. Length 
of arc HDB of the pulley not in 
contact with the string=%.2ma. 


Hence k= 


$ Qn A 
<. angle EOB=* si <DOB=% The tangent at B to 
the catenary is the tangent at B to the pulley, So if the tangent 


at B meets Ox at M, we have 4BMu=ZBCD=%=60°. Draw 
BF Lon0OC .". BF=BC sin gor tvs 


For the point B, a=pr=2¥9 and y=60°. 


y+ using the formula, q=a log (sec y-+tan y), 
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2 
parameter of the catenary. 


Now length of are AB of the catenary=c tan y=c tan 60° 


ae, SO ee ` 
me Oa T GA) 


Length of EAB, the hanging portion of the chain 


a Ey Sine Ne 
2are AB log G+ 3) 


and length of the portion in contact with the pulley = 427. 


we get =c log (2+4/5) or, c the 


E S 
2 log (2+ 4/3) 


.'. Total length of the chain =al wt ol 


Ex. 6. A heavy chain of length 2/ has one end tied at A and 
the other is attached to a small heavy ring which can slide on a 
rough horizontal rod which passes through A. If the weight of 
the ring be times the weight of the chain, show that its greatest 


possible distance from A is a log [A41 +12], 


where t= Wont 1), and wis the coefficient of friction. 


Let AB be the greatest % es 
possible distance of the A 
ring B from A so that the 
equilibrium of the system, * 
the chain and the ring, 
may be maintained. Let 
C be the vertex of the 
catenary; then CB=l. 
Let c be the parameter of re) = 
the catenary and œ the 
weight of unit length of the string. 

Then weight of ring=n-2lo. Tension at 0, Toco. 

Since AB is the greatest possible distance, the equilibrium is 
limiting, Let R be the normal reaction of the rod on the ring; 
thenuR is the force of friction. 

Considering the equilibrium of the system formed by the 
portion OB of the chain and the ring, we get 

UR=T=cw.....(1) oltn.2lo=Beewl2) 


yn.2tw 
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From (1) and (2), we get. c=pl(2n+ = reies (3) 


Again, using the formula s=c tan y for the point B of the 
chain, we get l=c tan y, where y=inclination of tangent at B 
to directrix. 


or, tan y=Ż= [ from (8) ]-+++++(4) 


Finally, using the formula, =c log (sec ¥+tan y) for the 
point B, 


we get ABs. log (VIF EFA. [from (3) and (4)] 


om B= log (XH V1). 


Ex. 7. A uniform inextensible chain of weight C is suspended 
by its extremities from two points on the same level and a 
weight W is attached to its lowest point. If4, and «2 are the 
angles with the horizon made by the tangents to the curve at W 
and the points of suspension respectively, show that 

iatan ts 
o=W eo 1} [0 H 1961] 

Let A, B be the points of support and les ACB be the chain 
in equilibrium when a weight 
W has been suspended from its 
middle point C; then AC, BC 
are portions of equal catenaries 
and from symmetry, the 
tangents at A, B as also the 
tangents at C are equally in- 
clined to the vertical. If «, B 
be these inclinations, we haye, 
4=90°—x_ and ßB=90°—4;. 
Let T, T' be the tensions at A O NL Mx 
and O. First consider the equilibrium of the whole system, the 
chain and the weight W. Forces acting on it are the terminal 
tensions 7, T at A and B, the weight CG of the chain and the 
weight W. 

.”. Resolving vertically, we have, 27' cos 4= W+ 0e (1) 

Next from equilibrium of weight W, resolving vertically, wo 
have 27” cos p= We (2) 
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Also, as the horizontal component of the tension is constant, 
we have, . T sin 4=T" sin B:*"-++(3) 
From (1) and (2), we have, 
W+C_T cosa _sin B cos « 
W  T'cosß sinx cos B 
_tan B cot, tan tan da, 


pan cota, tan 4, 
[ as 4=90°— xa, B=90°—4, ] 


tan Xo _ 1) 
tan 44 


[ from (3) J 


Or; c=w| 


If C=nW, we have, fois ses ta 
tan 41 


or, tan %g=(n#1) tandi. 


Ex. 8. A uniform chain, of length 27, and weight W, is 
suspended from two points, A and B, in the same horizontal line, 
A load P is now suspended from the middle point D of the chain 
and the depth of this point below AB is found to beh. Show 


that each terminal tension is $ [P: + wet [0. E. 1949] 


From symmetry, the two equal portions AD and BD of the 
chain must be ares of equal 
catenaries ; the tensions at 
D of the two portions must 
be equal and equally inclined 
to the vertical. Let each 
tension be P inclined ab an 
angle y to the horizontal. 
Let AD be produced to O, 
the vertex of the catenary of 
which AD is a part and let © 
be the parameter of the catenary and 
the y-axis. 

From equilibrium of wt. P, we have, 


os, whore OD=s, and oe 


> 


B 


Ox the directrix, OC being 
2T sin Y=P. 


But we know T sin y= 


J, Yos=P or, 1-507 ER 
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If y=heigkt of A above Os, that of D=yr-h. 
Using the formula y?=c?+s? for the points A and D, 
we get y?=c? +(s+1)*, where CA=CD+DA=s ti. 
and (y—h)?=c? +s". 
Subtracting, we get, 2hy— h? =2s1 +}. 
20 HETA, 
PIN 


2472 
Tension at A=oy="| l DO +h ] 


or, 


Alh W Qh 
a ists +h? 
=5| 24+. = ] 


Ex. 9. A heavy uniform chain hangs in equilibrium over two 
smooth pegs A, B on the same level and at a distance a apart 
with the two ends hanging 


freely and the central part B nt, o.Ä | 
in tho form of a curve. If 
the chain is of length l, show 
that [>ae. [G. H. 1961] 

Let MBCAN be the chain, 
C being the vertex of the 
catenary BCA of parameter 
c say, and let Ox be its 
directrix. Take Ov, OC as M 
axes of vand y. Let A be 
($, y). Tension of chain at A=wy and this tension supports the 
weight of the chain AN, which is œ. AN. 

oy=o.AN or, AN=y 


Similarly M is on Ox. 
where s= 0A. 


(0) N x 


=. Nison On. 
l=length of whole chain=2s+2y, 


Considering the point A and using the formula AE E | 


a 
we got, $=ce20......(1) 
This equation gives l as a function of c. 
For extreme values of J, we have, a- aere|1-2]=0 
c 
2 


$ it 2 
, c=4; again, ui gg? 0. 


e 
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c= gives the minimum value of J which is ae [from (1)]. 
for equilibrium to be possible, we must have />ae. 


Ex. 10. A uniform chain of length s, hangs from two fixed 


points A, B on the same level at a distance 2a apart. Show that 
if s varies, the minimum depth of the directrix of the catenary 


is Ta =r where z is given by z tanh z=1. [0. H. 1968}. 


Let Ox be the directrix of the catenary (see fig. Ex. 1, p. 205). 
If y be the depth of Ox below AB, then height of A above Ox is 


; ; + 1 @ 
alsoyand <. A is(a,y). Since y=c cosh © and s=c sinh z 


a 8 seh 
we have, here, y=c cosh z and gS sinh pa 


From 2nd eqn. it follows that as s varies c varies. .. We 
have to find the minimum value of y when c varies. 


Differentiating ‘y w. r. to ¢, we get, 


U cosh % —* sinh © .i..i(1) 

de ce c 
og OY LON rpa ee om ee 
and gge = sinh (to sink ot cosh (os 


2 
5 cosh © >0 for all +ve c. 


= 


d 
For max. or min. values of y, we haye, rg 


aa. a a peas 
or, cosh ~—~ sinh ==0 or 2 tanh —=L 
e c c c c 


or, z tanh ¢=1......(2), where a=02. 

Eqn. (2) gives values of ¢ for which y is a max, or a min. 

Since Tt>0 <. The value of c in (2) makes y a min. and 
os 


where z is given by z tanh z 


Mz?’—1 
Ti 


g 0 
the minimum value of y is 2 cosh eA 


1 al 
=1, Now sech®s=1—tanh*2 =1 mr sech z= 


.', Minimum value of the depth of the directrix is 
a, #8 = Se, 
eVgt—-1 24-1 


eo 
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1. In a common catenary if 7 be the tension at any point P, To that 
at the lowest point C, and W be the weight of the portion CP of the string 
show that 7? - 7,*= W°, 

2. A uniform chain of length 4a is suspended from two points 4 and B 
in’ the same horizontal line and tke tension at A is § times the tension at 
the lowest point. Prove that the span AB is 3a log 3. 

3. A heavy uniform chain of length } is suspended from two fixed 
points A and B in the same horizontal line, and the tangent at A makes an 
angle of 45° with the horizon. If & is the sag in the middle prove that 
Ih =(V¥ 9-1). 


4. Tho extremities A and B of a heavy string of length 2} are attached 
to two small rings which can slide on a fixed horizontal wire. Each of these 
rings is acted on by a horizontal force wl. Show that the distance apart of 
the rings is 21 log (1+ 3). 


5, A uniform chain of length 2 is suspended from two points in tho 
same horizontal line distant 2a apart. If the sag in the middle be a and the 


2a? l+a a 2al 
parameter be ¢, show that Pa? =log TA tank aa 


6. A box kite is flying ata height » with a length / of wire paid out, 
and with the vertex of the catenary on the ground. Show that at the kite 


the inclination of the wire to the ground is 2 tan™! +) and that its ten- 


2 2 =. 
sion there and at the ground are w. A — and w. : zE, where w is the 


weight of the wire per unit cf length, 


7. A length of uniform chain hangs over twoor moro smooth pegs in 
æ vertical plane. Prove that the catenaries formed by the various portions 
have the same directrix and that the free ends of the chain lie on tho 
directrix, 

8. A heavy uniform string hangs over two smooth pegs in tho same 
horizontal line. If the length of each portion which hangs froely be equal 
to the length between the pegs, prove that the whole length of the string is 
to the distance between the pegs as V3 to log (V 3). 

9. A heavy uniform string 42 ft long hangs over two smooth pegs at 
different heights. The portions which hang vertically are 15 ft. and 13 ft. in 
length. Prove that the parameter of the Catenary is 12 ft., that its vertex 
divides the string in the ratio3;4and that the horizontal and vertical 
distances between the pegs are 12 log 3 and 2 feet, 

10. A heavy uniform string, of length / is suspended from a fixed point 
A, and its other end Bis pulled horizontally by a force equal to the weight 
of a length @ of the string. Show that the horizontal and vertical distances 
between 4 and B are a sinh-* 2 and VP pa3-a). 


> 
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11. The end links of a uniform chain can slide on a fixed rough 
horizontal rod. Prove that the ratio of the extreme span to tho length of 
1+Vi ep 
————", where g ia the coeflicient of friction. 

{0. H. 1959] 

12. A uniform chain of length ? and weight W hangs between two fixed 
points at the same level, anda weight W' is attached at tho middle point, 
If k be the sag in the middle, prove that the pull on cither point of support 
k l l 
<y Tp 5 
a V+ We +g [C. H. 1955) 
13. A heavy string of uniform density and thickness is suspended 

1 
from two fixed points in the same horizontal line. A weight equal to 5 th. of 


the weight of the string is attached to its lowest point. Tt 0, ¢ be the 
inclinations to the vertical of the tangents at the highest and lowest points 
of the string, prove that tan ¢=(” +1) tan 9 [0. H. 1966) 

14. A uniform string of given length is suspended between two points 
in the same horizontal line. Show that when the sag in the middle 
decreases, the terminal tension increases: 1f 21 be the length of the string 
and if the string cannot bear a tension greater than bo, where w is the 
weight per unit length of the string, show that the sag cannot be less 
than (b- V p2 -7°). 

15. A uniform chain hangs over two fixed pegs in a horizontal line, 
distant 2a apart, its extremities being free; find the parameter of the 
catenary when the pressure om each peg is bws w being the weight of unit 


length of the string. 
16. A telegraph wire is made of a given material, and such a length 


l is stretched between two posts, distant d apart and of same a as 
Show that ley sinh, 


the chain is p log 


is 


will produce the least possible tension at the posts. 


where à is given by the equation A tanh A=1, 
17. One ond of a uniform chain ABO of length l is attached to peat 

point A at a height i above 4 rough table. The portion BC is straight an 

hrough A. If the end © be free, prove 


rests on the table in a vertical plane t ; ‘ 

eae I ; tion is given by 
AE E ilib um the length # of the hanging por 
that in limiting equilibri parameter of the acy: 


the equation z? + 2uhe=h* + Qunl. Also find the | ; 
18. A uniform chain of length J hangs between two points A and Bat 


x x Pi 
a horizontal distance a apart with B at : Tornon distance b above 
If T,, T, be the tensions at 4 and B, show that = | 


; 7, +0,<WA/ (ieper) 


19. A kite is flown with 600 ft of string fro 

a spring balance held in the hand shows & pul 

feet of the string, inclined ab 80° to the hori 
height to the kite above the hand. 

. 
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20. In any net work of strings hanging in a vertical plane, if threo 
uniform strings of the same line density meet in a knot, and their directions 
at the point make ‘angles 9, ġ, Yy with the horizontal, prove that the 
parameters of the catenaries are numerically as tan ġ -tan y; tan y-tan ô : 
tan 0 - tan ġ. 


6'5. Determination of the parameter. 


To dete; mine the parameter of the catenary in which a uniform 
string of given length hangs when suspended between two given 
points. 

Let A and O be the two given points and let J be the length of 
the string suspended between A and C ( see fig. of Ex. 7. p. 210 ) ; 
let the co-ordinates of A relative to © be (h, k). Let the para- 
meter of the catenary in which the string hangs bec and let the 
co-ordinates of C, referred to Ox, OD the directrix and axis of the 
catenary be (x, y). Then those of A are (a+h, y+k), Using the 


formule y =c cosh * and s=c sinh? for the points A and C, we 
have, y+k=c cosh zh, Sotl=c sinh ath 
and y=c cosh = Soc sinh ei where s9=length of 


the catenary from the vertex D to the point C. 


r= cosh EEL cosh z] and =d sinh ay 


—sinh z] 
C 


eh -k= cosh ZEN cosh = — sink car sinh 29] 
c c c c 


h ] A h 
= 2 c— = 2 SiZ 
2c [cost F 1]=4c? sinh 2a 


hae 2o sinh = +V- =ke ee(1) 


This equation gives the value of o. It can be shown that 
this equation gives only one real positive value of c. . 


Put a Then equation (1) becsmes mee =+m, 


vE 


2 Doen 
where m= i >l, as I> VEER, Since here is +ve, 


EQUILIBRIUM OF FLEXIBLE STRINGS 217 


sinh £. m 
mf is +ve. .'. Our equation for determining © or 
. sink £ i 5 
fis Tas. For §>0, sah Fs is a positive strictly mono- 


tonic increasing continuous function of é and Lt /(¢)=1, and 
£>0 


J(E)->œ as +e, Since m>1, from the properties of a conti- 
nuous function it follows that there is one and only one real 


+ve value of £ for which f(é)=m. Hence =i has one and 


only one real positive value. So the parameter of the catenary 
is definitely determinate. 


6'6. If a heavy uniform string suspended from two points (not 
in same vertical) be nearly straight, then the parameter of the 
catenary in which it hangs is very large. 

Let A, B be the ends of the string and O the vertex of the 
catenary in which it hangs. Let ¥, ¥’ be the angles the tangents 
at A and B make with the horizontal. Then CA=c tan y, 
CB=c tan y’ where c is the parameter. 

1=CA—CB=c (tan y—tan y’) 
ers Wa 
tan Y— tan y’ 
follows that c is very large compared to l, the length of the string, 


= ne As is very nearly equal to y’, it 


6'7. To find the parameter and the sag in the middle when a 
uniform string is tightly stretched between two points in the same 
horizontal line. 

Let A, B be the two points in the same horizontal line from 
which the string ACB is suspended, whose lowest point is C 
(see fig. Hx. 1, p. 205), The depth of C below AB is called the 
sag in the middle. Let the sag be k. Let AB be a and let J be 
the length of the string ; also let c be the parameter. Using the 
formula s=c sinh $ for the point A, we have, 

i sinh & 


IRRE E k Ung 2G. 
ge Binh g 1 ae £ where é 2 


Since the string is tightly stretched Ł is very nearly equal 


to 1 and so € is nearly zero .’. cis very large compared to a 


K 


{ 
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orl. Sincec is very large (this also follows from previous 
article ), expanding sinh s and neglecting terms of higher 


order of smallness, we have [= ae| < tris 


a= Baik is gi . 
or... © = a) This gives the valuo of the parameter 
when a and J are given, To find the sag k, we use the formula 


y 2 
y=c cosh for the point A and get (etk =c cosh FN 1) 


neglecting ee of higher order of smallness. 
=" =1¥ balla) i in terms of a, 1 We can express 


the sag in terms of the maximum tension which the string can 
bear. If 2 be the maximum tension, which is the tension at A, 
wo have Z=a(c+k)=oo, approx. as c is very large and kis very 
small, 
a® ato o Po È 
we have, E ar ( k=on" as lis nearly equal 


to a. 


68. Parabolic Chain—A chain suspended from two points 
supports a continous load so that the load supported by any 
element of the chain is proportional to the horizontal projection 
of the element. The weight of the chain being neglected, show 
that the chain hangs in the form of a parabola. 

Let the origin be taken at C, the lowest point of the chain 
and let the horizontal tan- 
gent at C and the vertical 
through C be taken as axes 
of wand y. Let P(e, y) be 
any point of the chain and 
consider the separate equili- 
brium of the portion CP of 
the chain. It is in equili- 
brium under the action of 
threo forces viz. the tension To ; G 
T at P, tho the tension To 
at C and the weight W of 
the load supported by the portion. CP. Now W= CN, where PN 


vw 


pe ae ee ee 
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is L on Cr and CN=2...*, W=kz, where k is a constant. 
If y be the angle 7’ makes with Ox, we get, resolving the forces 
horizontally and vertically, 


T co3%=To and T sin ý= kz. 
Dividing one by the other, we have, tan y= r=, 
° 


where caT, 7. j W = 9an. Integrating y =ax*+ A. 

At C,a=0,y=0 .”. A=0 < y=az*. 

This is the equation of the curve in which the chain hangs, 
and we know it is the equation of a parabola whose vertex is O 
and axis is Cy. 

In a Suspension bridge we have two parallel chains supporting 
the horizontal roadway of the bridge by means of vertical rods, 
the horizontal distances between consecutive rods being equal. 
If the number of rods be assumed to be very large and the 
weights of the chains and the rods be negligible compared to the 
weight of the roadway, the problem of the suspension bridge 
reduces to that of the parabolic chain. 

6'9. Catenary of uniform Strength. 

Now we shall consider the case of a heavy string, not uniform 
but heterogenzous, hanging freely in equilibrium, being suspended 
from two fixed points, the cross-section at any point of the string 
being proportional to the tension at that point. 

Take the origin at C, the lowest point of the string ( fig. of 
Art. 6'8 ). and take the horizontal tangent at C as the x-axis and 
the vertical through Gas the y-axis, Let P(x, y) be any point 
of the string and consider the separate equilibrium of the portion 
CP of the string. Itisin equilibrium under three forces, the 
tension T at P, the tension T'o at C and the weight W of the 
portion CP. If T makes an angle Y with Oz, we have, resolving 
horizontally and vertically. 

T cos y=To, Lsiny=W......(1) 

Let the arcual distance be measured from C and let w be the 
weight per unit length of the string at a point whose arcual 
distance is s. ; s A AA 


Then w=f wds. where are OP=s. A CA 
o 
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s 
from (1), we have, T'o tan v= S ods. 


Differentiating with respect to s, we get T'o sooty =o. .(2) 


So far the treatment is perfectly general and is applicable to 
the problem of any heterogeneous string in equilibrium under 
gravity. Now we have to find w in the present case. 

Let p=uniform density of the string. 

4=cross-section of the string at any point Q where are 
CQ is s. 
w=weight per unit length at Q. 

Take a small element of the string of length $s containing 
the point Q. 

Then weight of the element=4.3s.p.9. 


x Os.p.g ao 
ös =xpg. 


<. o= lim, 
ês—>0 


It is given that 4x T ~. «=kT. where k is a constant 


.'. o=kTgp*T. Let o=2, where a is a constant. 


From (2), we have, To sec? Wo a AD sec Y 
s a @ 
dy_1 lde 
a <= ¥ ads. 


Integrating, we get vate yr 
At C,c=0,y=0 ., A=0. t e=. (3) 


Be adui aa ARE hw 
ee tan Y= tan à 
Integrating, y=a log sec S aoisi 


At C, ¢=0,y=0 .. B=0 ©. y=a log seo =A) 


This is the Cartesian equation of the curve in which the 
string hangs. It is known as the; Catenary of Uniform 
Strength, so called by Davies Gilbert, who invented it. The 
constant a is called the parameter of the catenary. 


SS en ee 
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The curve is symmetrical about the y-axis for its eqn. is not 


altered by writing —æ fora. Again as = increases from 0 to F 
seo = z increases from 1 to œ and so y increases from 0 to œ. 


When Fs = becomes>5, sec 7 becomes —ve and so y becomes 
imaginary. 

The curve has two vertical asymptotes œ= ES between 
which it wholly lies. The span of the curve cannot, therefore, 
be greater than 7a. 

We have seen that «œT gives wT, ,', w«T may be 


taken to give the law of linear density for the Catenary of 
Uniform strength. 


Examples Worked 


Ex. 1. A telegraph is constructed of iron wire which weighs _ 
7'3 lbs. per 100 feet ; the distance between the posts is 150 feet 
and the wire sags 1 foot in the middle. Show that it is screwed 
up to a tension of about 205 lbs. wt. 


73 
Here o=1>= ‘073 lbs, wt. 


Let c be the parameter of the catenary in feet, then for an 
end of the wire, we have ~=75 ft. and y=(1+c) ft. 


Using the formula, y=c cosh ai 


We have, 1+c=c cosh Bafi 1+ 2+ +] 


Since the sag is very small compared to the distance between 
the posts, if shows that the string is tightly stretched and 
therefore c is very large. 


75? ; 
es iIte=ot ras" approximately 


2 
This gives oe ” 


.'. Tension at a point of suspension=oy=o(1+c) 


='078(1 +2025) tbs. wt.=208 tbs. whe nearly. 
2 
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or directly using the result of the article 67, 


0 w _(150)*.7'3 


=k 8X 100 =205 lbs. wt. nearly. 


Ex. 2. A wire 140 yds. long hangs between two points, 
138 yds, apart horizontally and 50 ft. vertically ; show that the 
tension at its lowest point is about 495 lbs. wt., the wire weigh- 
ing half a pound per foot. 


We shall use the formula 2c sinh d = pIE? (See Art 6'5) 


Here 1=140X 3 ft., h=138X3 ft., %=50 ft., 
<. MP=i2=10/1739=10 X417 coat ie 


Since c is very large, we have 2c k 4+ E- =417 


h? i eae 
or, Tri 417—414=3. v. miya 


'. e=2074/98=999'5 nearly ~. To=c.4=496 nearly 
tension reqd.=496 lbs wt. nearly. 


Ex, 3. A uniform chain of length 1 when tightly stretched 
between two points at the same level has a sag k in the middle. 


Prove that he length of the chain exceeds the distance between 
ke 


the points mee 30 [0. H. 1944] 


Let l be the length of the chain and æa the distance between 
the two points, then we have, 


3 3 
I-a= tg and k= [See Art 6'7] 


ees _ 8k? _8h? 
Gi l-a= Preis ae wi “gy? 38 l is nearly equal to a. 


Ex. 4. A telegraph wire weighing 1 oz. per foot is stretched 
nearly horizontal between two points 100 yds. apart. Find the 
sag in the middle if the tension is not to exceed 150 lbs. 


Here a=100 3 ft., o=3's lbs, per foot, 7=150 lbs. wt. 


~9x10* 


Rs i“ 16X8X150 


=4'68 ft, 


EQUILIBRIUM OF FLEXIBLE SPRINGS 223 


Ex. 5. The span of a telegraph wire is 200 it. and the length 
of the wire is 202 ft. Find the sag in the middle, [0. H. 1949] 
Here a=200, l=202 


k=}/6a(l—a)=4V 6X 200X257 6 ft. [Seo Art. 6'7) 
6'10. Determination of the Law of Density, 


A heterogeneous string is in equilibrium under the action of 
gravity alone. The form assumed by the string when in equili- 
brium depends on the law of density and for different distribution 
of density the curve of equilibrium will be different. If the 
equation of the curve of equilibrium be given, we can find the 
law of density of the string i.e. w. For from (2) of the previous 
article we have, o= as where p is the radius of curvature, 


If the equation of the = is given in the intrinsic form s=fy),’ 
then p=f(y) and w= F U yo). This gives the density at 
a point whose arcual andr iss. If the equation is given in 
the Cartesian form y=f(x), we haye, tan yai- (z). Also p 


can be found in terms of æ, Therefore œ is expressed in terms 
of æ. We can also express w in terms of y, if more convenient. 
These give the density at a point of the string when its abscissa 
or ordinate is known, 


Examples Worked 


Ex, 1. The whole load of a suspension bridge is 200 tons 
evenly distributed over its horizontal span, which is 150 ft. and 
its height is 20 ft. Show that the tensions at the lowest point 
and at the points of support are 1875 and 212'5 tons weight 
respectively. 

Take the lowest point O as the origin and the tangent at 0 
and the vertical through it as axes of æ and y.. Let P bea point 
of support and let the equation of the parabolic chain be #?=4ay. 

(75)? 75x15 
Since co-ordinates of P are (75, 20), we have, 4a=~~_-=-——¥— 
If the tangent at P makes an ay y with Oz, then 


-U ae 16x8 _ & Cr i us, = 
tan Y= Fog iexKIs 1p o IBY 77 SY] 
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Let T, To be the tensions in tons weight at P and O. 
Considering equilibrium of the portion OP of the chain which 
supports a load=2$°=100 tons weight, we have, 


T cos Y=To and T sin y=100. 


T= is ARR T =219'5 
95X17 15 95X15 _ 
and To= 2 aoa 1875 


Hence required tensions are 187'5 and 212'5 tons weight, 


Ex. 2. Prove that in the parabolic catenary the tension 
varies as the square root of the height above the directrix. 

Referred to the horizovtal and the vertical through the 
lowest point as axes the equation of the parabolic chain is 


y=az’......(1) [ See Art. 6'8 | 
Also T being the tension at a point P (a, y), we have, 
T cos Y= To... (2) 


where vy is the angle the tangent at P makes with Ox. 


Now tan y= Uag, [differentiating (1) 


sec? Y=1+tan*y =1+4a?x?=1+4ay [ from (1) ] 
=to(z;+1} 


Latus rectum of the parabola (1), which is aaty, is L. 


.. Depth of directrix below o=} 


oe ute is the height of P above the directrix=h, say 

<. T=T sec Y=To N 4ah. 

Hence Tæ Wheight above directrix, 

Ex. 3. Prove that in a catenary of uniform strength, 


s=a log (sec y+tan Y), p=a sec ¥=a cosh a Hence show that 
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the mass per unit length at any point varies as the corresponding 
radius of curvature. 


Eqn. of the catenary is y=a log sec x 


tan y=G=tan z c y=5+nmn. 

When x=0, ¥=0; © n=0. “. g=ay 

. 3de dha x 

+ cos PA ds ds . pcos v=a...(1) 


Also ds=a sec Y dy ©. s=a log (sec Y+ tan y)+B 
When s=0, ¥=0; <. B=0. 
Hence s=a log (sec y+ tan v)...(2) 


From (2) sec y +tan y =< .. Sec y—tan MEE 
Adding, sec y=coshë .'. From (1) p=a sec Y=a cosh 
To To 


2 
ps 1) Lio | 
pcos? y pa? rom (1) age 


We have, o= 
mass per unit length œ p% cosh. 


Ex. 4. Find the mass per unit length of a chain which hangs 
under gravity in the form of a semi-circle of radius a with its 


bounding diameter horizontal. [0. H. 1967] 
The chain is suspended from A, B 4 

where AB is horizontal. We take the B C NA A 

origin at the lowest point O and the tangent A 


Ox at O as the a-axis. 
The equation of the semi-circle is s=ay To Cele X 
where s is the arc OP measured from O to any point Pand y is 
the angle the tangent PL at P makes with Ov. Let To, T be 
the tensions at O and P respectively and let m be the mass per 
unit length at P. Considering equilibrium of the portion OP of 


the chain, and resolving horizontally and vertically, we have, 


8 
T cos Y=To, T sin vat mgds. 


: dy T 
To Htan =m. < mg=To soory =" seo? y 


dil SRA 
; ado geo? y= = goo? — in terms of s, 
ag ag a 


15 « 
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Wehave ZOCP=y. If PN be the perpendicular from P on 
AB, then PN=a cos y. 
_ Poa. 1 

gPN* PN? 
per unit length at any point varies inversely as the square of its 
depth below AB. 


“sm We may also say that the mass 


Ex, 5. A chain hangs in the form of the semi-circle 
y=a- Va? —2?, the axis of y being vertical, If To be the tension 
at the lowest point, find the weight per unit length of the chain 
in terms of y. [0. H. 1962, 1969] 


The equation is (y—a)*=a?—2 or, +y- a =a, a 
circle whose centre is (0, a) and radius is æ. Itis a circle which 
touches the a-axis at the origin on the positive side. Hence the 
origin O is the lowest point of the chain and the horizontal 
tangent at O is the a-axis, the y-axis being upwards. 

[ See fig. of Ex, 4 above ] 

Differentiating the given equation, 


g 


Radius of curvature p=a. 


: 3 hy Ty 
«<. Using the result, oak ra y 
Toa Toa X 


we have, o= 


= is i sum as 
ats E This is the same su 


Ex. 4 worked above. Here the equation given is Cartesian. 
Ex. 6, Find the form in which a chain hangs when the 
line-density is given by ee sec” a T'o being the tension at the 


lowest point, and s being measured from this point. 
[0 H. 1957, 1964] 


We take the origin at the lowest point O and the tangent Ox 
at O as the a-axis ( Seo fig. of Hx. 4 above ) If the tension at 
P, where arc OP=s, be T making an angle y with Ox, we 
consider the equilibrium of the portion OP of the chain and 
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resolving horizontally and vertically, we have, T cos y=To...(1) 


8 
and T sin vPI ods =j (e sec? Sods 
= Toftan =r tan Sres. 
iJ- ze tan geo 


From (1) and (2) we have tan y=tan= +.. y=$, as 4=0 
a a 


when s=0, or, s=av, which is the intrinsic equation of a 
circle whose radius is a and whose centre is on y-axis at a 
distance a from.origin. 


EXAMPLES 


1. A telegraph wire has a span of 80 ft and the wire weighs 11b per 
20 ft ; find the sag in the middle if the tension is not to exceed 160 Ibs. 

2. Show that the maximum tension in a wire which weighs ‘15 Ib per 
yard and hangs with a sag of 1 foot in a horizontal span of 100 ft is about 
62'5 Ibs. wt. 

3. A uniform rope weighs 2 tbs per foot; it is tightly stretched 
between two points in the same level 150 ft. apart, If the sag in the middle 
is 5 ft., show that the length of the rope is 15044 ft. and the tension 
is 1125 Ibs. 

4, A uniform chain, 155 ft. long, is suspended from two points in the 
same horizontal line 150 ft. apart. Show that the least tension is nearly 
1'08 times the weight of the chain. 


5, Prove that in a parabolic chain the tension at any point is (32) 


times the length of the normal between the point and the axis of the 
parabola, where 2a is the semi-latus rectum, 

6. Tho span of a suspension bridge is 100 ft, and tho sag at the middle 
| of the chain is 10 ft. ; if the load on each chain be 25 tons, find the greatest 
tension in each chain and the tension at the lowest point, 

7. Show that the tensions at the ends of a chain whose span is 30 ft., 
the sag in the middle is 10 ft., and the load, which is uniformly distributed 
across the span, half a ton per foot run of the span are each 9°375 tons wt. 

8. Prove that in a catenary of uniform strength, (a) the tension varies 
as tho radius of curvature, (b) the projection of the radius of curvature on 


1 


tho vertical is constant and. (e) T= To cosh 5 [0. H. 1945] 

9, If the line density at any point of a cord vary as tho radius of 
curvature of the curye in which it hangs, show that this curve is the 
catenary of uniform strength, 


3y 
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10, Find the equation of the curve if the load supported by a string is 
aw? +b per horizontal foot, where a, b are constants and æ is the horizontal 


distance measured from the lowest point of the string. (C. H. 1963] 
11. Find the law of variation of mass per unit length in order that a 
string may hang in the form of a parabola. [0. H. 1942] 


12. In a chain hanging in the form of a cycloid whose equation 
is s=4a sin y, show that the mass per unit length is proportional to 


(16a? -99)77, i [0. H. 1965] 


Miscellaneous Problems Worked 


Ex. 1. The ends of a uniform heavy chain are attached to 
two fixed points A, B. When the chain is hanging in equilibrium 
the tangents to it ab its extremities make angles tan7* $ and 
tan * 3's with the horizontal in opposite senses. Prove that 
the inclination of the straight line AB to the horizontal is 
cot~* (6 log 3). 

Tf 4, B be the angles the tan- 
gents at A and B make with the 
directrix Ox, we have, 

tan 4=4, tan p=7y. 

<. cost=%, cos B=32, 

We have ( see fig. ) 

EHA=c log (sec 4+tan 4) 

=c log (E-+2)=c log 2. 

ED=c log (sec B + tan 6) 

=c log (*23%)=c log $. 

“© DA=DE+EA=c log $+c log 2=c log 3, 


Again, BO=c sec B=c.48, DO=c sec a=¢,4, 


A DB=D0- BO=045=8 


` DA 
vs GOL BAD=77,=6 log 3 or, ZLBAD=cot-* (6 log 3). 


Ex, 2. An endless uniform chain is hung over two smooth 
pegs in the same horizontal lino, Show that, when it ig in a 
position of equilibrium, the ratio of the distance between tho 
vertices of the two catenaries to half the length of the chain is 
the tangent of half the angle of inclination of the portions near 
the peg. [M. T.]3 
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Let C, D be the vertices of the two catenaries ACB, ADB 
formed by the chain when hung over 


the small smooth pegs A, B. Since z E A 
the two tensions at A to the two Way, 
branches are equal and since the Bid 
tension is wy, it follows that the two [| 

catenaries have the same directrix. AD N 

Let Ox be the directrix and let the Os MN TE 


tangents AL, AM at A to the portions 
CA and DA make angles yı ane Ya with Ox and let the aros CA, 
DA be sı and sa. If cx, Ca be the parameters of the catenaries 
ACB and ADB, we have, ¢,=00, ca =D0. 
OD=c,—cg"(1) 5 S1=01 ban Ys, Sa=Ca tan Ya 
l=s,t+se=c, tan Yı tca tan paee (2), 
where 21=length of the chain. Also from ordinate of A, we 
have, Cı Sec Yı =Ca sec Pa'*"***(3) 


E Da oath se ees _¢1 tan Yı tca tan Ya 
cos, COSYa CoSYı— Cos Ya sin y, tsin Ya 


a ares E 1 — cos Yo _ wer 

or, OD=¢,—Ca lon ein by lban “5 [From (2)] 
CD :1=tan $ZLAM). 

Ex. 3. One end A of a uniform string of length 2a is fixed, 

the other end B moves along a horizontal line through A. Find 


the locus of the vertex of the catenary formed by the string. 
: [M. T.] 


Let AB be 2a’ and let O the vertex of the catenary, be at a 
depth y’ below AB. Then C is (a', y' ) referred to horizontal 
and vertical through A as axes. Referred to the directrix and 
axis of the catenary as axes B is (a, y’+c), where c is the 
parameter. Using the formula y?=0 +s? for the point B, 

err} 
wo have, (y’+c)?=c?+a° or, o=* od seoree(1) 


v 
Again, using the formula, y+s=co” for the point B, we have, 
r I 

TT es 
(y'+o)ta=ce or, yt Oy 


12 
Y c 
7— +ta=ce 
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, , 


g 
à i >z aty 
of, (y! bay? =Qcy’.e° or, e =y [ from (1) ]. 
; „a-y? aty 
oS By logy 
Therefore the equation of the locus of the vertex is 
(9292) loe ati, 
Qay =(a? — y?) log ga 


Ex. 4. A uniform flexible string of length 2s and weight 2sw 
are attached to rings of weights 2sw and 4sw which slide on a 
rough horizontal rail. If the coefficient of friction between the 
rail and the rings be #, prove that the greatest distance between 
the rings when the string hangs in equilibrium is $s log 3. 

[C. H. 1965] 

When the string is in limiting equilibrium, the frictions at the 
two rings are not both limiting. We have first to decide ‘which 
friction will attain the limiting value first. - Let. A4, B be the two 
rings of weights 4sm and 2so respectively, ACB the chain in 
equilibrium and T'o the tension at C, the lowest point of the 
catenary of parameter c and directrix Ov. Let F, F” be the 
frictions and R, R’ the normal reactions on the rings A, B. 
From the equilibrium of the whole system and of the ring B and 
portion BO of the chain respectively, we have, resolving horizon- 
tally and vertically, 

R+R =4s042so+2so=8s0, F=F" 
and R'=2so+so=8sw, F’=To=co. 

+. B=6s80. 


=F je eek 
So F=F' and B>R' «. <p 


<. Tho friction F’ at B will first attain the limiting 
value pR’. 


Now suppose the string is in limiting equilibrium, 
yal” = eR. May 
s. co=p(3so) or, c=8us=2s, as “w= 
, The formula, s=c tan y, gives for the point B, 
s=3stany or, tany=$. 
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Again, using the formula «=e log (sec yt tan y), for the point 


B 
B, we get, Hats log (§+4)=$s log 3 


: as 
s ABF gs18 3. 


Hence tho greatest distance between the rings is $s log 3. 


Ex. 5. A given length, 2s of a uniform chain has to be hung 
between two points at the same level and the tension has not to 
exceed the weight of a length b of the chain, Show that the 


greatest span is /b°—s* log aks [0. H. 1956, 1960] 
b-s 


Let the chain be hung between the points A, B where AB=2z 
and let c be the parameter of the catenary in which the chain 
hangs ( see fig Bx. 1, p. 205 ). Ify be the height of A above the 
directrix, we have, 


x ae 
y=e cosh and s=c sinh z 


Also y= +s. Now, T=oya where T is the tension ab 
height yı above directrix. .'. g remaining constant, Tis max, 
when y, is max. ie. T is max. ab A and the max. yalue is wy. 


‘We have to find the maximum value of œ subject to the 


condition that oy Sob or; ysb. 


z of +s 2s 
We hivo yts=ce’, y-s=0e° «> eer 
yts acg Jog UES 
9a = yts a= s log ee 
or, 2a=c log a VypP=s? log g. ) 


We shall show, now, that as æ increases y increases. 
Differentiating (1) with respect to y, we have, 
de _ pal a EAE aa 
A] Fa ys? Vyas Bys 
| s 


ir 
BE EEA y log __ 4 9}, [s is a constant and y>s) 
~v. a s 


y? —s Re 
1 y 
1 (: EAS ter i) og 
ie w 2 ve terms 
Jpeca Y y 3y° ) | 


= a Ef gum of +ve terms \>0 


Ny — s? 
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~ dy 
A e 
.".. wig max. when y has its max. value b, for y Sb. 
+s 


>0 or, y increases with a. 


Maximum span=2.a1mag= Vb? — s? log n 
T from (1) ] 


Ex. 6. A uniform chain hangs over two smooth pegs in the 
same horizontal line, and at a given distance apart ; find the 
length of the chain when the pressure on each peg is a minimum. 

[G. H. 1943, 1945] 

Let a be the distance between the pegs A, B (fig. p. 912) ; 
and when the length of the chain is J, let T' be the tension at A 
making an angle y with the directrix. In equilibrium the free 
ends of the chain are on the directrix Ox. If 2s be the length of 
the chain hanging between A and B and y be the height of A or 


B above the directrix, we have, 2s+2y=l or sty=> 


f a a 
=0 8 h — y= Vers 
Now s=c sin 9g Ye cosh Qe 


a 


$= oes.. C), gives lin terms of c. 
The pressure F on each peg is the resultant of T, T acting at 


an angle (90°—Y)=4 say... R=2T cos $ 


To find cos 4 we have s=c tan Y=c cot $, y=c gec Yy =c coset p 


ae. sty=o(2 e441 1 l= =o cot Ê. 


sing sind 2 
a =a 
or cete°=c oot $ or tan $= ao 
a 
e?e 


Swen o1...) 


<. R=2XwXc cosh &. 


$ Mite 


For stationary values of R, Ro 
AR O BETDA a 
i: I] ee t1—". —-— |=0 
an/ eo +1 
a 
a aet a % 
or e Ti or e= Gay" ...(3) ; this eqn. gives c. 
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We have PE 
% M e41 
PE US BE 
g M es +1 
+{ee(1-2) 1}. ( vay) 


When c is a root of eqn. (3), we have, 


ala a a 

aR A : Qc? : 

T =— =~ =0 as otherwise we find from (8) 
Marri 


that c will not be real. 


,'. The value of c given by (3), makes R a minimum. 


a 
Ris minimum when cis given by e°= a! and the 


a— 2c 

corresponding length of the chain is giyen by 1=2c026, 
Ex. 7. A telegraph wire, stretched between two poles at 
distance a feet apart, sags n feet in the middle; prove that the 


2 
tension at the ends is approximately utta} [C. H. 1951] 


Since the wire is stretched n is small and c, the parameter of 
the catenary, is very large (fig. p. 205). Ify be the height above 
the directrix of the point of support A and T be the tension there 


we haye y=¢ tn, T=wy. Also y =c cosh z as the co-ordinates 
of the point of support A are (3 v} 
<. et+n=c cosh a This is the eqn. to determine c. 


a RES IL ARM a 
Expanding cosh 9°. we get, etn=di+ aari CO | 


a, at 
=— Tta +: “7 
or m=. toa 1608 o 
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Since c is very large, a first approximation of o is given by 


A 1 
For a second approximation, putting this value of c for gin (1) 


a, atl S 
a’ 


wo get me tage 


.. Approximate value of terminal tension 
iets +n)=u(2+ 0): 
hh 8n 6 


Ex. 8. A heavy chain of total length J, rests with one end 
on a rough table and the other on a rough floor ; it is stretched 
out as far as possible so that the equilibrium is limiting at both 
ends ; if ube the coefficient of friction both of the table and 
floor and b be the height of the table, show that the length on 


i [ot fop] È pron b 
the floor is [ot F b+ i ] Qu provided that fot 


Let ABCD be the chain in limiting equilibrium at both ends 
Aand D. Let AB=z be on 
floor, OD=y be on the table ; 
^ BC=l-a—-y hangs in 
the form of a catehary. 
w being the weight per unit 
length of the chain, friction 
on AB is uws and that on 
CD is uwy. From equilibrium 
of the point B of BO, it follows that the tension at B of string 
BC is horizontal. .. Bis the lowest point of the catenary BC. 
Let Ox be the directrix and c the parameter, then BO=c. 
From equilibrium of AB, gwr=To=cw. <. c= urer(1) 
From equilibrium of CD, nwy=T=w(b+ec). or, uy=b+e-+(2), 
where T is the tension of BC at O. [ The tension Tat C acting 
on the portion BC is along tho tangent at C to the catenary, but 
the tension at O which acts on the portion CD is T along DC 
i.e. horizontal. This is so because at C the table must be 
assumed to be round and smooth, and to act like a small smooth 


3 
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peg. This does not alter. the magnitude of the tension at O but 
changes its direction. ] Using the formula, y*=c'+s* for tho 
point O, we have, (b+0)*=ct+(l-2—v)® 


or, bt+2bo= (l-g y). 
From (1), (2) and (3), we have to eliminate c and y. 


From (1), c= uz, from (1) and (2), py=b+ px. | or, v=?+a. 
. b_ — b) 
s 1a-y=l-2%-tmt at 3) 
à siia 
“. From (8) b*4-abqe=[1—2 2+2) 


o, oba tól- z+) 
si 


or, 2but=(1—2t)*, putting t=ato) 


Solving, oer et [ot As I-a—y=1-21>0 


ucr s nate fey tO 
2 2 4 


si goiti ye ab] _ © 
oo @ iF +b Ro op 
We have assumed a> 0. Also l-a—y> b [from (8)] and 1>} 


from (2) es i>o+2. 


Ex. 9. The distance between the points of support of a 
catenary of uniform strength is a and the length of the chain 
isl. Show that the parameter ¢ must be found from 


Pee 
tanh Taa o {C. H.] 
Hore it is assumed that the points of support A and B, say, 
are in the same horizontal line. The equation of the catenary 


is y=c log sec 2 For the point A, we have, 1=3 and s=} 
Now z and s are both given in terms of y by the well known 


formulae, s= ap, s=e log (sec y +tan y). 
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Wo bavo $= o% and jee log (seo ¥+ tan ¥). 


or, sec ¥+tan rer 


Eliminating ý, wo have, seo z ttn ane 
a anrs 3 
800 gg en w’ and adding, we have, 

P tee 

2 sec one te ae 
Adding and subtracting 2 from both sides, we havo, 
as00 typists tac (aso is) en(a) 

i 


and 2\seo g-i) 9 88g (s86 o is) orn 


1-os = ar V 
Dividing (2) by (1), ——¥=( 4—**~ 
1+eos 9° 


a@ L 
or, tan F = tanh? Py 
& 
4e 

Ex. 10. Ina non-uniform string hanging under gravity tho 
area of the cross section at any point is inversely proportional to 
the tension. Show that the corvo is an arc of a parabola with 
its axis vertical. [0. H. 1959, 1963] 

Take origin at the lowest point 'O and the tangent Oz there 
as the z-axis (see fig. of Ex. 4, p. 225). 

If o=wt. per unit length, Zo=tension at lowest point, 
p=radius of curvature at the point P(z, y) where tangent makes 


l sity 
<. tan —=tanh ‘i This is the equation which gives c. 


% P s 
an angle y with a-axis, we have ae Se y [See Art. 6'10) 


Given «=4 where T is the tension and < the cross- 
section at P. 


k k $ 
A A [ c=density, T cos y=To } 


se 
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Ta gok 
—= 2. TT nos p, or, pÀ soo? y where A= constant. 


pcos’ y To 
i 
{1 +(4)] k 
But, wo know, p_i 
a7 
a 


Nr or, Mast 


Watenynd 2. T S 


At | t 
owest point 2=0, ae 


` d e 
ve ins ve waste 


At origin, when 2=0, y=0. ~. B= 0 ~. nya or, w= Dy 
a parabola whose axis viz. the y axis, is vertical. 
Alit: We have T'o $ (tan ponit ae 
a + z. dr 
a.d (tonp=de Sen tan p=z 
(constant being zero) 
dy=4z* (constant again zero) or, z*=2y. 


Ex. 11. If a string hangs in the form of an ellipse whose 
major axis is horizontal, prove that its weight per unit length at 


any point x jix Where y is the depth of the point below the 
major axis and b' the length of the semi-conjugate diameter 
corresponding to the point. 

Take origin at lowest point and the tangent at that point as 


g-axis; ify be the angle the tangent at a point P makes with 
the z-axis, and p the radius of curvature at P, then we know, 


that the weight per unit length at Pis a; To find out 


p and cos? p, we take the principal axes of the ellipse as our 
axes of co-ordinates. Let P be (a cos 0, b sin 6). 


\ 
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É dy boos? b cos 0 

Then — tan ¥=q,~ =a sin 0 or, tan ý= esing 
2 2 2 p2n’? a? 2 
5 yop Bue OO ee Fe ae be 
sec y 1+ gs sin?0 a sin“ a®y* oon'y beb’? 


s s 
at+y’2)? (a2 sin? +b? cos?0)" _ b" 


We know, p= nr Lnn — ab ab 


. 


To. ab. bb? EN E 
We o=- qty? aby by? 
Ex, 12. If a chain hangs in the form of the curve y= — 
loge (1-5) where c is a constant, express œ in terms of a, 
[C. U. 1964] 
When z=0, y=0 «~. curve passes through the origin. 


You 


.  .. at origin when 2=0 
ea g y 


Differentiating, a = 
tan y=0 or =O. 


’. a-axis is the tangent at the lowest point, 


2 
we have, To tan Y= S ads TE Y= 0 
o 


P 
sec? y l ig 
Now =y <. œ= To cos p. e 
dz” 
; ies a A EA 
We have tan 4 A ETE qe? (G20) 
e— x 
and cos y aa a 
hier 2cTo 1 zs 


MISCELLANEOUS EXAMPLES 


1. A uniform chain hangs between two points A and B of which B is 
10 ft. above A and no part of the chain hangs below B. If the tension at 
Ais 80» and makes an angle of 45° with the horizontal, show that the 
length of the chain is nearly 18°44 ft., being the weight of unit length 
of chain. 

2. A uniform string ABC is fixed at A and passes over a smooth peg 
at B and the portion BC hangs vertically, tho peg B being 10 ft. below the 
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horizontal through A. The portion AB of tho string is 201t, and BC is 
25 ft. Show that the parameter of the catenary is 10/8 ft. 


3. If the tangents at the points P and Q of a catenary are at right 
angles, prove that the tension at the middle point of tho arc PQ is equal to 
the weight of a length of the string equal to half the aro PQ. 


4. A uniform string of length Zand weight W ts suspended betweon 
two points in the same horizontal line. If tho sag in tho middle is n? show 
that the tension at either ond is wins) D 

5. The ends of a uniform chain of length laro fastened to two light 
rings which can slide on two smooth rods in the samo yortical plano, inclined 
in opposite ways at equal angles « to the vertical. Provo that the sag in 
the middle is 47 tan $: It the rings be honvy and of equal weight and if the 
tension at the lowest point be equal to half the woight of the chain, show 
that the depths of the rings below the point of intersection of the rods 


is 4 oot « log (V9 +1). 


6. A heavy uniform string is suspended from two points A and Bin 
the same horizontal line and to any point P of the string a heavy particle 
is attached. Prove that the two portions of the string are parts of equal 
catenaries. If 6, be the angles the tangents at P make with the horizon, 

tan 6+tan $ 
& and those made by the tangents at A and B, show that tan <+tan Ê is 
constant for all positions of P. 

7. The ends of a uniform chain of length 27 are fastened to two 
weightless rings which can slide on a rough horizontal rod whose coefficient 
of friction is#, At the middle point of the chain is attached a heavy 
particle whose weight is m times that of the chain. Show that the 
maximum distance between the rings is 

(ne D1tV 14H) 
r) 
2pul(n +1) log [E Maarn 

8. One end A of a heavy uniform string ABC of lengeh l is attached 
to a fixed point and the lower part BO of the string rests on a smooth 
inclined plane of inclination 4; show that the directrix of the catenary 
formed is the horizontal line through the end O. Ify be the angle the 
tangent at A makes with the horizontal prove that the length of BC is 

l cos 
cos & cos (Y -4) 

9, A heavy uniform string passes over a fixed smooth peg ; one end 

f the string of length 2l rests on a smooth inclined 


hangs freely and a part o! 
plane of inclination «. If the length of the part hanging freely be l, show 


that the whole length of the string is 47 cos’& and that 4 sci 
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10. A heavy uniform string of length 47 passes through two small 
weightless smooth rings resting on a fixed horizontal bar. Prove that, if 
one of the rings bo kept fixed and the other held at any point of the bar, 
the locus of the position of equilibrium of that end of the string which is 
further from the fixed ring may be represented by the equation 

æ=2V Ty, log i 

11. A ring, of weight wb, is attached to the middle point C of a string 
of length Z and weight lw, which hangs symmetrically over two smooth pegs 
in the game horizontal line, the ends of the string hanging vertically. Show 


a 
that tho parameter c of the catenary is given by the equation b+l=e0 
[b+ VIe +07], where 2a is the distance between the pegs, and that the least 

1 

yalue of 7 for which equilibrium is possible occurs when Gant - 4 = 4 
12. A string of length 27 hangs over two smooth pegs which are in the 
same horizontal line and at a distance 2a apart. The two ends of the string 
are free and its central portion hangs in a catenary. Show that in positions 


of equilibrium, the parameters of the catenaries are given by the roots 


a 
of cec =]; and that there are two, one or no real values of c according 
as1Zae. Show also that if c is the parameter of either of the two catenaries 


in which the string may hang when />ae the depth of the c. g. of the string 


F 2 + C k 9, 
below the pegs is Premtee and hence the catenary with the larger value 


of c is stable while the other is unstable. 


13. A given length / of uniform heavy chain has one end fastened to 
a fixed point and hangs over a smooth peg in the same horizontal line at a 
distance 2a from it, Show that there are two positions of equilibrium or 


r Į 
none according as tay 3 


E 
1+, 
3e I-E 


where £ is the positive root of the equation 


Show also that if there are two positions of equilibrium then 


the one with the larger parameter of the catenary is stable, 


14. Achain, of length 27 and weight 2W, hangs with one end A attached 
to a fixed point in a smooth horizontal wire, and the other end B attached 
to a smooth ring which slides along the wire. Initially ÆA and B are 
together. Show that the workdonein drawing the ring along tho wire 
till the chain at A is inclined at an angle of 45° to tho vertical is 
WIL- Va +log (1+ V9). 


15. A bar, of length 2a, has its ends fastened to those of a heavy string, 
of length 2l, by which it is hung symmetrically over a peg. Tho weight 


of the bar is n times and the horizontal tension 4m times the weight of the 


string. Prove that m? +n? -fo +1) cosech 2 -n coth a 
ml ml 
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611. To find the general Cartesian equations of 
equilibrium of a string under coplanar forces. 


In the plane of the forces, take any point O as origin and Oz, 
Oy as rectangular axes of co- 
ordinates. In equilibrium, the 
string lies in ‘the plane of the mds hisi 
forces. Let AB be the string in 4 Q 
equilibrium and let PQ be a P omxds 
small element of it. Let P be A 
(æ, y) and let its arcual distance A T 
measured from some fixed point 
on AB be s. Then length of O L os 
PQ is ds. Let m be the mass of the string per unit length at P 
and let X, Y be the components.of the external forces per unit 
mags acting at P. Consider the equilibrium of the element PQ. 
Forces acting on it are mXds, mYds parallel to Ox, Oy, and the 
terminal tensions T at P and TAT at Q acting along the 
tangents at P and Q in the directions as shown in the figure, 
Resolve the forces parallel to Oz. Resolved part of T is re in 


the direction «0. r% : the horizontal component of the tension 


is a function of s. At Q s has become stds ; therefore at Q, the 


d d; ‘ 
horizontal component of the tension is (z ta) 4 (r 12) as in the 


direction Ox. Hence we have, 4 (72s +mXds=0 
a fz) Ahi 
o, 2 (1) tmz) 


Similarly resolving parallel to Oy, we have, 


4 (it) +m =0: (2) 


These are the Cartesian equations of equilibrium. 


It m, X, Y be given, these equations determine the tension T 
at any point and also the form of the curve of equilibrium. 
Tf the forces are not coplanar and X, Y, Z be their 


16 
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components parallel to the axes Ox, Oy, Oz, then in addition to 
the two equations (1) and (2), we have a third equation 


d | må? lei 
at ds ie 0s 


Examples Worked 


Ex. 1. Prove that if a uniform chain lie in one plane under 
the action of a system of force fixed in direction and of magni- 
tude at any point varying as cosec’y, where y is the inclination 
of the chain to the fixed direction, the chain must lie along an 
are of a circle, 

Take a point O on the chain as origin and the line through O 
parallel to the fixed direction as the w-axis Ox. Then at every 
point P of the chain the force is parallel to Ox and its magnitude 
œ cosec’y, when y is the angle the tangent at P makes with Ox. 
Hence, we have X=k cosec’y, Y=0 The general equations of 
equilibrium give, f 


a da CNES sí UY = 
FA 7) +-m.k.cosee ~=0 and T r% =0 


<. T sin p=constant=c. Le cot y)+mk cosec*y=0 


or, —c coser yE + mhk cosec’p=0 


Ae E ziad, where a is a constant, 


Integrating s=ay+A. 

If origin O be taken at the point of the chain where the 
tangent is parallel to the fixed direction then s=0 when y=0. 

<“. A=0 ©. ZHiquation of the form of the chain is s=a¥, 
the well known intrinsic equation of a circle, 

Ex. 2. Tho general equations of equilibrium may be used to 
find the form of equilibrium of a uniform string hanging under 


gravity. In this case, we have, X=0, Y=—g, m=a constant. 
The general equations give, 


d |da ; 
er 2) +m0=0 or T TE = const, = To, Say 


— 
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or T cosW=T> i.e. the horizontal tension is constant, 
d |, dy’ 
d = —j— = 
an Ais FF mg=0 


dy, dx 


= 4 H 
dz d) ng or ae (To tan y)=mg 


z 
or as 
= To 
or mgds=Tod (tan 4) or. s==° tan y +B 


If we write To =cmg, and if s is zero when y=0 
then s=c tan y. 
This is the intrinsic equation of the common catenary. 


6'12. If a string is in equilibrium under the action of any 
forces, the two terminal tensions at the ends P and Q of a small 
element PQ of the string are equivalent to a force dT along the 
tangent at Pand a force Tdp along the inward normal at P, 
where T is the tension at P and pis the angle the tangent at P 
makes with a fixed line. 


For, resolving the two. tensions 
Tat P and T+dT at Q, along the 
tangent LP and normal PN at P, we 
find that the sum of their resolved 
parts along the tangent LP 

=(T+4T) cos dy-T, 
dy being the small angle of first 
order between the tangents at P and Q=dT, 

and the sum of their resolved parts along the inward normal 

PN=(T+4dT) sin dy = Tdp, 


4 )\8 
for cos aya iy where | 7 | <1,=1 


{ (apy, ' ah 
and sin dp=(4y)— " , where | | <1,=dy, 


small quantities of higher order than the first being neglected. 


Thus the two terminal tensions are equivalent to a force aT 
along the tangent (in the direction in which s increases ) and a 


force Td} along the inward normal. 


This result is very important; in problems on strings it is 


very convenient to replace the terminal tensions by these two 


x 


forces. 


244 ANALYTIOAL STATICS 


613. Constrained string—Light string, smooth surface. 


A light inextensible string rests in equilibrium in one plane on 
a smooth surface under forces acting at its ends. 


Consider the equilibrium of a small element PQ of the string ; 
let s be the arcual distance of P 
measured from some fixed point on 
the string then PQ=ds. Let T be 
the tension at P, y the angle the 
tangent PL at P makes with Oz, and 
R the normal reaction of the surface 
per unit length of the string at P. 
Then the forces acting on the element 
PQ are the terminal tensions which 
are equivalent to a force dT along the tangent DP and a force 
Tdp along the inward normal at P and the reaction Rds along 
the outward normal at P. Resolving along and perpendicular to 
the tangent at P, we have, 


dT=0 or T=consi.=A, and Rds=Tdyp 
A 
p 


Hence when a light string rests on a smooth surface, the tension 
is constant and the pressure at any point varies as the curvature. 


6'14. Heavy string, smooth surface. 


A heavy uniform string rests in equilibrium in one plane on a 
smooth surface under forces acting at its ends. 


Consider the equilibrium of a small element PQ of the string 
of length ds (fig. Art 6'13). Let T be the tension at P along the 
tangent PL which makes an angle y with a horizontal line Ow. 
Let w be the wt. and R the normal reaction, both per unit length 
of tho string at P. Then the element PQ is in equilibrium under 
the forces dT along the tangent, T'dy along the inward normal, 
Rds along the outward normal, (the string is assumed to be 
pressed against the lower side of the surface ) and the weight wds 
along the vertical. Resolving along and perpendicular to the 
tangent at P, we have 


dT =wds sin y= ods = way <. T=wytA (1) 
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and Rds+wds cos ¥=Td) or £ =R+w cos y...(2) 
p 


If 7, Ta be the tensions at two points whose ordinates are 
Yas Ya, We have Ta — Ti =wlys ~ Y1). 

Hence if a heavy uniform string rests on a smooth surface the 
difference of the tensions at any two points is equal to the weight of 
a portion of the string whose length is equal to the height of one 
point above the other. Tt is an important result. The second 
equation gives the pressure at any point, T being known by 
equation (1). y 


615. Light string, rough surface, 


A light inextensible string rests in limiting equilibrium in one 
plane over a rough surface under forces acting at its ends. 


As in the preyious articles we consider the equilibrium of an 
clement PQ of the string of length ds (fig. Art. 6°18); we 
assume that the string is about to move in the direction AB. 
The forceiof friction is „Rds along PL. The string being light 
there is no weight ds, The other forces remain the same as 
before. Resolving along the tangent and the normal at P, we 
have, dT =pRds and Tdy= Rds. 

Eliminating R, Mould or, m= Ae”); and B=t(9) 
If 7, T's be the tensions at two points where the tangents 
make angles Yi, Ya with Ox, we have, T ard, 

Hence if a light string is in limiting equilibrium on a rough 
surface and A, B are two points of the string and the string tends 


0 ‘ 
to move in the direction A to B, then T= T ee , where @ is the 


Aand B. To determine the angle 
and B both have the direction of 
t+ at A rolls over the string 
the angle turned 


angle between the tangents at 
6, first let the tangents at A 
AB and then imagine that the tangen 
till it coincides with the tangent at B; 
round is 0. 


=|8 


The pressure ab any point is given by (2), B 
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616. Heavy string, rough surface. This is the most 
general case. 


A uniform heavy string rests in equilibrium in one plane on a 
rough surface under forces acting at its ends. 

As before we consider the equilibrium of a small element PQ 
of the string of length ds ( fig. Art. 6°13). The forces acting on 
the element are tho same as those in the previous article with an 
additional vertical force wads. Resolving along the tangent and 
the normal at P, we have, dJ'—ads sin y—pRds=0+""*(1) 


and oa cos y— Rds=0-+ (2) 


Eliminating R, r —uT=polsin Y~ u cos 4), 


Multiplying by the integrating factor a He and integrating 
we have, Te Y= f pwe (sin y—u cos p)dy+A. 


From the equation of the curve in which the string rests, we 
can find p in terms of Y. Putting the value of p and integrating 


we have, Te Mafy)+aA. 
This equation gives T. 


From (2), we have, Eco cos p HR. or, R=~ —© cos y. 


T being known, this gives the tae R. 
6'17. Central forces. 


An inextensible string of given length is attached to two fixed 
points and is in equilibrium in one plane under the action of a 
given central force ; to find the form of the curve of equilibrium. 

Let AB be the string in equilibrium where A and B are the 
fixed points; and let O be the 
centre of force, Let P he any 
point of the string whose polar 
co-ordinates are (r, 0) referred to 
O as pole and let be the angle 
between OP and the tangent at P. 
Let s be the arcual distance of P 
measured from some fixed point A 
on the curve. Consider the equi- 


librium of a small element PQ of the string of length ds. If F be 
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the central force per unit length of the string, considered positive 
when repulsive, the central force acting on element PQ is Fads, 
The other forces acting on PQ are the two terminal tensions 
which are equivalent to a force dT along the tangent at P and a 
force Tidy along the inward normal at P. Resolving the forces 
along the tangent and the normal at P, we haye, 
dT'+Fds cos ¢=0......(1) 
and Tdp=Fads sin $.....+... (2) 


From (1), we have, 4T = -Pd Z= —Fdr. 


aie T =A= S Far rescore) 
Since F is given as a function of r, this equation gives Ts 


From (2), we have, T=Fp-t where p is the perpendicular 


from O on the tangent at P and sin g=2 


mn | ie Dean ge 
Ep A aL 


or, TdptpdT=0 or, d(Tp)=0 or, Tp= constant = B...(4) 


T being known from (3) in terms of r, (4) gives the (p, r) 
equation of the curve of equilibrium. To find the polar equation 


Lynda wit EAAS i : 
we use the relation Thala . The solution of the differen- 


tial equation in (r, 0) will contain three arbitrary constants. The 
three constants are determined by the fact that the string bas 
two given points A, B on it and that the length of the string AB 
is given. This completely determines the form of the curve. 

Secondly suppose the form of the string is given and we have 
to find the law of force. 

First we find the (p, r) equation of the curve. 
we find T in terms of 7 Finally F is given by 


Then using (4) 
the equation 


f= = Thug the central force is found. 


Examples Worked 


Ex.1. A single movable pulley, of weight W, is just 
supported by a’ power P which is applied to one end of a light 
cord which goes under the pulley and is then fastened to a fixed 
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point; show that, if @ be the angle subtended at the centre by 
the part of the string in contact with the pulley, then 
P*(1—2e!? cos ptet wy? 
Let ABCD be the string, A being the fixed end, BC the portion 
in contact with the pulley and D the end where power P is 


applied. As the pulley is just supported it tends to move down 
in the direction B to C. So relatively the string tends to move 


in the direction C to B. -. Tg >Tg +. T37 Teel, for 


angle between the tangents at B, C both in direction OB, is equal 
to the angie between the normals at B, ©, which is 0. But 


PSP v: Tp Pe" 9 The forces which keep the pulley in 
equilibrium are Tg in the direction CD and Tẹ in the direction 
BA and the angle between CD and BA is (m—@), Hence the 
resultant of the forces P and pelt? acting at an angle (m— 0) is W. 
S. W= p+ Pl) + 0p Pel cos (m8) 
=P1—- ae? cos otet?) 


Ex. 2. A heavy particle is attached to an endless light 
inextensiple string which passes over a rough pulley fixed in a 
vertical plane. If the straight parts of the string are inclined to 
each other at an angle 4, prove that, for limiting equilibrium, 
sin 4 


cos apeten) 


their inclinations to the vertical are tan™* 


C is the centre of the fixed 
pulley; wt. W is suspended from 
point P of the string and PA, PB 
are the straight parts of the string 
which touch pulley at A and B. 
Let PB make an angle @ with 
vertical then PA makes the angle 
(«-0). Let T, T' be the tensions in 
PAand PB. For equilibrium of W, 
we have, by Lami’s theorem, 


OD See priv 
sin (4—0) sin 0 w. 
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Now, we have to find the relation between 7 and Tigi 
As shown in the figure, P tends to move down. .. The string 
at B tends to move in the direction BP. `. T>T"'; and the 
direction of T’ is to be rotated through an angle (xta) to 


coincide with the direction of i4e. BP) oe itm, 


From (1), we have sin (a—o)=sin oeat.) 


or, sin & cot 0— cos gaat 


or, sin 4 cob 0=cos at fit 


s unpa a 
i. cos alt 
In (2) write «—0=¢, then, we have sin ga Ht 
=sin («-¢) 


oT Het) gin a cot $~ cos 4. 


, 
sin 4 


tengs gp mata, 


: cos 4 
Hence the inclinations of the strings are 
; sin 4 
Fuata) 


tan™t 


cos 4+e 


Ex. 3. A heavy chain, of length l, rests partly on & rough 
table, and the remainder after passing over the smooth edge of 
the table, which is rounded off in the form of & cylinder of 


radius a, hangs freely down. If the coefficient of friction is K 


show that the least length on the table is a fi-Z +a} 
Let ABDE be the chain ; AB rests on 4 

the rough table and DE hangs freely. AB 1 
Let AB=a, DESY; o=wt. per unit wR 

length of the string, and let F be the Y D 
| friction on portion AB. Let T be the Caris 
| tonsion of the chain at B and T that at ice 
| D. Since the rounded part ig smooth, .- 
| > jeT+oa, a being the height of B above D. Again, for 


! equilibrium of the portions AB and DE, we have, /=F, R=or; 


T 
| T=way, and also we have atytagal. 
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ee 2’=ola+y)=0(a+1-—2) <uR<por 


P (041-2) <xu+1) 


=| -2} 
.'. Least value of ergi atl a 
Ex. 4, A uniform heavy string rests on a smooth parabola, 
whose axis is vertical and vertex upwards, so that its ends are 
at the extremities of the latus rectum. Show that the pressure 
on the curve, at the point where the tangent makes an angle $ 


with the horizontal, is Š (2 cos*$+cos $), where w is the weight 


per unit length of the string. [0. H. 1953] 


Show that the pressure at the vertex is w, 


[0. H. 1958, 1960] 


We take the origin at O, the vertex, and the tangent at O as 


the axis of æ. The equation of the parabola is 2*=4ay...... (1) 
where 4a=latus rectum (use fig. of Ex. 5 below replacing y by ¢ 
and omitting Rds). Consider the equilibrium of a small element 
of the string of length ds at P, where the tangent makes an 
angle ¢ with Ox. Forces acting on the element are (1) its weight 
wds acting yertically downwards, (2) the normal reaction of 
the curve Rds, acting along the normal outwards, (3) the two 
terminal tensions, which are equivalent to a force dZ' along the 
tangent and a force 7'd¢ along the inward normal. Resolving the 
forces along and perpendicular to the tangent we get, 


aT +w ds sin $=0.........(1) 
and, Tdo+wds cos $=Rds...... voe(2) 


From (1), we have, d’=—wds. u- —w.dy 


<. T=A—dy. 


At the free end of the string at the end of the latus rectum 
i.e at (2a, a), T=0. 


oe DL=wla—y) eee... 3). 
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From (2), we have, R=T+w cos $ 


T p= 008 $... (4) 
We have to express y and p in terms of ¢. 
Differentiating (1), on = sae ity) tan N 


. h 2, 
ve y= p74 tans. Also aia 


8 
*, p= (tten"s = Qa sec*d. 

2a 
<. From (4), pefe cost Foos 6| 
= Toos" sint cos +2 cos 4) 
= 50088 + cos $.cos’ teos $] 
SN cos*ġ+cos $). 


If the pressure at the vertex be required, then in (4) we have 
to put y=0, ¢=0 and p=radius of curvature at the vertex, 


which is well-known to be 2a. 
3w 


oa 02; 

Pressure ab vertex Site 3 

Ex. 5. A uniform heavy chain rests on & rough cycloid, 

whose axis is vertical and vertex upwards, one end of the chain 

being at the vertex and the other at a cusp ; if the equilibrium 
ut 


be limiting, show that (1+#")e 3 3, 
We take the origin at the vertex O and the tangent Oz at O 
as the a-axis. The equation of the cycloid is 


=alot+sin 9) 1... 
EA A O 


Let the tangent at P(6) make an angle y with Ox. We know, 


y=% The forces acting On a small element of tho chain of 
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length ds at P are (1) its weight wds, acting vertically down- 
wards, (2) the normal reaction 
of the curve Rds, acting along 
the outward normal, (3) the 
friction Rds acting along the 
tangent and (4) the terminal 
tensions which are equivalent 
to a force dT along the tangent 
anda force Tdy along inward 
normal, Resolving the forces along and perpendicular to the 
tangent, we get, 


dT+wds sin Y—wRds=0......(1) 
and Tdy+wds cos Y—Rds=0...... (2). 
Eliminating R, we get, 
dT —pTdp=wds(u cos Y—sin y) 
=w.4a cos Yla cos Y—sin y)dy 


[= s=4a sin y4] 


T- uT=4aw sec Acos Y sin(A—¥) (where u=tan A) 


or, gje ad =T PY oy sec d.[sin A—sin(Qy—d)] 


T=0 
v=5 


— 2 = 
[Te "Zo =2aw sec bee e HT sin A-sin (24-2) ]dyp 


[ “+ | F=0 when ¥=0 and when tt] 
m 


l 3 
sfe wear sin (2h—2)—2 cos (2h — si 
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aaa 
ae (1-e \(ut+s) 


Ae Es 
=e Ê(—usin A+2 cos AÀ)- (p sin A+2 cos A) 
un 
or, - Cos re? —1)(u2 +4) 
un 
=(— u sin A+2 cos N-e? (ù sin A—2 cos A) 
on im 
or, (e a — (yt =(— nte = 2) 
un en 


or, e? (Qu? +2)=6 or, (patil? =3. 


Ex, 6. A uniform jnextensible string, of length l, hangs in 
limiting equilibrium over ® fixed rough cylinder of radius a whose 
axis ig horizontal. Show that the length of the greater of the 


; e ey ee 2pa 
two vertical portions 18 eee 
portic i wa w I + w 


Take tho highest point 0 of the vertical circle in which the 
string rests as origin and the tangent at O as z-axis (use fig. of 
Ex. 5 above ). Consider the quilibrium of the small element of 
the string at P which makes an angle y with Ox. Then sare 
OP=ay .’. length of element ds=ady. Forces acting on the 
element are its weight was vertically down, normal reaction Rds 
along outward normal, friction “Rds along tangent, opposing 
the motion of string and the terminal tensions which are 
equivalent to forces dT along tangent and Tdy along inward 
normal. We assume P to be on the side ô 
the string. Resolving along the tangent and the normal, we have, 

aT +wds sin Y— pRds=0 
and Tdy+wds cos —Rds=0 


Eliminating R, we have, dT'— pay =was\e cos y~ sin 4) 


or, ana —wa sec À sin (y=), where u=tan À 
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Multiplying by the integrating factor e " ¥ and integrating 


between y, = -3 and v=5 where T,;=wy, and Ta=wx, where 


x is the greater one of the hanging portions and y the smaller 
one we have, 


yaftew Í 
7y Aos *¥) = —aw secd fe aor (p—Adv, 
yom T=wy re 
5) 
un un 
or, (wre v -wye?) 
m 
—aw sec À ; — up e, EA 
= [ (—psin ¥—d—cos y—d)] 
BFI D 
2 


Hee eae 
=—aw cos if 2 (9 gin N=¢ 7.9 sin ‘st 
or, xe —y=a sin 2e ’"+1) 
or, zle 7 41)=(a+y)-+a sin 2e +1) 


— l-an a.2u oe A 
or, on mite [e etytanr=1 | 


Ex, 7. Ifa heavy string be laid on a rough catenary, with 
its vertex upwards and axis vertical, so that ono extremity is 
at the vertex, the string will just rest if its length be equal to 
the parameter of the catenary, 
provided the coefficient of friction 


i? log 2, [C. H. 1962] 


We take the directrix and the 
axis of the catenary ag axes of 
æ andy. Considering the forces 
which act on an element of length 
ds at Pand resolving the forces 
along and perpendicular to the tangent, we get, as in example 
above, : 

dT +wds sin Y—uRds=0 
and Tdy+wds cos Y—Rds=0 
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Eliminating R, dT —uTàp=wdslu cos ¥ —sin 4) 
[s=ctany “. ds=esec’ydy. | 


aT 

ay ere sec’y(u cos ¥—sin ¥) 

din” = 

wee Y) = ewe WY [u seo y—seo ¥ tan ¥] 
sow | -e7 "seo I. 


Integrating, Te =cw[A—0 "see y) 
or, T =cwl| Ad” -sec yl. 
When y=0, 7=0 “e 4=1 i. T=cwle” —s00 ¥). 
Tf length of the string be c, the other end of the string will 
be at Q where ¥ is given by c=ctany or, v=} and therefore, 


when v=F we must have T=0 


un m ar pn 
yf —seo=0 or, et = or, dquaring it eg 
um E log 2 

9 log2 or, P i5 


Hence it u be (2 108 9), tho string of length equal to ¢ will 


rost in limiting equilibrium on the catenary with one end at the 
vertex. 

Ex, 8. Find the law of force in the case of strings resting 
in the form of the following curves under a central force F from 
the pole : 


(1) Parabola, focus the pole 
(2) Rectangular hyperbola, centre the pole 


(3) 7” cos nO =a", 
(1) ‘The (p, 1) equation of a ‘parabola referred to focus as 
pole is p =ar 


or; oaths We have pl'=¢, & constant. 
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— = 8 
wi pal hh q pa —Sa= gr Far 7508 Fis +e, 


# “ 
at dr a 
it ig a respulsive force. 
(2) The (p, r) equation of a rect. hyperbola is pr=a a? 
or, p=% be rea or, T= Oe r=-% Z. 
.'. F is constant and attractive. 


(3) Taking log. of both sides, we have, 
n log r+log cos nO =n log a 


Differentiating with respect to r, we haye, 


S oat tan nO Ge 


dr 
f dð. = 
<. tan b=r7 = cot nd or, 3778 
n n 
S. p=rcosnd=—, |. T a =e or, maL 
r r 
: dr T 
ve Facer pared T)7 8 x 772 


Tf n>1, sign of F is negative. 


.. Fis attractive and if n<1, F is repulsive 

Ex. 9. If the curve of equilibrium is an bani whose focus 
is the centre of force, the force at any point « + where b' is the 
semi-conjugate diameter corresponding to the point and r the 
focal distance of the point. 


; 2 
The (p, r) eqn. of the ellipse referred to focus is cee 


$ eon 
Since Tp=A ~. om =], Differentiating w.r to 7, we 
QT? AT OPE dT aA® aAp 
BOR ee oe e ae ory oe Now om 
eaten tie po 2 aA b nes 
co-ordinate geometry, we know, Segre eae F= ENE yb 


Ex. 10. A string rests in the form of a plane curve under 
the action of a central repulsive forco ; if the force at any point 
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be proportional to the curvature, prove that the curye is a 

parabola. > 
Considering the equilibrium of & small element of length 

ds at Pir, 0), and resolving perpendicular to tho tangent at P, if 


Fds be the force acting on the element, we have, Td = Fds sin ¢. 
or, T=F. p sin $,...+00(1) 


Also we know T'p=c, a constant...,--.+«(2). 


p. 


Since F'& p, let r=" “. From (1), T= 
[^ p=rsin¢ |= 


of kp = ae, = 
, From (2), ere or, po=pr=ar. 


This is the well-known (p, r) ean. of a parabola referred to 
its focus as pole. Hence the curve is a parabola and the centre 
of force is at its focus. 

aT _pok_k® +, ,ap+kdp=0 Now T=? 
dr p rar p 
dT= — jad. ss —tk=0 or; p=pr=ar. 

Ex. 11. A string of infinite length has one extremity 
attached to a fixed point A, and passing through a small smooth 
fixed ring at B stretches to infinity in a straight line, the whole 
being under the influence of a central repulsive forco =H. u”, 
where n>1. Show that the form of the string between A and B 
ig "72 =D"? cos (n—2)0. 

Let O be the centre of force; take O as origin, and OB as: 
g-axis, and let OB=4. The string evidently stretches along OB. 
At P on Ox where OP=2, consider equilibrium of the element 
-PQ of length da. The terminal tensions at P,Q are T and 


[+d in the directions vO and Ox and the: repulsive force 


is inde along Ox. 
. E E ETE ON RES ae, 
ies a + qda=0 te tall CES puta 
"As T=0 when g= a, -` A=0 (as n> 1) 
17 
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u ; : Oe Seite 
t= i “. Tension at Bis Tp (n—1)a"-> 
eL) 
Now, for the curved portion of the string, at a point (r, 0), 
aT u f 
we have, a -f AE FAG inet no constant is added as 
r ay lle ate HE 
when r=a, T=T}g. Also we have pT'=c. .’, P 


(m= 1)" i 
Doe ji 
Squaring and substituting the value of Ti we have, 
al fi 
c [a+ a (n—1)*r2"-3 


tx (ars ar VT 
ar) = pna or, aS cee 


or, 


where k= const. 
n-3 d 
+6+constant = Jr ; 


to integrate put r"-2=h cos $ 


, 


ak 
= | ie 
or, = +(n—2)\(0+D), D=a constant. 
r-2=h cos {(n—2)(6+D)}. When 0=0, r=a, 

s. a"*=k cos (n—2)D, This determines D, say D=«. 

se 9 2=h cos [(n—2)(9+4)]. Take Ox’ as the new initial 
line where 2’Ox=%. The equation becomes r°~2=h cos (n—2)0. 
Writing b"~? for k, the equation is 1*7? =b"-2 cos (n—2)0. 


This is the equation of the curve of equilibrium of the string 
between 4 and B. 


EXAMPLES 


1. Two weights P, Q hang in limiting equilibrium from a light string 
which passes over a rough circular cylinder in a plane perpendicular to tho 
axis, which is horizontal. If P be on the point of descending, show that the 


2 
weight which may be added to Q without causing it to descend is ae a , 


j 
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2. Two equal weights, each equal to P, are attached to the two ends 
of a light string which hangs over a rough vertical circle of coefficient of 


friction u. Show that either weight is to be increased by ple- 1) in order 
that it may descend. 

3. A ciréle has its plane vertical, and is pressed against a vertical 
wall by a string fixed to a point in the wall above the circle. The string 
sustains a weight P, the coefficiont of friction between tho string and circle 
is u, and the wall is perfectly rough, When the circle is on tho point of 
sliding, prove that, if W be the weight of the circle and @ tho angle between 


the string and the wall, P(1+cos ee = 1+ 9P, 

4, A light string passes over a rough fixed horizontal cylinder and is 
attached to a weight W ; P is the weight which will just raise W, and P' the 
weight which will just sustain W ; show that if R, R' are the corresponding 
resultant pressures of the string on the cylinder, P: P’=R? ; R", 

5. A light string passes over two rough pegs A and Bin tho same 
horizontal line at a distance 2a apart. Theends are attached to a weight 
C and in the position of limiting equilibrium the angle ACB is a right 
angle. Show that the horizontal distance of ÇC from the middle point 


of AB is a tanh Ber, where p is the coefficient of friction. 


6. A, B, C ave three rough pegs in a vertical plane; P,Q, R are the 
greatest weights which can be severally supported by a weight W when 


connected with it by strings passing over A, B, O, over A, B, and over 
R 


4 F. his i 

B, C respectively. Show that the coefficient of friction at B is $ log oe 

7. Four rough pegs are at the angular points of a square in a vertical 
plane with its sides horizontal and vertical. Over each peg passes a string 
supporting a weight W, and the other ends of these four strings aro 
knotted together, Show that the greatest weight that can be attached to 
this knot, so that it may remain in equilibrium at the centre of the square, 

pT 

is 2V2We 4 sinh a 

8. A string whose length is 7, is hung over two rough pegs at a distance 
a apart in a horizontal line, If one free end of the string is as much as 
possible lower than tke other, the inclination of the tangent to the vertical 


ite Vesey 6 
at either peg is given by the equation 3 sin 6 log cot gnc 6 +cosh plr- 6). 
Pease} u0 
Show also that the ratio of the vertical portions is e Mt ol? and the length 
0 
of the portion between the pegs is a cot 0 +log cot 7 


9. A uniform string rests on the upper half of asmooth vertical circle, 
its ends reaching to the horizontal diameter. Prove that the pressure at 
the highest point is 2w, where w is the weight por unit length of the string. 
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10. A uniform string hangs beneath the lower half of a smooth vertical 
éircle, Show that if the pressure at the lowest point is w, the tension at 
the ends is 3a, where w is the weight of unit length of the string. 


11. A heavy string just fits round a vertical circle ; show that the 
tension at the highest point is three times that at the lowest. [ ‘just fits’ 
means pressure at some point is zero K 


12. A uniform string rests on a smooth cycloidal curve whose axis is 
vertical and vertex upwards, the string just reaching to the cusps of the 
oycloid. Prove that the pressure at any point varies inversely as 
the curvature, 


13. A heavy uniform string hangs beneath a smooth cycloidal are whose 
base is horizontal and vertex downwards ; what must be the tension at tho 
cusps in order that the chain may be everywhere in contact ? 


14. A heavy uniform string rests on a smooth catenary with its axis 
yertical and its vertex upwards; prove that the pressure on the curve at 
any point varies inversely as the radius of curvature at the point. 
Conversely if the curve be such that the pressure at every point varies 
inversely as the radius of curvature, then the curve is a catenary. 


15. A uniform string rests in limiting equilibrium on a rough quadrant 


of a vertical circle with one end at the highest point. Prove that z tan À 


=]og tan (2)), where is the angle of friction. 


16. A uniform string rests in limiting equilibrium on a rough vertical 
circle and subtends an angle 8 at the centre. Show that if & is the angular 
distance of its upper end from the highest point of the circle then 


cos (4 +8 - 2X) Seb tan N oog (42h), where ) is the angle of friction. 


17. A heavy uniform string rests on the upper surface of a rough 
vertical circle of radius a, and partly hangs vertically. If one end be at 
the highest point of the circle, show that the greatest length that can hang 


per 


Qau.+ (u? -1)ae 2 
ria PERAD y 


freely is 


Dis 


Hai ee Ai Pang arf $ 
48, A uniform string of weight W rests on a rough cycloid whose axis 


bias j SDAL 
jig vertical and vertex upwards, -tho string resting from the vertex to a cusp. 
; Show’ that..tho least horizontal force‘applied at the vertex that will cause the 


ELS 
g iy Die 
string to slip upwards i Wise ~ -p -1), 
tial 2 a T S (AIEA) 
19. A a unifdrin’ string AB is placed on the upper side of a rough 
catenary with its directrix horizontal and vertex downwards. If A is at 
the vertex, find the least force F which acting at B will just move the string. 
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20. A string rests in limiting equilibrium on a rough semi-circle, boing } 
acted on by a constant attractive force towards one of its extremities, Show 


that the coefficient of friction is given by 834=(1- 2u*)e"™. 


21. Find the law of repulsive force from the pole when, under its action, 
a string assumes the form of (a) a lemniscate 7? =a? cos 20; (b) a cardioid 


r=a(1-+cos 0) ; (c) an equiangular spiral r=ae! °°'*, (a) a circle, the pole 
being (1) a point of the circumference (2) any point in the plane. 

22. A string is in equilibrium under the action of a central force. If 
F be the force at any point per unit of length, prove that the tension at that 
point=2Fc, where ¢ is the chord of curvature through the centre of force. 


Show also that Fæ —-. 
DP 


23. Ifa uniform string assume the form of an ellipse under the action 
of a repulsive force from the centre, find the law of force. 


24, Show that an equiangular spiralis a possible form for a catenary 
of uniform strength, whose ends are fixed, to assume under a repulsive force 
from the pole varying inversely as the distance. 

25. ABCD is a square of sided. A uniform string of line -density ô, 
fixed at B and D, is in equilibrium under a repulsive force wr* from A, 
If the tangents to the string at B and D are perpendicular to BD and if the 


tension at each of these points is eS show that the shape of the string is 


the curve r=b(sin @ + cos 6). > 

26. An infinite string passes through two small smooth rings, and is 
acted on by a force tending from a given fixed point and varying inversely 
as the cube of the distance from that point. Show that the part of the 
string between the rings assumes the form of an arc of a circle. 


N 
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CHAPTER VII 
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FORCES IN THREE DIMENSIONS 


7'1. Moment of a force about a line. 


Definition. Let F be any force and OZ any line in space. 
Let 6 be the angle between them and resolve F into F cos 0 
parallel to OZ and F sin 0 perpendicular to OF (See fig. Art. 7°2). 
Let p be the shortest distance between F and OZ. Then 
F'sin 0.p is called the moment of F about OZ. Thus we have the 
definition: The moment of a force about a line is the product of 
the resolved part of the force perpendicular to the line and the 
shortest distance between the force and the line. 

72. Theorem, If two. forces act at a point, the algebraic 
sum of their moments about any line in space is equal to the 
moment of their resultant about the same line. 

Let F be any force and OZ any line in. space. Through any 
point A on F draw the plane XOY 1 to OF cutting it at O. 
Lot AL be the projection of AM, 3 
the line of action of F, on the 
plane XOY and draw OL L on AL. 
Then OLis p, the s.d. between 
F and OZ. The projection of F 
is F sin 0, along AZ where @ is 
the angle between F' and OZ, Its 
moment about O=F sin 0.0L= 
F sin 0.p=moment of F about OZ. 
Thus the moment of F about OZ is equal to the moment of its 
projection on the plane XOY about O. Now, let Fı, Fa be two 
forces acting at A and let R be their resultant. Let Poea R 
be their projections on the plane XOY, then R' is the resultant 
of F’, and F's, because a parallelogram projects into a parallelo- 
gram. Therefore, the algebraic sum of the moments of F's and 
Fa about OZ ‘ 

=the algebraic sum of moments of F", and F's about O 
=moment of R’ about.O ( by Varignon’s theorem ). 
=moment of R about OZ. This proves the theorem. 


73. Axis of a couple. 


Fose 
s: 


We know couples acting in the same plane and having equal 
moments are equivalent. So to givə a couple in a plane it 
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is not necessary to give the positions or magnitudes of the forces 
of the couple but only the moment of the couple should be given. 
Again, couples acting in parallel planes and having equal moments 
are equivalent ; so it is not even necessary to state the plane of 
the couple, it is enough to give the direction of its plane. Thus a 
couple is completely determined by the direction of its plane of 
action and its moment and its sense. The Avis of a couple is a 
directed straight line drawn from any point in space perpendicular 
to the plane of the couple, its length representing the moment of 
the couple and its direction, determined by the right hand screw 
rule, giving the sense of the couple. A couple is thus completely 
represented by its azis. Couples having equal axes are completely 
identical. The axis of a couple is a free vector, and obeys the law 
of Vector Addit'on, as will be seen from the following theorem. 

7'4. To find the resultant of any two couples acting 
on a body. 

Let the two couples act in the planes 7 and n’ which intersect 
in AB. The two couples can:be replaced in their own planes, by 
two other couples, each haying the same arm AB, the forces of 
the first couple being P, P represented by AL and BL’ and the 


forces of the second couple being Q, Q represented by AM and 
BM', where P.AB and Q.AB are equal to the moments of the 
given couples. The two given couples are therefore equivalent to 
the four forces P, Q at A and P, Q at B. The resultant of P and 
Qat A is R represented by AN, the diagonal of the parallelogram 
ALNM ; and the resultant of P and Q at B is an equal and 
unlike parallel force & represented by BN’. Therefore the 
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resultant of the two couples is a single couple (R, R) of moment 
R.AB. Rotate the parallelogram ALNM in its own plane about 
A through 90° so that it comes to the position Alnm. Then Al, 
Am and An are the axes of the three couples (P,P), (Q, Q) 
and (R, R). For they are respectively perpendicular to the planes 
and proportional to the moments P.AB, Q.4B and R.AB of 
these three couples and they have the directions determined by 
the right hand screw rule. The axis An of the resultant couple 
(R, R) is the diagonal of the parallelogram formed by Al and Am 
the axes of the given couples. Hence the resultant of any two 
couples is a couple whose axis is found from the ames of the 
component couples by the parallelogram law. It follows, therefore 
that couples represented by their axes can be compounded and 
resolved in the same way as forces. In other words, couples 
are free vectors and obey the vector law of addition. 


75. Resultant of any number of forces acting ata 
point. 

Let any number of forces Px, Pg,...act at a point O. We 
take O as origin of any rect. axes Ox, Oy, Oz. Lot (l1, mi, n1), 
(la, Me; 2a),---be the direction cosines of Py, Pas. . Then Py 
is equivalent to its components P,l, along Oz, Pym, along Oy 
and Pin, along Oz. Replace P, by its three components along 
the axes. Similarly replace each force by its three components 
along the axes. Let X, Y, Z bethe sums of these components 
along Ox, Oy and Oz respectively. Then X=SPl, Y=XPm, 
Z=SPn. The given forces are then equivalent to the forces 
X, Y, Z along the axes. And the forces X, Y, Z compound into 
a single resultant R=/xX?4+Vy?+ 7? acting at O along a line 


pepe’ 3 AEK A: ` 
whose direction cosines are R R R (represented by the 


diagonal of the parallelopiped formed by X,Y, Z). Hence the 
resultant of the given forces is a single force R at O whose 
magnitude and direction are as given above. 


76, Resultant of any number of couples acting on a 
rigid body. 


Couples are represented by their axes. We take any point O 
as origin of any rectangular axes Ox, Oy, Oz. Let the axes of the 
given couples be all drawn through O. Since axes can be resolved 


Se ee ee a 
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and compounded like forces, let all the axes be resolved along 
Oz, Oy, Oz. Let L, M, N be the sums of the resolved parts of 
the axes along Oz, Oy, Oz respectively. Then L, M, N can be 
compounded by the parallelopiped law, into the axis of the 
resultant couple G, whose moment is therefore, 4/7,*+ M*+N* 


and whose axis has direction cosines (4. z, x) The resultant 


couple G is the resultant of the given couples. Thus the resultant 
of any number of couples is a couple. 


7'7. Reduction of a system of forces acting on a rigid 
body. 


Theorem. Anys ystem of forces acting on a rigid body can be 
reduced to a single force acting at an arbitrarily chosen point, 
together with a couple. 

Take any rectangular axes Oz, Oy, Oz where O is an arbitrarily 
chosen point. Each force of the system is replaced by an equal 
and parallel force acting at O anda couple. All the forces acting 
at O can be compounded into a single resultant force which 
acts at O and all the couples can be compounded into a single 
resultant couple, Thus the system reduces to a single force at O 
and a single couple.’ The resultant force is called the Principal 
force at O and the resultant couple is called the Principal couple 
at O. 


7'8. To reduce analytically a given system of forces 
acting on a rigid body. 

Let the forces be Ps, Pa, ...-.. acting at the points Pine PAR 
of a rigid body. Let O be any arbitrarily chosen point. We take 
O as origin and any three 
mutually perpendicular lines 
Ox, Oy, Oz as rectangular axes. 
Let (#1, Yis Z1), (es Yas 22))-+-be 
the co-ordinates of the points 
Ax, Ag, a) and let (Xi, Yi, 41), 
(Xe, Ya, Ze), --- be the compo- 
nents of the forces Pi, Pe, ... 


parallel to the axes. Let OM= f 
zı, MN=yz, NA,=21. At each of the points M and °O apply 
two opposite forces each equal and parallel to Z,. The introduced 
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forces form a null system and do not affect the resultant of the 
system. 

The five forces, each equal to Zı, are equivalent to a force 71 
along Oz and two couples of arms NM and OM. The moment of 
the first couple is yı%ı and the axis is Ox and the moment of 
the second couple is — xı 71 and the axis is Oy (the system is 
left-handed ) Thus the force Z, at A, is equivalent to a force 71 
along Oz and two couples y,Z, along Or and —2,Z, along Oy. 
Ina similar manner, we find that the foree X, at Az is equi- 
valent to a force X, along Ox and two couples zX, along Oy 
and —y,X, along Ox and the force Y, at A, is equivalent to a 
force Y; along Oy and two couples 2,Y, along Oz and — z1 Yı 
along Ox. Thus the force P, at Aı can be replaced by the three 
components Xï, Yı, 71 acting at O along Ox, Oy, Oz and the 
three couples of moments (y1Z1 —21Y1), (21X1—2141), (Yı 
—y,X,1) whose axes are Ox, Oy, Oz respectively. These moments 
are the moments of P, at A, about the axes of #, y and z 
respectively. 

Let all the forces of the system be thus replaced Let 
XAS Y SY 2-541, DFD aY r) M= Sl 
—20141),; N=3w1Yi1—y1X1) Then the given system is equi- 
valent to the three forces X, Y, Z acting at O along Ox, Oy, Oz 
and the three couples of moments L, M, N with axes along Oz, 
Oy, Oz, where X=sum of the resolved parts of the forces along 
Ox with similar meaning for Y and Z and L=sum cf the 
moments of the forces about Ov, with similar meaning for M and 
N. These are called the six components of the given forces, 

The three forces X, Y, Z acting at O can be compounded 
into a single resultant force R, acting at O, whose magnitude 
is VX?+Y?+Z? and whose line of action has direction cosines 


ese 2) The th i 
RER e threo couples L, M, N can be compounded into 


a single couple @ whose moment is WL?-+M?+N? and whose 
axis has direction cosines E Li 3). 
arg g 
Thus the given system has finally been reduced to a single 
force R acting at an arbitrarily chosen point O and a couple G. 
This combination of a force and a couple has been called by 
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Pliicker a dyname and the six quantities X, Y, Z, L, M, N, are 
the components of the dyname. The point O with respect to 
which the system is reduced is called the base of reference or 
simply the base. 

79, R is an invariant of the system but not G. 

Since R is the resultant of the given forces moved parallel to 
themselves to act at the base O, it follows that Ris the same in 
magnitude and direction for all bases. Hence X*+Y? +77=R 
does not vary with the change of base or axes. It is called an 
invariant of the system. 

But the couple G depends on the base chosen. For let 0' be 
any other base. Then R at OER at O’+a couple (R, R). 
The resultant of the two couples G and (R, R) will be a couple 
G@’#@. Thus with respect to the base O’, the system reduces to 
the foree R at O’ and the couple G’ and G'#G. Hence Gis 
not an invariant. z 


710. Tf instead of reducing the given system with respect 
to the origin O, we reduce it with respect to any other point (on 
whose co-ordinates are, (£, n, ¢), then to find the values of the six 
components of the system, we transfer the origin to Q. This 
changes the co-ordinates of Ax, de......to (wi. —€, y1, 21-0); 
etc. but does not change the components (X, Y, Zz) ete. of the 
forces, Hence X, Y, Z are not altered, but L, MW, N change to 
L', M', N’, where 

L'=Slyi- 41> (a1- OY) = 3ly1Zı—21¥1) -153Z 4 (SY 
=L- nZ + tY. 

mM=s|lz1 -0X1 -r1 Z1] =M- X+ EZ. 

N=s[2,-8¥i-Wi-9 Xs) =N—£Y+ 7X. 

Thus L, M, N change and therefore G. changes when the 
base changes, but R does not. 

711, Theorem. A force and a couple cannot produce 
equilibrium. 

For let the force be R acting at O and let G be the couple. 
Let OA be the axis of G and through O draw the plane m 
perpendicular to OA. Then G acts in the plane m and one of its 
forces P may be taken to act at 0O. The resultant of R and P 
acting at Ois a single force which acts at O and cannot be 
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balanced by the other force P of the couple G which does not 
pass through O, 

712. Conditions of equilibrium of a system of forces 
acting on a body. 

Let the system be reduced to a force R and a couple G with 
respect to any base O and any rect axes Ox, Oy, Oz. Since R 
and G cannot produce equilibrium, it is necessary and sufficient 
for equilibrium that we should have R=0 and G=0. 

As R°=X?+Y?+ 7? and G@=L?+M?+N?, for Rand Q to 
be zeros we must have X=0, Y=0, Z=0 and L=0, M=0, 
N=0. Since the origin and the axes are arbitrary it follows 
that for equilibrium it is necessary and sufficient that (1) the 
sums of the resolved parts of the forces along three mutually 
perpendicular lines should separately vanish and (2) the sums of 
the moments of the forces about three mutually perpendicular lines 
should separately vanish. So the forces have no component along 
any line and no moment about any line. 

713. If three forces acting on a body keep it in equilibrium, 
they must be coplanar. 

Let P, Q, Ebe the three forces which act on a body and are 
in equilibrium, Take any point A 
on P and two points Bı, Ba on Q. Liisa? ce 
Since the sum of the moments of P, hk 
Q, R about the line AB, is zero and he 
the moments of P and Q about AB, i 
are individually zero as they meet 
AB,, it follows that the moment of ! 
E about AB, is zero. .’, AB, cuts DOR 
Rat 01, say. Similarly ABa cuts R C Ce 
R at Os, say. .’, Q and R are ` 
coplanar lying in plane (B,C, BaCa) and in that plane lies A. 
As A is any point on P and the plane of Q and R is fixed, it 
follows that P lies in the plane of Qand R. Hence the forces 
P, Q, R are coplanar. 

7'14. Deduction of the conditions of equilibrium of a 
system of forces acting on a rigid body from the Principle 
of Virtual Work. 

Let P1, Pa,...be the forces of the system acting at the points 
Ax, Ags...0f the body. Let a point O of the body be chosen as 
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origin and three mutually perpendicular lines Ox, Oy, Oz as axes 
of co-ordinates, which are fixed in space. Lot (zis Yn 21); (za, 
Ya, 29),"**be the co-ordinates of the points Ay, Aa ''and let 
(Xa Y1, Za), (Xe, Ya, Ze),"**be the components of the forces 
Px, Po, *tparallel to the axes. Let the body be given any 
arbitrary small virtual displacement consistent with the geome- 
trical condition of the system. We know that the general 
displacement of a rigid body consists of a rotation about an axis 
passing through any of its points and a translation, which 
rotation and translation are the same for all its points. 
Again, we know that any rotation about an axis may be resolved 
into three component rotations about three axes, not in same 
plane, by the Parallelogram law. Hence the arbitrary small 
displacement given to the body consists of three component 
rotations about Ox, Oy, Oz through small angles, say, 01, 92 and 
0, respectively and a small translation whose components parallel 
to the axes are, say, a, bande. Every point of the body under- 
goes these rotational and translational displacements. Let us 
find out the changes produced by these displacements in the co- 
ordinates of any point A, of the body (see fig. Art 78), AN is 
L on the zy plane and NM is L on Ox. Therefore A; Wis L on 
Ov and OM=21, MN=41, NAi1=21. Let AıM=r and 44,MN 
=. Due to the rotation about Ox, A, describes a small are of 
a circle whose centre is M and radius is A,M=r and 0 changes 
to 0-+0,. We have yı =r cos 0 and z,=7 sin 0. Since r remains 
constant, differentiating we have, dy, =—r sin 0 50=—z,6,; and 
82,=r cos 080 =y10ı. Thus a rotation of 6, about Ox changes 
yı by —2194 and 2, by y101- Similarly a rotation of 0a about 
Oy changes z4 by — T102 and 1 by 2192 and a rotation of 0s 
about Oz changes a, by —y19s and yı by #193 ; and the transla- 
tion changes w1 by a, Yı by b and zy by 0. Hence if 8x, Sy, 
82, denote the resultant changes in 21, Yi, 21, We have Sx, 
=a—410s+2190, Ys =b7 230, +0405 and 8z =6- 810a FY101. 
Therefore the virtual work done by the force P, in the virtual 
displacement given=X1821t+Yi8yit41521=aXi tb +02, 
+64 (ys 24 —24¥1) + 00(1X1—01 41) +O s(e1¥ 1-91 Xs). Since 
a, b, c, 91, Oa, Os are the same for all the points A,, As, ..., the 
virtual work done by the system in the virtual displacement 
given=aSX,+b5Y, +041 40,5(ys4i-21¥1) + O23(41X1— 
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viZ) tI ¥i- vs Ex) =aX+ bE +HZ + L+ AMH NC), 
where X, Y, Z, D, M, N are the six components of the system 
with respect to base O. First suppose the system is in equili- 
pbrium ; then by the principle of virtual work, the work done by 
the system aX+bY¥+cZ+0:L+0.M+0sN is zero for all 
arbitrary small values of a, 0,0, 01, O2: Ps: Therefore X =o, 
Y =o, Z=0, L=0, M=o, N=o. Secondly suppose Ky Boks 
M, N are all zeros. Then from (1), the virtual work done by 
the system is zero whatever values a, b, c, 01, 92, Os may have 
provided they are small. This means that the virtual work of 
the system is zero for all arbitrary small virtual displacements, 
consistent with the geometrical condition of the system; and 
therefore by the converse of the principle of virtual work it 
follows that the system is in equilibrium. Hence the necessary 
and sufficient eenditions for the system to be in equilibrium are 
that the six components of the system should vanish separately 
ie, the algebraic sums of the resolved parts of the forces of the 
system parallel to the three axes and the algebraic sums of the 
moments of the forces about the three axes should all vanish 
separately. 


Example. OA, OB, OC are edges of a cube of side a and 
00’, AA', BB’, CO’ are its diagonals ; along op’, O'A, BC and 
C'A' act forces equal to P, 2P, 3P and 4P ; show that they are 
equivalent to a force 35P at O along a line whose direction- 
cosines are proportional to —3, —5, 6 together with a couple 


Ze Ti about a lina whose 


direction-cosines are propor- 
tional to 7, —2, 2. 

If in a system of forces, a 
force acts ab (Xi, Yı: 21) and 
has components (Xj, Yi; 21), 
„then they reduce to a force 
Rat O who.e components are 
(X, Y, Z) where X=3X,. 
Y=3Y., Z=5SZ, and to a couple G whose components are 
(L, M, N) where D=3(yiZi1-21 Yi), M= (21X1 t121) 

N=2l2Y1—y:X1) 
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Here, the co-ordinates of the corners of the cube are 
0(0, 0, 0), A(a, 0, 0), B(0, a, 0), C(O, 0, a), A'(0, a, a), B'(a, 0, a), 
Cla, a, 0) and O'(a, a, a). 


=> > 

direction-cosines of OB’ are yi Wi of O'A are 

(0. Solis Be! } of BO 30 are (0, — 14) and of Od! are 
V2 V2 


1 1 
=—) 0, =) i -ordi b 
( WE va) Now, we write the co-ordinates of the point of 


application of each force and its components in two rows, one 
just below the other, thus : 


DED 20 
( for P along OB’) | P 0 Pi 
v2 V2 


a 0 0 
(for 2P along O'A ) —2P —2P 
2 
a 


0 0 
e -3P +r) 


2A A2 
a a 0 
(for 4P along O'A") | —4P p 4P 
V2 V2 \ 
—8P =5P 6P 
nm = f= 
x=- n e N A 


R= VEFET = FVD =PA/35 and d-cosines are 


proportional to X, Y, Z ie. —3, —5, 6. 


_TaP —2aP .,__ 2aP 
And L= V2 M= V2 NE 


G=/2T?+ M?+N* =e yild and d-cosines of its axis 


are proportional to L, M, N i.e. 7, 2, 2 
Hence the system reduces to a force /35P. whose direction 


numbers are (—3, —5, 6) and to a couple of moment a Vid 


whose axis has direction numbers (7, —2, 2), 
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1. OA, OB, OC are the edges of a cube of side 2 ft. and OO’, AA’, BB’, 
CO' are its diagonals ; along OB’, O'A, BC and C’A’ act forces equal to 2, 6, 
4 and 3 tb. wt. Prove that they are equivalent to a force 7 §6 lbs. wt. at O in 
a direction whose direction cosi. es are proportional to -1, —10, 3 together 
with a couple {34 ft. Ibs. whose axis has direction cosines proportional 
to 7,8, -3. 

2. Six forces, each equal to P, act along the edges of a cube, taken in 
order, which do not meet a given diagonal. Show that their resultant is a 
couple of moment 2 3.Pa, where a is the edge of the cube. 


3. Forces act through the angular points of a tetrahedron perpendicular 
to the opposite faces and proportional to them. Show that they are in 
equilibrium if they act all inwards or all outwards. 


4, Forces perpendicular and proportional to the areas of the faces of 
a tetrahedron act at their respective centroids. Show that they aro in 
equilibrium if they act all inwards or all outwards, 


“5, Four forces act along generators of the same system of a 
hyperboloid. Their magnitudes are such that if they were transferred 
parallel to themselyes to act at one point they would be in equilibrium. 
Show that they are in equilibrium when acting along the generators. 


6. Prove that the couples which act in and are proportional to the 
areas of the faces of a tetrahedron are in equilibrium if their axes are 
all outwards. 


7. A regular tetrahedron formed of six light rods, each of length a, 
rests on a smooth horizontal plane. A ring, of weight Wand radius b, is 
supported by the slant sides. Show that the stress in any one of the 

i patios A AL zab 
horizontal sides is Vala V3. 2). 

8. A regular octahedron form:d of twelve equal rods, each of weight w, 
freely jointed together, is suspended from one corner. Show that the thrust 
in each horizontal rod is $w x 

9. A conical tent resting on a smooth floor is made up of an 
indefinitely great number of equal isosceles triangular elements, hinged at 
the vertex and kept in shape by a heavy circular ring placed on it like a 
necklace, Show that in equilibrium the semi-vertical angle of the cone is 


À r 3 
sin? (> wow) , where W, W’ are respectively the weights of the cone 
and the ring, and 1, % are respectively the radius of the ring and the sl nt 
side of the cone. 


10. A tripod consists of three equal uniform bars, each of length a and 
weight w, which are freely jointed at ono extremity, their middle points 


FORCES IN THREE DIMENSIONS 273 


being jointed by strings, each of length b. The tripod is placed with its 
free ends in contact with a smooth horizontal plane and a weight W is 
attached to the common joint ; show that the tension of each string is 


b 
2 pia Aa) ene 
AK Be) 7 are 


714, Poinsot's Central Axis 


Theorem, Any system of forces acting on a rigid body can 
be reduced to a single force and a couple whose axis lies along the 
line of action of the force. 

Take any point O and reduce the system w. r, to the base O 
to a force R acting at O and a couple G. Let R act along OA 
and let OB be the axis of G and let ZAOB=6. In the plane 
AOB, draw OC L to OA and draw OD L to the plane AOB. 


R 


Then OC is L to the plane AOD. Resolve G into G cos 0 along 
OA and G sin 0 along OO. The couple G sin @ acts in the plane 


AOD in which the force R lies. It can be replaced by two equal 
no 


G si 
unlike parallel forces R, R, at a distance apart. Let one 


of the forces R act at Oin the direction AO. Then the other 
force R, ll to OA, will act along O'A’ at a point O’ on OD such 


that oo'= Teint, The two forces R, R acting at O in opposite 


directions balance each other and we are left with the couple 
G cos 0 along OA and the force R at O' acting along O'A’ || to OA. 
The axis of the couple G cos 0 can be transferred from OA to 
O'A'. Thus the system reduces to a force R at O' and a couple 
G cos 0=I, the axis of the couple coinciding with the line of 
action of the force R. 

The axis O'A’ is called Poinsot’s Central Axis. 


18 
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715. Theorem. A given system of forces can have only one 
central axis. 

Whatever be the base w. r. to which the system is reduced 
the force component R is always the same in magnitude and 
direction. Now if possible let the system have two central axes 
i.e the system can be reduced to a force R acting at O along OA 
and a couple G whose axis is along OA and also to a force R 
acting at O’ along O'A‘ and a couple G’ whose axis is along O'A', 
where OA, O'A' are parallel. Then the force R at O and the 
couple G will be in equilibrium with the reversed force R at O' 
and the reversed couple G’. But the two couples G and reversed 
G' are equivalent to a single couple G—G’ with axis along UA 
and the force R at O with the reversed force R at O' form also a 
couple whose axis is perpendicular to OA, the axis of the first 
couple. The two couples, having their axes in perpendicular 
directions cannot be in equilibrium. Hence a system can have 
only one central axis. 

716. Wrench, Pitch, Intensity and Screw. 


A force acting along a line and a couple whose axis coincides 
with this line taken together constitute what is called a wrench. 
The ratio of the moment of the couple I to the magnitude of 


by MAN 
the force R i.e. Rs called the Pitch ; it is a linear magnitude. 


The force which acts in a wrench is called the intensity of the 
wrench. 

The straight line along which the force acts in a wrench 
considered together with the pitch is called a Screw. Five 
quantities are required to determine a screw, four to determine 
the straight line and the fifth to determine the pitch. 

The straight line along which the force acts in a wrench is 
called the avis of the wrench. 

A force alone may be regarded as a wrench of zero pitch and 
a couple alone may be regarded as a wrench of infinite pitch. 

717. To find the condition that a given system of 
forces may have a single resultant. 


Let the system be reduced to a single foree R acting at an 
arbitrary base O and a couple G. If the force R lies in the plane 
of the couple G, then we know the force R and the couple G are 
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together equivalent to a single force, equal and parallel to R. 
But if the force R does not lie in the plane of the couple G, then 
the force R intersects the plano of the couple at O and we can 
replace the couple G by two equal and opposite forces P, P in its 
plane, only one of which passes through O; then the two forces 
E and P at O will combine into a single force at O but not lying in 
the plane. This single force and the other force P do not meet nor 
are they parallel, so they cannot reduce to a single force. Thus 
the system can reduce to a single force if and only if the force R 
lies in the plane of the couple G and then the line of action of R 
and the axis of the ey G are perpendicular. The direction 

LM N 

R’R'R eG 
The condition is LX+MY+NZ=0, provided X, Y, Z 
do not all vanish. For in that case R=0 and the system reduces 


to the couple G. But if G=0, then the system reduces to a 
single force R and LX+MY+NZ=0. 


cosines of R ara ae and those of G are = 


718. Theorem. 


Invariants of a given system of forces—Whatever may 
be the base or the axes chosen to reduce the system, the quantities 
X?+Y?+Z? and LX+MY+NZ are invariable i.e. they always 
remain the same. 


We take any point Oas origin and choose any rect. axes. 
Let the components of the system be X, Y, Z, L, M, N referred 
to O as base. Let R be the resultant force and G the resultant 
couple. We know the given system of forces can be reduced to a 
wrench in which the force is R and the couple is Geos =I, 
where 6 is the angle between the line of action of R and the axis 
of the couple G ; and we have seen that the reduction to.a wrench 
is unique, i.e. by whatever process we reduce the given system to 
a wrench the force is always R and the couple is always T. We 
know otherwise that R must be invariable for it is the resultant 
of the given forces transferred parallel to themselves to the bass 
O and now we find that I’ must also be invariable, .. R and 
T are invariants of the system, We have R°=X°-+ y°+Z? and 


XD Y M,Z,.N\_LX+MY+NZ, 
IT =G cos 0= a{ž a Ra EG R 
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i direction cosines of R are (2 x A and those of the 


BURE R 
LMN | 
G'G’G 

X?+Y2+Z? and LDX+MY+NZ are invariants of tha 
system. 


axis of G are { 


719. To find the equation of the central axis of a 
given system of forces. 

With referencé to any base O and rectangular axes Ox, Oy, Oz 
let the system be reduced and let the six components of the 
system be X, Y, Z, L, M, N. Let O' (&, n, ¢) be any point on 
the central axis, then if the system be reduced w. r. to O’ as base, 
the resultant force will be R and the couple will be I’ and the 
force F and the axis of the couple I’ will have the same direction. 
Now, w. r. to O' as base, the six components of the system are 
X,Y, Z, L', MW, N’ where 

L'=3\(yi-0)Z1 +> OV I=L —nZ+(Y 
M'=3((z1—- X-le- §)7,)=M-EX+ EF 
N’=3[(@1-4¥1—(ys—-) X35] =N- EY +X. 

[ See Art. 7°10] 


or, PINAt WY __M~(X+8 _N-éV+nX 
X Y Z 
.'.. Equations of the central axis, which is the locus of 


(E m Oy ave 22t Y- Ma eX ba N-o¥+yx 
x Y Z 


LLX+MY+NZ 
SATE ERS 
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Examples Worked 


Ex. I. OBDC is a rectangle such that OB=b and OC=c; 
also OA is perpendicular to its plane ; along OA, CD and BD act 
forces X, Y and Z respectively. Show that the component force 
R and couple k of the resultant wrench are ./X?+Y*+Z? 

X(Zb=Yo) 
VX*+Y?+Z2 
axes of z, y and z the equation to 
the central axis is 


CY i EB eee 


xX Y ZIR EUR 


We take OA, OB, OC as axes 
of g, y and z. The co-ordinates 
of O, B and C are (0, 0, 0), (0, b, 0) 
and (0, 0, c) We write the co- 
ordinates of the point of applica- 
` tion of each given force and its 
components in two rows one just below the other thus ; 


( 0 0); (0 b o); 0 0 o), 
xX 0 OJ’ \0 0 Z O50 
Henco SX=X,SY=Y¥,37=2Z RavX +Y +Z" 
And L=bZ— cY, M=0,N=0 .. G=bZ—cY. 
Now we know, kR=LX+MY+NZ 
EAEE 

: VX*+Y°+ 7? 


Equation of the central axis is 


and Show also that with OA, OB and OC as 


— LL 5S 


xX Y Z Bie) 
(bZ—cY)—yZ+2¥ _ —2XtaF _—a¥+yX _ ke 
X Y Z R 

From last two, ceYR=yXR-hZ ; dividing by XYR, we have, 
2 yk 
KOO YD sre 

From 2nd & 4th, s7R=2XR+KY ; dividing by XZR, we have 

l mie kY. 


X OA RAR 
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Hence the equation of central axis is 
yy kA kY. 


Xo Mat, XV =% XZR 


Ex. 2. Three forces act along the straight lines «=0, y—z 
=a; y=0,2-a=a; z=0, z-y=a. Show that they cannot 
reduce to a couple. Prove also that if the system reduces to a 
single force its line of action must lie on the the surface 

a +y’ +z? —Iy2—I20— wy =a’, [C. H. 1965] 

The straight lines can be written in the symmetrical form 

thus : 


2—0_y—a_2-0, -0_y—-0_2-a@ . e-a_y—0_2—-0 
Oirarctaer(= ar ye aby SEN. 
ME NF) va V2 V2 2 
Let P, Q, E be the forces acting along the lines respectively. 
Then we have the scheme : 


0 a 0 0 0 a a 0 0 

ea ks) 

V2 VB V2 V2, V2 V2 

2 TA 

; z=% E Z= a 
=$[(Q+R)?+(R+P)+(P+Q)?]. 

If E be zero, we must have Q+R=0, R+P=0, P+Q=0 
P=Q=R=0. 


So R cannot be zero and hence the system cannot reduce to 
a couple. 


If the system reduces to a singlo force then LX-+MY+NZ=0 
and the line of action of the resultant is the central axis. 


aP =i aR, 
Now, L= ae M=—., N= WE 
a of Abe central axis are 
waa) CG) E 


ee e aai =0 


or aP—y(P+Q)+:(R+P)= 
aQ—2(Q+B)+a(P+Q)= 
ah—a(R+P)+y(Q+R)=0 
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or (a-y+z2)P—yQt+zR=0 
aP+(a—z+2)Q-2R=0 
—aP+yQ+la—zt+y)R=0 
Eliminating P, Q and R we get the locus of the central axis 
in the determinant form : 


a—ytz —y z =0 
x a-—zta -F 
—2 y a-aty 
or a Fd z =0 
A ER ETO -=g 
—2y-4 Yy a-aty 


( Subtracting from col 1 the sum of cols 2 and 3), 


or a —y z =0 (adding row 1 
23 AARTE Y 0 to the 2nd and 
— 2y 0 a-atytz 3rd rows ) 


or expanding, 

ala?—(a—y —2)?] + 2ye(a—at+y +2)+2yela—zt+a—y)=0 

or ala?—(a—y~z)?+4yz] =0 4 

or (e—y—2)*—4yz=a* 

or w®ty2-+22—Qyz = 2w 2wy =a". 

Ex. 3. A force P acts along the axis of x and another force 
nP acts along a generator of the cylinder g? +y? =a ; show that 
the central axis lies on the cylinder n?(no—z) + +n?)*y?=n*a?. 

Suppose the force nP acts along the generator which is 
parallel to the z-axis, and which meets the ay-plane on the circle 
a?+y%=a?, z=0 at the point (a cos 9, a sin 0, 0) 

rare 0 —asin@_2z—0 
Eqn. of the generator is Se shee ye es 

Now force P acts at (0, 0, 0) and has components (P, 0, 0). 
And forco nP acts at (a cos 0, a sin 0, 0) and has components 
(0, 0, nP). 

,'. We have the scheme: (0. 0 0\. 4 cos0 asinð 0 

PO 0l’ 0 QO nP: 
X=P, Y=0, Z=nP ; 
L=a sin 0.nP, M= — a cos 0.nP, N=0. 

Equations of central axis are 


an sin 0.P—ynP _ —an cos 0.P—2P+anP YP, 
ip 0 nP 
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From 1st and last, n*.a sin @=(n?+1)y aud from 2nd one, 
an cos 0=nz—z. Eliminating 0, the locus of the central axis 
is obtained as, (n?+1)*y*?+n*(na— sz)? =(an?)?=a?n'. 

Ex. 4. Two forces act, one along the line y=0, z=0 and the 
the other along the line=0, z=c, As the forces vary, show 
that the surface generated by the axis of their equivalent | wrench 
is (æ +y?)z=cy?. [CO .H. 1962] 

Let P, Q be the two forces acting along the first and the 
second given lines respectively. We have to determine, for each 
force, a point’on its line of action and the direction-cosines of the 
latter. For this we -write the equation of each line in the 
z-0_y—-0 2-0 a a—0_y—0_ 276 

eee Op Oy A One aL 0 

<“. P may be taken to act at (0,0,0) and has components 
(P, 0, 0) and Q may be taken to act as (0. 0,¢) and has compo- 
nents (0, Q, 0) 

.°. we have the scheme: : ON a 0. olt 

F oro \o @ 0 

-. X=P, Y=Q, Z=0; L=-—cQ, M=0, N=0. 

.. Equations of the central axis are, 

—cQ+ 2Q =2P) QFP 
P Ow 0 


or, (P°+Q?)a=cQ? and Bre 


ethics = 7 
Eliminating Q we get the locus of the central axis as 


symmetrical form : 


g? 
(Etis or, (a? -+y?)z=cy?, 


Ex. 5. Ifa force oe 7, Z) act along a generator of the 
hyperbolic paraboloid => ae -t- =% and be equivalent to an equal 


forte (X, Y, Z) at the origin as with a couple (ZL, M, N), 
show that aL+bM=0, bX +aY¥=0 and cN+abZ=0. 
Equation of a generator of the Satta: is 


; ceRaa gba 0 g) 
Pi -b ae 5 
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d. numbers of the line of action of given forco are X, Y, Z. 
x Ay eae in (24 BA 0 
mts or i eo CEAN (Pz 
<. | D=baZ, M=—adZ, N=(aY-bX)A + (2) 
L -M -al 22)—20Z 
From (2), rca and N=a( 22) = [from (1) & (2. J 


or, cN+abZ=0. 
Hence bX +aY=0, aL+bM=0 and cN+abZ=0. 


Another generator is obtained by changing sign of b in (1). 
If given force acts along this other generator, we shall haye, 
similarly, —bX +aY=0, ab—bM=0, cN-abZ=0. 

Ex. 6. A force parallel to the axis of 2 acts at the point 
(a, 0, 0) and an equal force perpendicular to the axis of z acts at 
the point (—a, 0, 0). Show that the central axis of the system 
lies on the surface 2%(a®+y?)=(a?+y*—ac)’. 

Let P be the equal forces and let the second force, which Jies 
in the zy-plane, make an angle @ with the z-axis so that its 
direction cosines are (cos 0, sin 0, 0). 

we have the scheme : k Oaks ( —a 0 0j, 
0 0 P| \Peosd Psin 0 

X=P cos 0, Y=P sin 0, Z=P; 
L=0, M=—aP, N=~aP sin 0. 
Equations of the central axis are, 
—yP+z2P sin ê _a—aP=2P cos 6+aP 

Pood P sin 0 

ese! sin 6—aP sin 6+yP cos 0 
P 

—y+z sin ð a-z cos 6+a 

cos ð sin 0 

_—a sin 0=a sin +y cos 0 _ 2ly cos 0—7 sin 0) 


of, 


( Multiplying the numerator and denominator of first by 
cos 0, of second by sin 0 and subtracting their sum from those of 


the last member ). 
From first two, (a—a) cos O+y sin 0=4..-... (1) 
. sind cos 0 


From last one, w sin 6=y cos Gee ste 7 > =k, say 
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sin 0= ky, cos 0=kr, 
squaring and adding, 1=k?(z?+y?)......(2) 
From (1), (e—a)ket+y.ky=z or, (z°+y?—ax)k=z.....(3) 
Bliminating & from (2) and (3), the locus of the central axis 
is (@?+-y?—ax)?=(e?+y")2*. 
Ex. 7, Forces X, Y, Z act along the three straight lines 
y=b,2z=—-c; 2=c,x=—a; c=a,y=—b, respectively ; show 
F ; Pe Gy (Or Ges 
that they will have a single resultant if X + Y + Z Qi; 


(C. H. 1966] 
and that the equations of its line of action are any two of the 


The equations of the lines written in symmetrical form are: 


2-0 _y—b atte ata y—0 z—c a-a ytb 2-0 


einen wks tt OO RO k 
.”, we have the scheme : L b =f) es 0 c\. fa -b 0 
x0 0 OO NON OZ, 
3X=X, SY=Y, SZ =Z, 
L=-cY—bZ, M=—cX—aZ, N=—bX-—aY. 
The system will reduce to a single resultant if. 
LX+MY+NZ=0 
or, X(c¥+bZ)+Y¥(aZ+eX)+Z(bX+aY)= 


a UN 
or, aYZ+bZX+cXY=0 or, xt 7 tz + 
Assuming this condition is satisfied, the equations of the line 
of action of the resultant are, 

(=c¥ —b4)-yZ+2¥ (-a%—cX)—2X+0F 

x & P 
—(—bX —a¥)—a¥+yX 

Z 


=0 
AREE OETI ak hes 
OPS ean in get ay 9? 
AG Moa eS 
X Ae awe 
ba Bea ah 
sey eee 
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or, using (1), = Fe 
ee $b 

ree fab a 

soil heya “Hy Ee 

ate OR TET 


Since these three equations are not independent, as their sum 
vanishes identically by virtue of equation (1), any two of these 
three equations may be taken as the equations of the line of 
action of the resultant. 


Ex. 8. Two forces 2P and P act along the lines whose equa- 
tions are y =% tan 4, z=c;and y=—a# tan 4, z=—¢, respectively. 
Find the equations of the central axis. (C. H. 1967] 

Equations of the lines in the symmetrical form are, 

2-0 y-0 z-c, 2-0 y-0  zte 

cos 4 sina 0 ’ = cosa —sin a 0" 
.". We haye the scheme : 


0 —¢ 
Fae Said 6) ara —Psinx 0 


<. X=8P cos 4, Y=P sina, Z=0; 
L=—3Pe sin 4, M=Pe cos 4, N=0. 
.", Fquations of the central axis are, 


—3Pc sin 4+z.P sin 4 _Pe cos X—2.3P cos 4 
3P cos 4 P sin « 


— —2.P sin a+y3P cosx 
0 


From last one, y=($)# tan 4. 
From first two, a(sin’«+9 cos’) =o(3 cos’4+3 sin®«) 
ay Bid 
or, @ = nA 9 costa. 
Hence the equations of the central axis are, 


8c 


=ł O EEY! 
y= 30 some 9 cos“a+sin’a 


Ex. 9. A force Facts along the axis of z, and a force mF 
along a straight line, intersecting the axis of v at a distance c 
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from the origin and parallel to the plane of yz. Show that as 
this straight line turns round the axis of œ, the central axis of 
the forces generates the surface {m?z?+(m?—1)y*}(e—a)? 522". 


The force Facts at (0,0, 0) and has components (0, 0, F). 
The force mF acts at (c, 0, 0), Its line of action is parallel to the 
yz-plane. Suppose it makes with the y-axis an angle 9. Then 
its direction cosines are (0, cos 0, sin 6). ~+ the components of 
mF are (0, mF cos 0, mF sin 8) 


Hence we have the scheme : 


0 0 2) ž K 0 0 ) 
0 0 F|’ \0 mF cos @ mF sin 6, 
<e X=0, Y=mF cos 0, Z=F+mF sin 0 ; 
L=0, M=~cmF sin 8, N=cmF cos 0. 
; Equations of the central axis are, 
=y(F+mF sin 0)+zmF cos 0__—emF sin §+a(F+mF sin 0) 


0 mE cos 8 
_omF cos @—amF cos 6 
F+mF sin 0 
or, —y-+m sin 0)+mz cos 6=0......(1) 
or, mz cos O— my Sin O= Y,..c00....-.000(2) 
a+(e—c)m sino (e—x)m cos 6 (c—x)y 
sad, m cos 6 = I+msino ~ from (1) 
or, 2=(c—x)[my cos 0+mz sin 0] 
or, mz sin 0+my cos aA AC) 
To get the locus, we eliminate 8 ; 
2.2 
Square and add (2) and (3): matmy ki or 
o=o 


«<. Locus of central axis is [m?z?+-(m?—1)y?|(c—a2)? =22g?. 


Ex. 10. Tf a system consists of two forces one of which acts 
along Oz and the six components of the system are X, Y, Z, LD, 
LX+MY+NZ 
Se apres 

Let P be the force which acts along Oz and let the other force 
act at the point (a, b,c). The components of the other force 


M, N, show that the force along Oz is 
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parallel to the axes are evidently X, Y, Z—P. Hence we have the 


schemes (° 0 0 f b c ) 
0 0 P), LEP]; 

<. L=blz—P)—cY, M=cX—a(Z—-P), N=4Y—bX. 

<. DX+MY+NZ=—vPX+aPY=P(aY—bX)=PN 


LX+MY+NZ 


ce ee N 


EXAMPLES 


1. Three components of forces along the axes are 1 Ibs., 2 lbs., and 
7 ibs. respectively, and three components of couples are 4 ft. lbs., 5 ft. Ibs. 
and -2 ft. ibs. Find the equations to the line of action of the resultant. 
[ 0. H. 1964 ] 
2. Equal forces P act along two perpendicular diagonals of opposite 
faces of a cube of side a ; find the resultant wrench. 
3. Show that the following system of forces reduce to a single force : 
(i) Force 5V g acting at (0, 0, 4) in direction (3,4, -5), (ii) Force 
3/11 acting at (4, 0,0) in direction (5,5, -7) (ii) Force Vig acting 
at (0, 4, 0) in direction (-8, 1, 1), axes being rectangular. 
4, Three forces each equal to Q, act on a body; one at the point 
(1, 0, 0) parallel to Oy, the second at the point (0,1, 0) parallel to 0z, and 
the third at the point (0, 0,1) parallel to Ow ; the axes being rectangular, 
find the equations of the central axis. ~ [0. H. 1963] 
5. Forces X, Y, Z act along the three lines given by the equations 
y=0, 2=c3 2=0,2=a3 w=0,y=b; prove that the pitch of the equivalent 
(avZ +bZX+0XY) 
(X*4+Y74Z?) 
that the line of action of the force must lie on the hyperboloid 
(a -a)(y-b)(2-¢) -ya =0. 


6. Two equal forces act one along each of the straight lines 


wrench ig If tho wrench reduces to a single force, show 


wFacos@ y-bsind 2, 
asino | +bcosd ©’ 


show that their central axis must, for all values of 0, lie on tho surface 


© 2 ac 
(7+2)=(Gra) 

7. OA, OB, OC are three co-terminous edges of a cube and AA’, BB’, 
CC’, OO! aro diagonals; along BO', C4’, AB’ and 00' act forces equal to 
X,Y, Z and R respectively ; show that they are equivalent to a single 
resultant if (YZ+ZX+XY)V8+R(X+¥+Z)=0. 

8. A single force is equivalent to component forces X, Y, and Z along 
the axes of co-ordinates and to couples D, M, N about these axes ; show 
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that the magnitude of the single force is V X?+¥?+Z? and that the 


Z-2¥ 8X-«Z «c¥-yX 
equation to its line of action is y za at T =e x TT 


9. Two equal forces act along generators of the samo system of the 
hyperboloid gant = =1,and cut the plane 2=0 at the extremities of 
perpendicular diameters of the circle x? +y?=a2: show that the pitch of 
the equivalent wrench is ae 

10. Forces P, Q, R, P, Q, R act along the edges BC, CA, AB, AD, BD, 
GD of a regular tetrahedron ABOD. Show that they are equivalent to a 


wrench of pitch ave where a is the length of an edge, 
11. Prove that if equal forces act along the edges BC, CA, AB, DA, DB, 
DO of a regular tetrahedron, the central axis is the perpendicular from D to 


the plane ABC and the pitch of the equivalent wrench is ava where a is an 


rll 


edge of the tetrahedron. 

12. Forces P, Q, R act along any three mutually perpendicular 
generators of the same system of the surface w? +y? =2(2? +7), the positive 
direction of the forces being towards the same side of tha plane xy. Prove 
Qa(PQ+ QR+ RP) 

(P? +Q? +R?) 
13. Two forces P, Q act along the straight lines whose equations are 
y=o tan 4, s=c and y=- tan 4, z= -c respectively. Show that their 
ca 2 -02 
contral axis is y =%. io tan 4, i raTa 
P and Q, prove that this line is a generator of the surface 
(w? +y’) 2 sin 24=2eny. 
14. Any number of wrenches of the same pitch p act along generators 


that the pitch of the equivalent wrench is 


For all values of 


2 a 2 
of the same system of the hyperboloid = +h - z =1. Show that they will 
reduce to a single resultant provided their contral axis is parallel to a 
generator of the cone (2 + tega + (2 + Oya + (2 - are =0, 


15. Along the normal at every point of an octant of an ellipsoid cut off 
py tho principal planes acts a force proportional to the element of surface 
at P. Show that these forces are equivalent to a single force acting along 


c 4a 4b 4c 
the line a(n -<2) =o(y -2) -e(z -=); where 2a, 2b, 2c are tho axes of 
the ellipsoid. 


CHAPTER VIII 


BENDING MOMENTS 


8'1. Whenarod or a beam is in equilibrium under the 
action of external forces, internal forces, called stresses, are sot 
up in the rod or beam, In this chapter we shall discuss about 
such forces which act across any imagined section of the rod or 
beam. 


First we consider a simple case. AB is a thin horizontal rod, 
fixed in a wall at end A and from end B a weight W is suspended. 
The rod is in equilibrium and, therefore, 
every part of it is also in equilibrium. 
Consider the separate equilibrium of the 
part CB. It cannot be in equilibrium 
under the action of W only or W and the 
wt. of portion CB, if the rod is heavy. The 
other forces which act on if are the internal forces called into play 
across C, which constitute the action of the portion AC on portion 
CB. Imagine the portion CB severed from the rest by a section at 
C, introduce the unknown forces at C which constitute this 
action of AC on CB and consider the equilibrium of the severed 
portion CB. We can replace the wt. W at B by an equal and 
parallel force W at C anda couple (W, CB), If there be any wt. 
of OB, say W’, we also replace W’ similarly by a force W’ at O 
and a couple (W’, Og), if g be the point where W' acts. The two 
forces combine into a single foree (W+ W’), and the two couples 
combine into a single couple G. These are balanced by the 
unknown forces acting at C. Hence these unknown forces must 
consist of a vertical upward force (W+ W’) and a couple (=—4@). 
These two, a force and a couple, constitute the action of AC on 
OB. The genoral case is treated in the same way. Suppose a rod 
or beam AB is in equilibrium under the action of a given system 
of external forces. To find the internal forces acting across the 
section at a point C of AB, we consider the separate equilibrium 
of CB. The internal forces across O, which constitute the action 
of AC on OB together with all those external forces which act on 
CB are in equilibrium. We take a point O of the section at C as 
origin and reduce the external forces acting on CB to a single 
force Rat Oanda couple G. The reversed R at O and the 
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reversed couple (—G) taken together constitute the internal 
forces or stresses across O. Thus the stresses called into play 
across any section of the rod are equivalent to a force and a 
couple which are equivalent to the external forces acting on one 
part of the rod. ` 

8'2. We shall henceforth confine our discussion to the simple 
ease in which the rod is very thin and all the forces acting on 
the rod are in a vertical plane containing the rod. The problem 
becomes a two dimensional one We take the origin at O and 
rect. axes of which one, say Cz, is along the length of the rod 
and the other Cy is perpendicular to the rod. We reduce the 
external forces acting on OB to a force T along Cz, a force S 
along Cy and a couple M. The force T along the rod is called 
the Tension at ©; the force S perpendicular to the rod is 
called the Shearing Stress or Shear at C; and the couple Mis 
called the Bending Moment at O. The axis of the couple M is 
horizontal and perpendicular to the rod. The bending moment 
at any point is taken as the measure of the tendency of the rod to 
break at that point. It is equal to the sum of the moments of all 
the forces which act on one side of c 
the point. M; 


> 
In denoting the action of AC s S 
on CB, we shall take S at C to Udy "e e 
A [o T 
S 


B 


act upwards and If to be clock- 
wise. The action of CB on AC, 
being equal and opposite, will be denoted by S at C acting 
downwards and M acting counter-clockwise. 
Tn the ease of rods T is of little consequence and we shall be 
only concerned with S, the shear and M, the bending moment. 
8'3. Theorem: A thin straight horizontal rod rests in 
equilibrium. To find the shear and the bending moment at any 
point of the rod. 
Let AD be the rod. Take A as origin and AD ag a-axis. 
Let B be any point of the rod 


where AB=2 and let S be the wig Ma 
shear and M the bending moment _ peat | Pomme ser 
at B. Consider the separate “—*->BB C/'C 2 
equilibrium of a small element BC 3 S 


of the rod of length dz. It is separated from the rest of the rod 


/ 
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by the sections at Band O. Tho action of the portion AB on it 
consists of the shear S acting at B upwards and the couple M 
which acts clockwise and the action of the portion OD on it 
consists of the shear St+dS which acts at O downwards and tho 
couple M+dM which acts counter clockwise. (S and M are 
assumed to change continuously ). 

I. First we assume the rod to be light and no external forces 
to be acting on it. In this case, the clement BO is in equilibrium 
under the action of forces S,S+dS and couples M, M+dM. 
Resolving vertically and taking moments about B, we get, 

S+dS—S=0 or, dS=0.., S=constant 


and M+dM—-M-—(S+dS)dz=0 


or, iMag, in the limif.=constant=a, say 


.. M=aztb, where a, b are constants.: + (1) 

Thus the shear is constant, it has the same value at every 
point of the rod but the bending moment is variable, its value at 
a point is given by (1). 

Let the shear or bending moment at a point B of the rod 
where AB=a, be represented by an ordinate y at B. The 
locus of the point (æ, y) is the graph of the shear or bending 
moment. Here the graph of the shear is a horizontal straight 
line y=a, and the graph of the bending moment is the straight 
line y=aw +b, whose slope is constant and equal to S. 

II. Secondly, suppose the rod carries a uniformly distributed 
load œ per unit length. The load on the element BO is odx 
acting ab its middle point. This is an additional force acting 
on BG. Resolving vertically and taking moments about the 


ds 
point B, we have, StdS—Stode=0 or gp 
S=—or+te, where c is a constant ; A 


dæ 
and M+dM-M-—(Ss +48)do— ode. =0 
i i R h , 


ae ans, in the limit. .". aan Fake 
and M=—}ox*+er+d, where o, d are constants. 


19 
: jh 
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Mo — o, a constant. 

Tn this case, the shear Sand the bending moment M vary 
continuously with z, The graph of S is a straight line while 
that of M is a parabola whose axis is vertical. 

It should be noted that the slope of S is — and that of 
Mis S, the shear. Thus the slope of the bending moment is equal 
to the shear whether the rod is loaded or not. 


Also 


III. Thirdly, suppose the rod carries a concentrated load 
W at a point P in the immediate neighbourhood of B so that 
the distance PB ean be taken as e«.BC where 0<e<1. Resolving 
vertically and taking moments about B, we have, 

; S+dS+W-S=0 or dS=-—W, 

This shows that dS is not a small quantity and so there is a 
discontinuity in the value of S as the point moves from one side 
of the concentrated load to the other. So we should take S' as 
the unknown value of the shear at Cin place of S+dS and M' 
for M-+dM. Then above equation is S’+W—S=0 or S'=S-W. 
Thus the value of the shear decreases by an amount equal to the 
concentrated load in passing from the left to the right of the 
load. Thus a concentrated load at a point causes a discontinuity 
in the shear at that point. 


__ And we have, M'—M-S'. BO—We. BO=0; now, we let the 
points B and C which are on opposite sides of the concentrated 
load at P, both move upto P. Then BO->0 and we have M'= M. 
Thus the value of the bending moment does not change in passing 
from the left to the right of the concentrated load. But as the 
slope of the bending moment is equal to the shear, which changes, 
it follows that there is a discontinuity in the slope of the bending 
moment at the point where the concentrated load is, though the 
graph of the bending moment is continuous at that point. 

Hence if we haye a thin horizontal rod in equilibrium under 
concentrated loads and pressures of supports at different points 
only, the graph of S will consist of several broken horizontal 
lines and that of M will consist of a continuous chain of 
inclined lines, 

It may be observed that if different parts of a rod are under 
different conditions stated in I, II and III the results derived 
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above for any particular condition will hold for that part of the 
rod only which satisfies that condition, 


Examples Worked 


Ex. 1. A uniform heavy rod AB is supported at each. end. 
If œ be the weight per unit length, Prove that the bending 


moment at any point P is 4w. AP.BP. R R 

Let AB=2a and let R, R' be the i | 
pressures of the supports at A, B on A IM B 
the rod. Weight of the rod=2aa, + 

' R=R'=a0, Let AP=z. R 
Consider the equilibrium of AP. Forces acting ‘on it are the 
pressure R at A, its weight oz acting at middle point of AP and 
the action of the portion PB on it which consists of a shear S 
acting downwards at P and a couple M acting counterclockwise. 
Taking moments about P, we haye, 

2 
MU+or, 57B. s=0 or, - zaor- t= (241) 


Bending moment at P=}a.AP,BP. 


Ex. 2. A light rod is supported. at A and B and carties a 
load at Q. Prove that the bending moment at P is proportional 
to AP.QB or to AQ.PB according as P lies on AQ or on QB. 

[0. H. 1964, 1966) 

Let AB=2a and let W be the 
load at Q. Let AQ=é, then BQ 
=2a— é, Let R, R' be the pressures 
of the supports and A and B on the 
rod. Then we have, R+R’=W and 
R.= R'a- $) j 

` i 3 W, Ww 

a eee ae B= loa) and R =i.) 

First, let P lio on AQ and let AP=g.. Consider equilibrium 
of the portion AP. Forces acting on it are the pressure R at A 
and the action of the portion PB on it which consists of a vertical 
shear § at P anda couple M acting counterclockwise. Taking 
moments about the point P, we have, M—Ra=0 
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aS | 
ory (at=aqulaa~é)= E APB. E troi ) 


Thns the bending moment at P= AP. BQ. 


Secondly, let P lie ou QB, Let us denote its position by P' 
and let BP'=2’. This time’ consider the equilibrium of the 
position BP’. It will be more convenient as it does, not. contain 
the weight W. Forces acting on it are the pressure R’ at B and 
the action of the portion AP’ on it; which consists of a vertical 
shear S at P’ and a couple M acting clockwise, Taking moments 
about the nein! P’, we have, M= R’: g= 0 

or Mat Zep’ AQ [irom ay P d 


Thus the faa moment ati P’ = AQ.BP’, 
Hence the bending moment ‘at P varies as.AP.QB or as 


R 


AQ.PB accordingias P lies on AQ or on QB. = di 


Ex. 3) A light rod is supported at A and B. A man. of 
weight W walks slowly along the rod from A to B, Find when 
and where the bendingmoment is..maximum and. find the 
maximum value. 


As in Ex, 2 above (dee its fig.), when the man is at Q where 
AQ= x the bending moment at a point P, when’ P lies on AQ is 


if Re, where AP =e and Be ag- €) sand when P lies on BQ, 


Lang AO t 
the bending moment is M=R’z’, where BP= z and R'= Ee 


l K When P lies on AQ, M increasesas\¢@ increases and is 
maximum when ‘m=AQ=8; that: is, of all points of AQ; 
tha. he ea is maximum at! @ where ‘its value ‘is: 


=la- Hi - And when P lies on BQ, M inoreases, as a 


increases and is maximum at Q when œ "=9a€ ; ; that is of all 
points of BQ, the eee moment is maximum at., g -wheré ‘its 
valoisia e= 578 HRO iS AL GS 


AESi n breoy ght 


s "Thos when the man is ab Q, t the tending apean is maximum 
ab sọ ‘and the maximum yalué is Kaag. “This also follows’ 
PSS Wore ow e DOES S re 


4 


ul 
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more easily ‘from the #taph of M which consists 6f two straight 
lines AN, BN’; the maximum ordinate is at Q and is‘QN. 


Now: goela) syle rle—0) has tho greatest valuo 


wW i 
Qa"? when £=a, ie, the maximum bending moment has the 
greatest value when the man is at the middle point of AB and 


the greatest value is Ta, 

Hs when the man stands at any point of tho Pi tho 
bending moment is maximum at the point where the man foey AN ; 
and when the man walks . ‘trom A to B, the bending moment is 
maximum when he is at the middle point of the rod, the maximum 
value being Wa, 

Ex. 4, A uniform Peasy ot length 21 and weight W por unit 
length) is supported ‘in a horizontal position at its ends, A. boy 
whose weight is nW attempts to, walk across the plank. Tt T is 
the maximum bending moment the plank will stand, show, that 


the boy can a cross the plank if ao an (OXE. 1965) 


yack AB be ‘the task iad let the boy walk from pi to B. ‘tt 
we consider only the weight on the plank as if the _ boy, is woight- 
ue the bending moment at a point p „distant E) “from A 


= Clea"), [ See Ex. 1. above. ] ERIA 
i a Da )fraisoy 
-Fipe ‘pa; which is maximum nate pai. Thus . the 
bending moment is maximum at the middle point of AB and the 
maximum value 3s Ep ie : ; 

feo X pada 64 

If we pension the plank AB to be weightless, and the doy to 
be heavy and walking across it, the ding moment is maximum 
at the middle ene" oF AB, “when po Poy- 2 ‘there, and the: 


maximum ‘yatue | is WI | Soe Bx, 3. above uy ‘Sineo the Bending 


moment ‘at.any se ofthe plank, is, the, 7 of. the bending 
-momentsat P for the two eases)(1) when the plank has weight, 
and the boy is weightless, «(2) when the plank is weightless and ~ 
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the boy has weight, it follows that the bending moment is 
maximum at the middle point of the plank, when both the plank 
and the boy are considered to haye weights; and the maximum 


7 
value of the bending moment is Te pei, Hence in order that 


the boy may walk across the plank, we must have wit ae ee > Tp 
2M 
or, aL $ 


Ex. 5. Aight horizontal rod 16 ft. long is supported at 
points AARE 2 ft. from one end and 3 ft. from the other, and is 
loaded with a weight of 5 Tb at its middle point and weights of 
3 ib at each end. Find the shearing stress and the bending 
moment at any point of the rod. [M. T.] 

Let AB be the rod and C its middle point. Let Dand E be 
the supports where AD=2 ff. and R K 
BE=3 ft. and let R, R’ be the A ee ey 
pressures on the rod at D and E. 2p 6 5 E3 
There are concentrated loads of 3, 
3 and 5 ibs. at A, Band O respec- 
tively. Wehaye DO=6 ft, CH=5 ft, R+R’=11, R.6=R'5 

OURS, “RS 

Let P be any point of the rod where AP=a. 

“When 0<2<2, Plies on AD. Consider equilibrium of the 
portion AP of the rod, The action of PB on AP consists of a 
vertical downward shear S at P and a counterclockwise couple M. 
Resolving vertically and taking moments about P, we have : 


8+S=0, and M+32=0 <. S=—8, and M=— 32, 


When 2<2<8, Plies on ‘DO. When P crosses D whore 
there is a pressure R, the shear increases by R and becomes 


(—3+R)4—3+5=9; and Masao, M-A. 


At D, M=-—3xX2=—6 and M is continuous at D. 

on =—6whena=2 .°, —6=4+4 or, A=—10 

<. M=202-10 ©. S=2 and M=2x—10. 

When 8<#<13, P lios on OH, When P crosses O where 
there is a concentrated load of 5 Tbs., S becomes (2—5)=— 38 ; 
and M@=—32¢+B. At 0, c=8, M=28—10=6, 
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M=6whene=8. .'. 6=—-38+B .'., B=80 
M=—382+30 .'. S=—8 and M=—82+920. 
When 18<2<16, P lies on HB. There is a pressure RB’ at E. 
“, S becomes —3+R'=-—3+6=3, and M=3et0. 
At E, M=—38.18+30=-9. .’. = —9 when c=13 
o —9=8.184+0 .. O=—48 ©. M=30—48 
.. S=3 and M=80-—48. 

Hence when 0<2< 2, S=—3, M=—382; 
when 2<2< 8, S= 2,M=22—-10; 
when 8<e<13, S=—3, M=—382+30; 

and when 13<e<16, S= 3, M=8r—48, 


The graph of S consists of 4 horizontal lines and that of M of 
4 continuous sloping lines. 


Ex. 6. A beam AB of uniform material projects horizontally 
from a-wallat A. It is of length J and its cross section tapers 
uniformly from a? at A to b° ab B. Prove that the greatest 
bending moment is Trol lat + 2ab+ 3b2), where w is the density 
of the material. [0. H. 1963] 


We assume the cross-section of 
the beam to be a square. Figure 
shows the vertical section of the 
beam through A, B, the centres of 
the end faces of the beam which 
are squares of sides a and b 
respectively, «+ OD=a, EF=b. 
“Let CE meet AB at Oiand let Z00A=«. 


J AO=% cot 4, BO=f cot 4 


ie 3 cot «=? cot a= 4B=1 or, cot aa soil) 
Since the bending moment at any point P is the moment: of 
the weight of the portion PB about P, it follows that the bending 
moment is maximum at A. So we have to find the moment of the 
weight of the beam AB about A. We divide the beam into thin 
elementary square discs by planes perpendicular to AB. Let us 
find the weight of the elementary disc at P where AP=g ; 


lot PQ=y. 
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<. y=PO tan «= cot <-2) tan =g tan 4 


.. Area of cross-section at P=4y?=(a— 2% tan 4)? 
~. Weight of the element at P=(a— 2x tan 4)°.dæ.w. 
Its moment about A=2.(a—2a tan <)?.dz.0, 

“. Greatest bending moment=bending moment at A 


=sum of the moments of the weights of the elements about A 


l 
=Sala—Qe tan 4)*.dx.a 
0 


Pel iy 2 
=a} a “94a tan ty tl tan” 4 


: =t leatsa (a—b)+3.(a— 8), [ "2 tan <=(a— 0), 
from (1) ] 


i 
=% (at+2ab+ 3b?), [Hore w is the weight per unit volume.] 


EXAMPLES 


1, A weightless beam 16 ft. long, supported at the ends, carries the 
following weights (i) 40 ths. ata point 4 ft, from one end (ii) 60 ibs. at 
the middle point and (iii) 80 Ibs. at a point 4 ft. from the other end. 


Find the shear and bending moment at any point of tho rod and also draw 
their curves. 


2. A beam 20 ft. long, is supported at one end and ata point 4 ft. 
from the other end. It has a uniformly distributed load of 400 tbs. per foot 
tun and a load of 8000 ibs. at the other end. Find tho maximum bending 
moment and the point where it occurs. 


3. A beam 80 ft. long is fixed at one ond and is supported at the 


middle point and rests horizontally, It is loaded with 5 tons at tho other 
end., Find the curvo of bending moment, 


4. A beam AB is fixed at A and rests horizontally. Draw the curves 
of bending moment (1) when it is uniformly loaded, (2) when its weight is 
neglected but it supports a weight W at a given point. 


5. A beam AB, 10 ft. long, is supported at two points 2 ft, and 7 ft. 
from 4. Weights of 1 and 2 tong are Placed at A and B, and ir addition 
there is a uniformly distributed load of 2 tons per foot run between the 


supports. Draw the curye of bending moment and find where the bending 
moment is zero, 
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6. ABis a stiff uniform beam, of weight W and length 2l, and is 
supported at its ends so as to be horizontal; a man of weight W’ stands on 
it at P where AP=£(<1). Show that the curve of bending moment consists 
of two ares of parabolas of equal latera recta, and that the bending moment 


is greatest at a point distant l- we from A. 


7. A uniform girder is supported at its ends and the load is 
concentrated at its middle. Show that the maximum bending moment is 
twice as great as it would be if the load were uniformly distributed. 

8. A uniform rod ABO of length a is smoothly hinged at 4 and 
supported at B at an inclination of 45° to the horizontal, where AB=$a. 
Find the bending moment at a point of the rod and show that it is zero at a 
distance $a from the end A. 

9, The lower end A of a thin uniform rod is attached to a smooth 
hinge, its upper end B resting against a smooth vertical plane ; show that’ 
the bending moment at any point P varies as AP.BP, 

10. A uniform beam of length 27 rests symmetrically on two supports 
which are at a distance 2a apart in a horizontal line ; prove that the beam is 
least liable to break if a=1(2- 79), it being given that the beam cannot 
bear more than a given maximum bending moment. 

11, A man, of weight W, can just walk across a certain horizontal 
plank, of weight nW and length l, without breaking it if the plank is 
supported at its two ends, Show that if the plank, still horizontal, is 
clamped at one end and free at the other, the man can only’ venture along it 
for a distance 4l (1- $n). 

12. A light horizontal rod, of length a, whose ends are supported, is 
loaded so that the bending moment at any point is proportional to the load 
per unit length at that point. Show that the load at any point varies 


as sin a where w is the distance of the point from an end of the rod. 


13. A uniform horizontal beam AB is supported at one end A and at 
gome other point O, If the greatest possible uniformly distributed load is to 
be placed upon it without breaking it, show that C must divide the beam 
in the ratio Wg +1:1. 

14, A uniform rod, of length 21, rests symmetrically on two props in 
the same horizontal line’ at a distance 2c apart. Ifl<2c, show that the 
tendenoy to break will be greatest at a prop or in the middle according as 
WS(Aa+ vg) c; but if I>2c, the tendency to break will be greatest at 


a prop. What happens if Ql=(2+ Va)? 


— 


ANSWERS WITH HINTS 
Examples p. 17 


(4) X=2W, Y=-W ; «t2yta=0. 
(5) Ha/3;a-y=1. (6) (8a, 0), (0, 8a). 
ia} Miya- Mey). 
(7) tan Uni Mam an 8 
MMe — Mavs)? +(Wiays— Maya)? + | csya—@ays |. 
ch 
(9) (P?+Q?+R2+$PR—-£QR)? ; 
5(Pa—Qy)+B(4e-+3y-5)=0 
PN 2 i TEA SMe Oe Sa (og a, 
(10) Vi (e+y—8) VE (+y DHC y+1)=0. 
(12) 2G. (15) If all the forces be turned through 90°, 
they will meet at O', the other end of diameter through O. 


Since they cannot reduce to a couple, they will be in equilibrium, 
Hence V=0, 


Examples p. 28 
(1) ab? a*b ) i 
Natro tat +o!’ 
(4) Points determined by the ' eqn. r™=(2a—r)”, where 
SP=r, and major-axis=2a i also the end points of the major 


| azis. (6) Of rod BO on pin at 0: F along BO ana Z 
vertically downwards ; Of rod AC on pin at A: a5 along AC , 


and T vertically downwards. (7) Take moments about A for 


rod AB and about O for rod BO. (8) Forces act all. outwards 
and are proportional to the sides they bisect ; if actions at B, © 
act along LB, LO, they are equal as ZBLC is bisected by the 
force at mid-point of BC which balances them ; if OB, OC be 
L’ on BL, CL, then sides of ABOC are L to the forces which 
keep the rod BC in equilibrium and -- OB=OC as they are 
proportional to the actions at B and C; hence ebte. (9) Assume 
strings are attached to pins which are separate from the rods. 
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(10) T=2W ; Horizontal u . (11) Upward forco on pin ‘at 
A=bW ; consider separate equilibrium of rods AB, BC and take 
i A ; wW y 
moments about C. (12) T=/3W ; at E, horizontal WE vertical 


wW = W 1p ow 
7? at F, horizontal V5 vertical 2" 


Examples p. 39 


r 2.22 by 5 
(1) au. (2) as, (3) If O be the centre of 


force and C the centre of the wire and ZCOP=8, where P is the 
bead in limiting equilibrium, then sin (4+ \—20)= -keos 4 sin A, 
where W=ap tan 4 and a=radius. $ 


Examples p. 63 


(2). The c. g. of the shell is the mid-point of the radius 1 to 
the plane face, (5) If the string is attached to point O of the 
wall, OC being constant, C is ona circle whose centre is O and 
radius=00, assumed>a. ` The resultant reaction at A acts 
along ACB. (7) The resultant reaction at point of contact 
passes through the centre. see Hx. 5, worked p, 44. 

g-o 

(8) Qab ° 

G the c. g. of plank, M the man of wi. W. When new point of 
contact is B where Z4ACB=0, then GB=r0, BM=nvré for 
. resultant of W at Mand nW at G must act at B. Also OSA. 
(10) If @=inclination of plane face to horizon, then tang <4 
Take moments about point of contact with plane. 
(11) If O=centre of sphere, O=centre of disc, P the patriolo 
then resultant of W at O and œ at P passes through O. If o= 


(9) Let O be the centre of sphere, A its top, 


inclination of OC to vertical, ees CP=00 tan 0<00.u. 
the fa. 


(2) 
(18) Let A, B be the pegs, O the contre of disc, G „its c. $. 


sf ce<n| 


NAREN ARENT 
Let CAQ=CAS=Ai, CBQ=0BS=\;. Let BS, AS meot AQ, 
BQ at P and E. For equilibrium, the vertical through G must 
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pass through the quad, area PORS. See Ex. 1. worked. p. 41. 
e<distance of O from vertical through P or R=asing 
—projection of AP or BR on AB. (P nearer to A than R) ; 


use AAPB, (14) Friction per unit area= ae take moments 


2 
about axis. 2p e tabte tati, 
(17) Condition is }<2uc, where 1=length, 2c=distance between 
handles. (21) and (22) See Ex. 6 or 7 p. 58. (28) See Ex. 9 
p. 47. (24) See Hx. 10."p. 48. (26) tumbles if 4uA>3a?—b'+0?, 
where A=area of normal section ABO, where BO is on plane 
with B below O. (27) See Ex. 10. p. 48. Tt vertical through 
c. g. meets AT at O, consider AOAB.OA=(a—a tan 4).cos x, 
ZABO=0, AB=2a, LAOB=90—4—9, OLA .'. (cos asin 4) 
cos (0+4)=2 sin 0=2 sin (9-+4—4) ete. (28) Two cases possible 
(i) turning about a peg (ii) sliding at both pegs. Assume (i) to 
hold, Use Lami’s theorem. F=4W. (29) If cylinder turns about 
point of contact A, then resultant reaction at A is W vertically 
upwarps forming a couple with weight W. .. aL or tanx<p. 
Tf tan «> tho cylinder slides. Use method of Ex. 2. p. 42. 
(30) See solution of Ex. 13 above ; use its method. Here PQRS 
is the quadrilateral, P being to extreme left. A, Bare points of 
contact with vertical and horizontal planes. © is centre of normal 
section. Cylinder turns about B if G is to right of BC ; slides at 
A, B if G is to left of the vertical through P, condition for which 


(15) Use equns. of equilibrium. 


2 
ig <i (81) See Ex. 2 worked p. 42 ; or use method of 
Ex. 30 solved above. (82) See Bx. 8 worked p. 61. (33) Assume 


a 
cubo turns ; condition is u> of ai aia. given. turns. Suppose 


this happens when height of man above the ground is <h, ete. 
(34) See Hx. 12 worked p. 50. Take moments about B. (35) Let 
AB=a rotate about a point I of it where AI=¢ and BC rotate 
about I’ and let Q be the reaction at B. Use Bx, 34 above. 
Consider AB taking moments about B. AB moves alone or 
both 4B, BC move ace, as =a or Aa- WZW. (36) See 
Ex. 9 worked p. 62. When P<pA, T is zero ; when P>pA, T> 0 
and friction at A is always uA, With A as centre and radius 
nA draw a semi-circle and let AL perpendicular to AB meet 
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letter at L and let tangent at L cut AC at N. ete. (37) See Ex. 13 
worked p. 51. Iis the intersection of the diags. or is one of the 
corners acc, as the quadrilateral has not or has a re-entrant 
angle. (38) Use method of Ex. 14 p. 52, Here from symmetry 
about CI ( Cis centre), the resultant of frictions is along Ol. 
«<. OI is perpendicular to AB. (39) c.f. Ex. 88 above. Fis 
perpendicular to CS. Resolve | to CS and take moments about 
S; use polar equation of conic, For evolution of integrals, use 


n 
do 1 kj x 
ene ey (LF 199, 
Sax cos 6)" (1—97? A e cos ¢) $ 


(40) Bis the centre of rotation, Take moments about B ; 
m 
Tavi= {22417 sin $49= 
1 
0 


4auWw 
1 


Examples p. 104 


(1) z=depth of c. g. system below centre of circle 
=b cos 0—a cosec 0 ; seo Ex. 1. p. 86 when T'=0, 
(2) 2=3a cos 0+ł4b sin 8—c cos (90°— 0) sin (90°— 90) 
(3) z=height of c. g. above horizontal through 
C=a sin 0+tan 6(b cosec 0—c) etc. 


‘(By ( eethbight Of «ig above BO=2a 0s §~3(1-20 ti J 


A 
where 0= BOC, l=length of the string. 
(6) . Use equation y?—4az, (7) Z=depth of ag. below 
point of suspension=1 cos O+a cos $+ a sin ¢. 
Also a=} sin 0+a sin $, (8) See Ex, 2, worked p, 82, 
(9) AC=a cos O+c cos A and a sin C=c sin A, 
(10) T=§o, (13) T=4W. (14) Sum of squares of 
diagonals=sum of squares of sides, Second part : 
SS Ty: Te=1:0, IHW =a? +0? ote, 
(15) ‘Tension of the rod’ should be ‘tension of the string’. 
AB=fixed horizontal rod, BD=string whose middle point is O. 


A 
Let ABO=6. In position of equilibrium a=2b cos @ ete, 
(16) AOC is one straight line and AC, BD bisect each other 


at right angles. .°, 04.00=a?—b?, 
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A P 
(18) Let ABO=0 and P.AB=L. Ts 


(90) Let BO=b. Equation is W.3(%b sin «)—78(AC)=0 
and A0?=a?+b?—2ab cos « ete. 
(22) Let AB=a ; AO?+BD*=4a", BD? +a" 


2 
=4 +2.BH*(CH=ED) . AQ?+2BE"=constant. 


A 
(25) Let AB=a, BO=b, BCA=¢ ; AC=acos 0 +b cos œ ete, 
Also a sin 0=b sin ¢ and in position of equilibrium $=90°—8. 


o Ww 
(26) T=. cota. (27) T= cot 4. 
(29) See Ex. 8 worked p. 92. 
(31) See Ex. 9 worked p. 103, Remove rod nry a X <i 


(33) Lower slant beams are also inclined at 0 to horizon. 
(34) See Ex. 9 worked p. 103. T=4W, remove rod AB. 
AG WE RWG EM eE h Bias 
ETA Y NEN R 2 17 at tan 5 with BC. 
a 


= = —— a! i 
(35) Let PQ=2c, show C= 5 Vi AP F For actions 


at. A, B remove rod AB. Remove pegs P, Q, applying R=24/2W 
at the points of contact, For action at O remove rod BO. 


WwW 
Proceed as in Ex. 9 p. 103. Actions are: at A, zr horizontal ; 


at 0, E horizontal ; at B or D, u a/5 at tan™* § to vertical, 


Miscellaneous Examples p. 108 


A 
(3) Let pen AED=¢, DE=d, 
then sin 0 sing sin A Algo gt=p*+q*—2pq cos A. 
q p d 
` (5) c. f. Ex. 14 of previous examples solved above. 

(6). Let 0, $ be inclinations to horizontal of radii to points 
where beams rest; let wi, Wa be weights of beams whose c. g.’8 
are at points hı, ha above their end points. Distance between 
beams=constant. w, cob 9=wg cot ¢. (7) In case of two degrees 
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A 
of freedom: Let AB, AC be rods, O centre of circle, BAC=9, 
¢=inclination of AG to vertical. z=depth below O ofc. g. 
=(l cos 0—a cosec 0) cos. S2=0 .. $=0, 1=cosec*d cot 0. 
(9) Tako axes of ellipse as v, y axes, œ axis being upwards ; 
let A be (a cos 4, b sin ¢) then b sin = sin 0. 


z=c¢, g. above origin=a cos b=} cos 8 eto. 
(10) If K=mid. point of CD, 0 angle BO makes with AB 
2 2 
produced, then aKt=(o+4 cos 0) +38 sin?0 etc, 


T=WA39 (not $W v 89), 
(12) Take O, middle point of AD a origin, OA as a-axis. 


A 
Let OAB=0, AB=2a. Resolve the forces parallel to the axes 
and find the work done in displacement in which DA increases, 
O remaining its middle point and @ changes to 0 +890. 


P 
hi = =, 
A thrust V3 


(18) Take horizontal through C as initial line. 

(14) 0 origin, vertical through O initial line. 

(46) If ¢=inclination of AC to vertical, then tan oes 
For tension Tin AC let length of AG be slightly altered, A 
remaining fixed, This alters the angles of traingles ABO, ADC. 


Equation is P8 cos (Y +0)+ Qè cos (Y—@)—7'.3(2a cos y)=0 


A p: 
= i = [v3 
(¥=BAC), As 0 is constant, T= JEFE 


h N 
(17) Let QPR=), T=thrust in LM, then reer id as 0 
=30°. T is the horizontal component of the action of hingo at 
L on rod LM, If Y=vertical component, then for equilibrium of 


wW i eine 
LM, NE „a = Action at L= F308. 


Examples A. p- 148 ; > 


_ (2) Ra B<a, where h=height of cylindrical part only, . 
(3) Stable in both cases. (4) w=weight of hemisphere, 
hav = weight placed at centre of plane face. Stablo it h<4. 


ve meann 
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(5) Stable if >l ti ar which always holds, 


(7) Greatest weight=% (weight of A ABO). (9) A=top of 
fixed sphere, C=centre of hemisphere and g its og so that 


=F If P=particle then for equilibrium AC and Pg intersect 
in G, be c. g. of hemisphere and gonic For stability, 


CG Ga This holds always if =—— ae ty <perpendicular from CO 


on Pg=r-— Fe (11) A=top of sphere, A’=new point of contact 
when cube has rolled through 9. Tf D=initial point of contact of 
cube with sphere, A'D=r9, pa-m If vertical through G meets 
base of cube at L, then cube can rock through 6 if DL<DA' 


or tan 0<r6 or a a Oct Now a 2 


increases with @ in 


(0, n) re = ae << in (0<0<3}. Again Ad’'=r0<7, hence 
the result, a p at vertices are 4a, 4b. (15) Let wire be in 
equilibrium with B(at*, 2at) as point of contact. Then normal 


at B, y+iv=2at+¢é® passes through G (h, 0). p at B=9a(1+1?)?, 
stable in p>h ete. (16) Consider vertical section through G, 
c. g. of plank perpendicular to axis of cylinder. If rolled through 
0, height of G above O, centre of circle=projection on vertical of 
(OB+BA'+A'G)=a cos 0 +a0 sin O+h cos 0. Stable if h<a. 


(17) See Ex. 6 worked p. 126, -ay=(w =a) dr, 
where a=natural length. A(r—a)=ayr® gives positions of 
equilibrium. 

Examples B. p. 150 


(1) sin’9=% (@=inclination of rod to vertical) ; unstable. 


A 
(2) If@=CAB,0=60°. (3) If 4POWs=8, sin a=, 


(4) Let <=inelination of plane, h= perpendicular distance 


AM of pulley A from plane, 0= ZMAW, 1=length of string, if 
20 
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z=depth of c. g. below A, then (W+P)z=Whlcos 4+tan 0 sin 4] 
: Ww. 
—P(l—h sec 0). sind= > sin a. 


(5) If 9 =inclination of upper side of square to vertical, then 
for equilibrium 9@=30° or 90°. First position is unstable, second 
stable. (7) See Hx. 9 worked p. 130. Stable. 

(8) If @=inclination of AB to horizontal, depth of O 

=4a cos 0+a sin 9. Vertical at C lies within LACB. 
“. tan 0<z. 
(10) Let P be (a cos 6, b sin 0), Q be (a cos 4, b sin p) where 
$>0. Let PQ=c, 2=height of c. g. above PQ. 


Then z=% sin(ġ— 8) 
Also c? =a?(cos 0 — cos $)? + b?(sin 0 ~ sin $)*. For equilibrium 
p—0=7 or $+0=0 orm, When $-0=5 


2— g — 2 


sin 20=" = » 0 realit | sin 29 |<1 i.e. bY 2<c<a/2. 


Unsymmetrical positions where CP, CQ are conj. diameters, 
unstable. 


When $= —0, we have 0 =—4 where sin <= 0<4<f. 


PQ parallel to minor axis. Stable if c>b/2. When $=1—9, 
we have 9=6 where cos 6= ag 0<6<5. PQ parallel to major 
axis. Stable if e<aa/2. 

(11). If @=inclination to horizontal of the L from vertex 


on base, z=height of c. g. above line of pegs, then 


¢ Qc ‘ f A 
z=h sin O IA. sin (@—«) sin (9+4); for positions of 
equilibrium gaT or, sin ages, 

2 4c 


also 0>x ; vertical position unstable in both cases. 


For 0 to be real sin 0<1; 


(12) For equilibrium, 9=0, or cos g= ; 0 is roal if k<2. 


When k<2, the position 0=0 is stable. All other positions are 
unstable. (18) See Hx, 15 worked p. 138. (14) See Ex. 19 
worked p. 144, (15) Seo Hx.18 worked p. 143. 
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Examples p. 158 


. ~ Oh 
(1) The hyperbola TY = 9 sino » where k=constant area, and 


w=Zeoy. (2) Let ABC bea triangle whose base BO is fixed 
and vertical angle BAC=4, given. Join AD where D is mid-point 
of BC. Let G be thec.g.of AABC. Then DG: GA=1:2, 
Through G draw GE || to AB and GF\lito AC meeting BO in 
E, F; join GE, GF. Then DE: HB=1: 2, DF: F0=1: 2. 
"` E, F are fixed points and ZEGF=ZBAC=4=constant. 
Locus of Gis an are of the circle on EF containing the 
angle. (8) For @, thec g. of the vessel and water, can be 
lowered so long as G is above water surface. (4) If A, B,C, D 
be the four points, take A as origin and AB, AO, AD as axes of 
x, y, z. (5) Let ps, pa, ps be the densities of rods BO, OA, AB ; 
their masses ap, bpa, cps may be taken at their mid-points. 
bpa teps, A, i 
2apı a 
bpa teps _cpstapı apa tbps 
sin24 sin2B  sin20 


In 1st case R cos A= e 


2apı 


=z—— Mm 

ee Ue rN 

. Pr AA pa ay Ps g 

** Gos Bocos C cos O cos A cos A cos B hence the result. 


Similarly thə 2nd case. (6) See Art. 55 The wis. at 
A and 0=3(WitWe) at X and the other two wis. equal to this, 
may be taken to act at O and Y because BD and OY have samo 
middle point. (7) Replace each triangle by equal wis. at its 
vertices. Since BD is bisected by AC result follows. Conversely 
it AABC=W, and AADC=We and O is the point of 
intersection of AC, BD, since the c. g. ison AC. - Wı.BO 
=W..DO but Wi: W2=AABO: AADO=BO:DO .. BO 
=DOand ii AABC=AADO. (8) Use result of art, 55; 


it follows that the c. g. is the intersection of the diagonals. Now 


: 3 A 
show that the diagonals bisect. (11) r=in-radius=~ ; use 


~incircle). (12) Let gi: Jar 9s ga be 
to vertices A, B, 0, Dof the 
f the faces bea, b, c,d. Let 


rentainder= triangle +( 
the c. g's of the faces opposite 


tetrahedron and let the areas o 
p= from 4 on ABOD andp'= L from gı on Agags94 which 
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is ll to ABCD then p'=}p. If G=c. g. read. then G is the c. g. 


of wis. a, b,c, d at ga ga, gs, ga. «+ Distance of G from plane 
f a vol. of ABCD ‘ 
gagga =S, =F a eS oonstant . . Result follows. 


(18) Thee. g. of the cone coincides with the centre of the 
sphere. (14) Height of hollow cone=#. ht. of cone. (15) When 
a spg +2Wb 
Aaspg-+W) 
(16) Let O=centre of circle, AB, AC the tangents, G=c. g. of 
stated portion which is (quad. OBAC— sector OBC). If g=0. g. 


a=ht. of liquid, z= Find æ for z to be min. 


of quad. OBAC, we have o=} (see 4+ cos 4). 


a 2 sina 
a? tan 4. 3 (seo 4+cos 4)—a74. Sa [cre 
ve O0G= 
a? tan 4—a?« 
@ sin & tan? 


3 (tan 4-4) ‘ 


Examples p. 163 


a) = (4/2—k), y=% 243-1), 
where k= /2+log (1+ 4/2). 


Qa 2 4 
8G, 2a) ETA) t, sa), (5) The eqn. is y=(4/3— 1)w. 


(2) Be S 

(6) ($a, $a). 
2 f 

(8) a (4 sin 4+cos 4—1), y=" (sin 4—4 cos 4) where 


4=angle subtended by arc at centre, a=radius. 


Examples p. 170 


i da 4b), @_Y_ (256 a b 

wo (ra) © 22 o (28) a on the 
conjugate diameter at a distanco $$ from centre, 24 being the 
length of this conjugate diameter. (e) On diameter conjtigate 


g , : 83h 
to given line at a distance T from vertex of the diameter, where 


his the portion of the diameter intercepted between the vertex 
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and the line. * (f) 5e o). i (g) sinh bow =a sink Ty cosh ~ =o, 


sinh =y E 2a) 


5a 8a Ey Origi Ra 

(2) (a) 6? a) b) g= TF, a, hae 
= am, _ Blog (/2+1)— 8 

(o) kd 4 /3 7 6 5 le 


1284/2 
(a) (ae be o} 
2 a sin?4 


(e) Distance from centre==" 
3 4—sin< cos’ 


-_a°tab+b 4. 
of the segment. (3) = PTEE =< T, 
37? —8 
4m 
8 
(6) Put v=aX?, y=bY 5 and use Dirichlet’s Integral 
papery TIm) 
i-iym-ı = i Pa 
SSX Y" AKG = 4) 
where X>0, Y>0, X+Y<1. If p=ko'y™ then 
a (m4) ree 


whete 24 =angle 


(4) = -a, y=4a ( origin at vertex ). 


«(ley r nea r(tetets)' re n=3 
Examples p. 176 
157-8, 


(1) (a) (i) On y-axis, distance from origin = a eo s 
(ii) Origin, (b) On axis, distance from pole= 
(c) On axis, distance from origin= (2+ 2). 
(3) On minor-axis, distance from centre 
_ bla’ H Hovart ies SAE =b ‘| 
SEWA 


h ceh TOE e. Fae is 
(5) (a) (i) J= one (ii) Origin, (b) @ 
(Aü) #=8a,9=0,2=0 ( 
axis of ellipse and y0z is the plane of section. 
a later on radius L to plane, where a= radius, 


ii) (sa, 0, 0), where Oy is minor 


(6) OG= 
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(i) On radius L to tangent plane, distant $, from centre 
where a=radius. 
Examples p. 186 


la? _mb? abm? +4 
a) (a) (- een tt 


(v) B= FIT/B+ 8 log (1+ /2)], 7=0 2= 


be o 88m +n] 
(0) [E o m+n) 
$ 
(2) Make the substitution Da, EE z=cZ" and use 
Dirichlet’s Integrals. 
1+2 itmtns) 
lew elas 


, ete. 


S b) z 
(1. 8' 8’ 8 ve 


r(**) p(s) 


—_ 5a 2a? +b? +c? 
OO T o 
(3) If the the diameter through the point be taken as x-axis 
and the 1 to the plane face at the centre the z-axis, then the Cg. 


128a 
isg o A 
2\ n3 
aa dase 
3 
(4) AULA rrii (use Dirichlet’s Integrals), 


(5) Vol=na?.2nc, surface area=2ma.9n0. 
Miscellaneous Examples p. 200 

(1) On SN a from cusp=¥%54, 

(2) gue 7 au aa where O is origin and OA w-axis, 


Examples p. 214 


2 
(15) Parameter c is given by the eqn. gre, 
c 


(17) all-buh— V+ ey -F Qual]. (19) 100(V33— 1) ft. 
Examples p, 227 
(1) žít. (6) 33°66 tons wt , 31°95 tons wh. 
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(10) 127 oy=az*+6bz?. (11) wxcos y where y=inclina- 
tion of tangent to horizontal. i.e. œ% F where h=height above 
1 


directrix, 


Miscellaneous Examples p. 238 


(3) If C be the vertex, lot CP=si, OQ=s2<s1, 81, Sa are 
SNA 5 : 2 
on oprosite side“ of ©. Given yi tye=90° ~. s1 Ha soy, 


If QR=RP, then COR= enw cot). If $=inclination 


of tangent at R, we have c tan p= —c cot 2 .. $=27—90° 
", cos ġ=sin 2% ete. (6) For equilibrim of particle, resolving 
horizontally wc;=o¢2 +. Cı=Ca. (7) Consider equilibrium 
of particle alone, and then equilibrium of one ring and attached 
half of string only ; we get so =n] and c=ul(n+1). Use formula 


æ=c log ot Notte (8) Tension at Bis along CB. ~. BCw 
c 
sin 4=T=wy=we see 4. * height of B above directrix= 


BC sin 4 etc., so =c tan %, So +l—BC=c tan y, etc. 
(9) 41 cos’x>3dl. 


a 
(10) Use formulae sty=cee and y=0 cosh Š; origin is at 
(0, 1) referred to horizontal & vertical lines through fixed ring. 


(11) From equilibrium of ring tea Use formula sty =cee 
for ring and one peg. (12) Depth of e.g. of the portion between 
pogs= 4 — 5° where y=height of pegs above directrix, 2s=length 
of this portion. See Ex. 9. p. 212. 

(18) We have 1=2c sink e+e cosh 3 3 put z gig then = 


gfe E Find minimum J. (14) See hint in Ex, 12 above. 


Use formula, work dono=W.h. (15) mlw=To=cw .'. c=ml. 


IBA Se p RD, Be 
From equilibrium of bar, so=nl. .. n=m sinh ai n+1= 


m sinh zota Wiminate zo 
c 
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Examples p. 258 


(3) A=fixed end of string, BC=portion in contact with 
A 
circle; circle of centre O touches wall at D. .. BOC=8, 


T = tension of atring= Pa??. Consider equilibrium of the whole 


system and take:moments about D. (4)= Wel’, W=P'"", R= 
P+W, R=P'+W. etc. (5) If Ti, Ta, T be tensions of AC, 
BO, AB(AG<BO) then 7,=Tell™ 4) p,e B) ola A) 
Bum 
or T,=T ee 2, Apply Lami’s Theorem. (6) Let x, B be 
inclinations of BA, BC to vertical at B and ui, we, ma coeffs. of 
friction of pegs A, B, C. Then paeis%talt—<—-B) pb yy etc. 
(7) Upper two wts. move up, lower wts. moye down. (8) Let 
ABCDE be the string where AB and DH>AB are the hanging 
parts. If T=tension at B or D, then ret" 8) _ » pp, S 


ope 
ee 9)». AB, T=we cosec 4, 57° log cot 5 ete. 


P Fi 2 
(13) T=A-+wy, patty con SERS 6aw cos A 
p 4a cos p 


Ris min. when y=0. .. R=0 when ~=0 etc. Tension at 
cusp=6aw. (14) For converse, pcos Y=A+y ; transform to 


cartesian diff. eqn. and solve : y+tA=c cosh stR 


(18) EO ES 4aw(u cos*y+sin 4 cos Y)=0 when y=0, T= 


7 
F, required force ; when v=) T=0. 


(19) F=wly —ce Fup acc, as string tends to move up or 
down. (20) Take origin at centre; equation of equilibrium is 
(Ha Gs (Seman 
aA pT = aF\u cos a DG + T=0 both when 0=0 and 6=7, 

(21) F varies as (a) 74, (b) pi, (ce) 97%, (da) (i) 7738, 


(ii) rv? +a? —c?)-*, where cis the distance of the point from! 
centre. G 


(23) pa” p” where b’=semi- -conjugate diameter. 
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(24) Let F=force per unit mass, m=mass per unit length, 


given m= KT and curve is equiangular ; to find F. We have, 
aT A 
ant KTF, Tp=c, p=r sin % 
c PIE F= LA 1, 


Sl fe oe ae 3 or 
dr\r sin x r sin < i Kr r 


lo _¢ b 
5 —,>=- = = 
(25) We get, FOTA when r =b, p 75 etc. 


Examples p. 272 


(3) ABOD=totrahedron, %, P, Y, 8 areas of faces opposite 
A, B, 0, D. P,Q, R, S are the forces at A, B, 0, D. Then 
P= k4 etc. Let L be any line and let (P, L) denote angle between 
P and L, ete. Algebraic sum of the projections of the faces of 
ABCD on plano m perpendicular to L=0. 3« cos (P, L)=0. 


* 5P cos (P, L)=0 ie. sum of resolved parts of P,Q, R, 8 


along L=0 and L is any line. Resultant foree=0. Again 


draw AM perpendicular to BCD and MN perpendicular to CD. 
Then AN is perpendicular to CD and ZANM=6 is the angle 
between faces 4, B. Moment of P about CD=hk.MN=k4.4M 
cot @=3hV cot 0, where V is vol. of ABCD. Similarly moment of 
Q about CD= —8kV cot @. Sum of moments of P,Q, B, S 


about edge CD=0, This is Resultant 


couple=0. Hence the forces are in equilibrium. 
leis zero replace each force by 


(4). To show resultant coup: 
three equal forces at the vertices of the face to which the force is 
perpen dicular and take moments about the edges. 
(5) R=0 ; sum of moments about every generator of opposite 
< G=0. 
to vertical of an inclined rod. Equa- 
b cot 0)+32.5.(a4/8 sin 0) 


true for any edge. 


system is Zero. 
(7) Let 9 =inclination 
tion of virtual work is —Wala cos 0— 


=0, In equilibrium a3 sin 0=a ete. 
(9) Let 9=semi-vertical angle of cone. Height ofo g. of 


=n cos 0, and of o. g. of ring=h cos 6—r cot 0 etc. 


cone 
(10) See Ex. 8 worked p. 102. Ny 
4 Examples P. 285 i 
(1) LX+MY+NZ=4+10-14=0 ~. Single resultant : 


equations are Tæ 4+5=2=Hly—4)- 


20 (a) 
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(2) R=PV3, pasai axis is a=y=5 (4) w=y=z2. 
(9) Scheme : a cos 0 asin 6 0 


Pkasin@ —Pkacos@ Pkb 


—asinð acos@ 0 \ where k?=a?+b’. 
Pka cos 6 Pka sin 6 Pkb 


(10) Take the tetrahedron as being formed by the six diagonals 
of the faces of a cube. 
(12) Generators meet plane z=0 at points 


(an/2 cos t, aa/2 sin t, 0) where t=9, o4, o+% 
CNEX =rva|(p- 2+2) sin g+ %3(Q—R) cos o] 
Y=~iv (2-2) cos o- “3(9—R) sin 0} 


: Z=k(P+Q+R), L=aX, M=aY, N=—20Z. 
(14) X=ak3R, sin 01, Y=—bkLER, cos 04, Z=ckBRi, 


L=bek3Ry sin a+pe—(“2+2)x ete, 


15) The force at (æ, y, z) has components kåydz, kdadw, 
kdrdy parallel to the axes. 


Examples p. 296 


(1) See Hx. 5 worked p. 294; 0<e<4: S=80, M=80z ; 
4<e<8: S=40, M=40(2+4);  8<2<12: S=—20 
M= —20(%2—82) ; 12<2<16: S=—100, M=—100(e—16). 

(2) 35, 200 Ibs, at second support. 

(5) At points distant 2'55 and 5'65 ft. from A, 


(8) If e=distance from O then when 
3 5 2 
<3, y+- w2? a, = za) we 
<7 aa ra When a>? M rr EY 1 = 
where w= weight per unit length of rod. 
(14) Tendency to break is same at a prop. and at the middle, 
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